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Three Dimensional Geometry
1. CENTRAL IDEA OF 3D

There are infinite munber of points in space. We want to identify
each and every point of space wath the help of three pmnmally

perpendicular coordinate axes OX, OY and OZ.

Three mutually perpendicular lines OX_ OY, O are considered

as three axes.

3. COORDINATE FI_ANEé

Planes formed with e help of x and ¥ axes o ks as xoy
plane sinalarly v and 2 axes ¥ = 2 plage and wob 2 ad % axis
7 - X plana,

4. COORDINATE OF A POINT

Consider any point P on the space drop a perpendicular form

that poimt to x — ¥ plane then the algebraic lensth of this

perpendicular is considered as z—coordmnate sl rom foot of

the perpendicnlar drop perpendienlars 1o x and v axes these
algebric length of perpendiculars are consideread as ¥ aml x

coordinates respectively.

5. VECTOR REPRESENTATION OF A PQINT IN SPACE

If coordinate ef a paint P in space is (% v, z) then the position

vector of the pomt P owith respeet 1o the same origin is

.*ii+1_\5+;d::.

6. DISTANCE FORMULA

Distance between any two pounls (%, ¥y 2 band (%, vo. 201

. i : : :
given as \f(x; —x, 0" +{y, -y, )" +(7 - 2.0

Yoo for methoml

We know that if position vector of two points A and B are given

as OAad OF then

AB = [OB-0A |
= AB|=(x,i +y,j T2,k - (xi ~ ¥+, k)
I ; - .
= 'JLH="|'[5'2 Xy F '[.'5-: 1"1}_ ‘{7: 2\

7. DISTANCE OF A POINT P
FROM COORDINATE AXES

Let PA, PB and PC are distances of the peint P{x. v, z)
from the coordinate axes OX, OY and OF respectively then

(i) Tt ernal Division :

If peiat 7 divades the distance berween the points A (X, ¥ 7;)
and B (s, v, 220 o the ratio of e n{internally). The coordinate

of Bis oiven as

0% - + %) WY, + OV, 2y + 12, 1|

i+ 1 Im+n m+1
A P g
o - ¥ -
M

(i) Eaternal division

S _ i
1Y - JL1\| I|:||.I'|._1 ._11:_I| 1!1:121- ILZI
m-=1a nm-n In-n

mn

"
_ . -——e-a
A B P
(i) Mid point

(B 4% ¥ptYy 3 +Ts
s 2 7 2

. 1] \

A P It

4
fot A

All these formmulae are very mnich sialar to two dunension

coordinate geometry.
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9. CENTROID OF A TRIANGLE

G [XiFXat®; ¥it¥atys 21+2, 72,
= ; i
ALY
Bis.v.2) Cix,.v,.x

10. IN CENTRE OF TRIANGLE ABC
b

'y

lm:l + X, vex, ay, + by, fey, a7, - b7,
a+b-c

¥C7, |

a+hb+c a+rh+o

Where |AB | =a, |BC | =h |CAl=¢

11. CENTROID OF A TETRAHEDRON

Al v 2)B (X a2 ) Oy v 2 and D (. v 2 ) are the
veriiees of a tetrabedron 1hen coordmate of vs comrowd (G) 5

given as

" - 23
e R

12. RELATION BETWEEN TWO LINES

Two hines m fhe space may be coplanar and ma v be neue coplar,
Non coplanar lines are called skew lines if they never intersect
ench other. Two parallel lines are alse non inrersecting lines bt
they are coplanar. Two lines whether intersecting or non
intersecting, the angle between them can be obtamed.

13. DIRECTION COSINES AND DIRECTION RATIOS

(i) Direction cesines ; Let a, [, ¥ be the angles which a
directed line nwakes with the positive directions of the
axes of x, y and z respectively, the cos a, cos[l, cosy are
called the direction cosines of the line. The direction

cosings are usually deneted by (. m, n).

Thus f=¢os o, 1= cos i, N = cosy,

(i)  IfF oo, be the direction cosmes of a lines, then
Prem?+ni=1
(i) Direcnonranos:Leta b, ¢ be proporional ro the direction

cosines, f oo then a, by ¢ are called the direction ratios.

[f a, b, ¢ are the direction ratio of any line L then

ai+bj+ck will be a vector parallel 1o the lie L.

[£1, m, 1 are direction cosine of line L then /j + |]|;|' vk

1=l veetor parallel o the loe L.

(v LEF o o be the direction cosmesand a. b, ebe the direction

Iy L'l[‘ a YeCotor, I||.'..'i]

JO= o=
vas+ bt e

\'llil.: i

(v} [ OP = ¢, when O is the origin and the direction cosines

ol OF are /. me u then the coordmates of Pare (1. ur, ur).

[fdirection cosing of the line AB are /. mon. | AR | =1,
and the coerdimate of A s (x,. ¥,. ;) then the coordinate

of Bis given as (x; + i, ¥, + o, 7, +my)

(vi) [fthe coordinates PP and () are {xl, Y7 and (%5 ¥ z_,j
then the direction ratios of line PQ are, a = X, = X,
b=y, —v andc =z, -z, and the direction cosines of

.‘i:—.‘il
—.m=

[P

.1 - }.i

L4
and n =

|PQ [PQI

line PO are =

(vii) Dhrectioncosines ofaxes : Since the positive X—axis makes

angles 0°, 907, 907 with axes of X, v and 2 respectively.

Therefore
Direction cosines of x-axis are (1, 0, 0)
Directio cosines of y—axis are (0, 1, 0)

Direction cosines of z-axis are (0, 0, 1)
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14. ANGLE BETWEEN TWO LINE SEGMENTS

If rwo lines baving direction ratios a;. b, ¢, and a.. b,, ¢,
respectively then we canconsider two vector parallel to the lines

as nfl + !.h] + cli-L and n:i + b:i + c:L-. and angle between them

can be given as.

A +bb. e
cosl = Ll e ) 1=2

yai +b) +ef \..'I;li +bite,
(i) The line will e perpendicularifa,a, + bbb, ~ e, =0

. . ) LA b
(i) The lines will be parallel if — = IJ_ -
a.

(i)

Two parallel lines have same dirschion cosincs e £ =1,

I].'.II = 1k, ]1] =1,

[ e
15. PROJECTION OF A LINE SEGMENTONA LINE

i If the coordinates P and Q are (x,, v,, 7 atul (X, ¥, 740
-1 b
then the projection of the line scpments 'O} on a line
having direction cosines f, m, 0 is

!{.1:1 =R )y, =¥z, -z

et
I 8

(i)  Vector form : projection of a vector 5 on another vector

[wall]

b

b isa-b=

1ﬂ.‘4

i

In the above case we can consider

P_(i as (X%, - %) i “¥.=¥) ,] (e 21}];: inplace of

g and! i +mi +nk inplaceof b,

(Hy  7rlmir|andn|7 | are e projecnen of T in OX, OY
and 37 axes.

) P=[F[( -mi ~nk)

A PLANE

If line jounng any two poiots on a sicfce les coupletely on it
then the surface is a plane.

OR
If line joinitg any twe poils on a swface 15 perpendicular to
some fixed straight line. Then this surface 1s called a plane.
This fixed line is called the normal 1o the plane.

16. EQUATION OF A PLANE

(i) MNormal

fx+ my +az=p, where, fmon are the direction cosies

form of the equation of a plane is

of the nornal 1o the plane and p s the distance of the
plane from the ongn.

(iiy  Geperal form s ax + by + ¢z + d =0 is the equation of a
plione, where a, b, ¢ are the direction ratios of the nennal

o the plane,

(iii}  The eguatton of a plane passing through the poimt
v g hsovenbyaix—x )+ bly—-y ) +e{z-2)=0
whete a. b, ¢ are the direction ratios of the normal 1o the
plane

(iv)  Plave through three powms @ The equation of the plane

thireugh three non—collinear points (x,. ¥,. 2],

v oy oz |
X ¥ I 1!

r.‘i._-.. }'_':. 2'_1}- [-"i_l.- !l"_l.- 201 X, ¥, 2, [I =0
!3’13 ¥z I l!

ivp  [utercept Form: The equation of a plane cutting intercept

! ) . -
i b,ocoonthe ases s —+=+—=1
a b '8

vy Vector form : The equation of a plane passing through a
pomt having position veetor a and norial to vector 0 1s

(r—aj-n=0or T-0=a0

N /

{a} Vector equation of a plane normmal to unirvector n and
at a distance d from the onigin is - n=d
(b) Planes parallel te the coordinate planes
(i) Equation of vz-plane is x =0
(i} Equation of xz-plane is y =0
(i) Equation of xy-plane isz=10
{c)} Planes parallel to the axes :

If a = 0, the plane is paralle] to x-axis i.e. equation of
the plane paralle] to the x-axisisby +cz+d =10,

Similarly, equation of planes parallel to y-axis and
parallel to z-axisare ax tez+d=0andax +by +d =0
respectively
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(i) Plane through origin : Equation of plane passing through 17. ANGLE BETWEEN TWO PLANES
originisax +by+cz=0.
(i} Consider two plapes ax + by = ¢z +d = 0 and

(e} Transformation of the equation of a plane to the normat
form: To reduce awy equation ax+ by + cz—d = (1o the
nonnal form, first write the constant term on the right
hand side and make i positive, then divided each fenm

. 3 A 3 Yy o Far as
by Ja® +b2 +¢!, wherea. b, care cocflicients of x. ¥

and 2z respectively ez

ax by CF
e

sfal 1 b7+’ th"a? + b gEt e —ll e

d

4 E 3
+ya” +b +¢”

Where (+) sign is to be taken il d = 0 an (=) sz is 10 e
taken 1f d = 0.

(i Any plane parmllel to the given plane ax ~ by +ez+d=
0 is ax + by + ez + & = 0 distance betveen bwo parallel
]J]:'|.1.msx::l|'.+I:|r'j.r'+v.:z+|:1i =0mdax - dy - xz+d, =0
. ld, —d. |
15 E1VEDl A5 NEWE &

~.,"a “+b”+cC

{g) Equation of a plane passing through a given point
and parallel to the given vectors : The equanon of a
plane passing through a point having position vector

a and parallel to bandgis ¥ = 3+ 4b + pé
paranetiie form (whete % and p are scalars).
of T-(bxg)= E-{Exi} (non parametric form)

{h) A ploe ax + by + ¢z = d = 0 divides the hine sempnent

joining (x;. ¥, 2;) and (x,, ¥,. 2z,). in the ratio

ax; +by, +ez, +d

ax, -1'-}.1:.': +ez, + d

{iy The xy-plane divides the line segment jomning the point

(%, ¥y, 2;) and (X, ¥, 2,) in the ratio - 2L, Similarly

2

yz— plane m — L and #x-plate m — B

X1 ¥z

an+ by + &2+ d' = 0. Angle between these planes is the
angle between their nomnals. Since direction ratios of
their nonuals are (a, b, ¢) and (a', b, ¢ repectively,
hence O the angle berween thew 15 given by

'Ll

Cins 1= ———— 7
.' il il ¥ [} I'\ I'\ I'\
var+bh+ot yat+b' o

Plunes are perpendicalar if aa” + b + ¢’ = 0 and planes

. a b ¢
are parallel (f = === -
a b ¢
iy The anele 0 berween the plne T-0=d,, T-0.=d, fo
1, -1

given by, cosd = - =T Planes are perpendicular if
(LRI ]

i, -1» = 0 andl Planes are parallel if o) = A4,.

‘fﬁ. _njﬂ;ﬁ_ms'nﬂn A POINT

(i) Disilance of the point ix', }". 2} from the planc

ax + bv+ azr —d =0 is given by M

\m“ +b" +c’
iy The length of the perpendicular o a point Laving

position vector 4 to plape 7.4 = dto given by

19. ANGLE BISECTORS

(i) The equations of the planes bisecting the angle between
two given planes a,x + byy ¢z + dy = 0 and

ax+by+ecz+d,=0are

ax+byy+oz+d, a-x+b.v+c.z+d,

=%

\.'Inf + bf vcf \.'Iag +b§ + c

(ii)  Equation of bisector of the angle contaimng enem : First
make bath the constant tenns positive. Then the positive

ax+by+gz+d)  ax+by+ez+d,

sign in -

4 - - ] > 1
yag +bp +e yar by +e

gives the bisector of the angle wich contains the origin.
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(iiy  Bisector of acute/obiuse angle : First make both the
constant terms positive. Then
ajay “ b,y g, >0
= ongin lies on obtuse angle
aa, ~bb. e, <0

= ongin lies in acute angle

20, FAMILY OF PLANES

(i) Any plane passmg through the hae ol mtersecion of nou-
parallel planes or equation of the plane through the given
line ity nowy svmanetrical forn
ax+by+ez+d =0 and a.x < by - ezt do =00
ax+tby+roz+td th{axthy e -da=10

(1)  The equation of plioe passme ol the miersection
ofthe planes ©-6, =d, and r.6, =d, 15 1 (0, +in,)=
d, + Ad, where & 1s arbilrary scalir

Ecquation of any plan:z

{iii}

Plane through a given line :
trough the e m sviuerncal fonn

X S |
{ m

Z S P
= z BALX —x ) - B (¥ — ¥

+C{z-z))=0where Al - B~ (n =11

21. AREA OF ATRIANGLE

Let A l[xl. ¥ zl], B [1:. ¥ Il}' C {13, ¥y Zy) Ixe the vertices of a

: T L A2 a2
triangle, them A = (A7 + 45 + 43)

1
Ip'; 7, | l.:l X
where .-i‘-x—;'}": 24 l,i‘.}.-;zl X 1 and
“ly, 29 Tles xs
oyl
Bz=Xy ¥ 1
Xy vy 1

Vector Method — From two vector AR and AC . Then area is

given by

|AB=AC = =X ¥a-=¥ IZ:-F

Na |
N | =
!

X
X¥g—¥ M-V I3-%

22. VOLUME OF ATETRAHEDRON

Wolume of a tetrabedron with vertices A(X, vy 7)), BiX,. ¥, 2.},

Cixz ¥y ) and Dix, ¥, 2y) s miven by
! oo |
R I T
N SR SR RIS
v =-
Gix, vy, 2, |
Xy ¥y 2, |
i Acsrrinelt huen space s claracterised by the imtersection

of two planes which are not parallel and therefore, the
copration of a strarght lime 15 a solution of the system
constited by the equations of the two planes. a,x + by
<,z +d, =0, This forn is
ils=o Enewn as non—swnunctrical form

fezed =0auda.x+ by
(ify  The equanion of a hue passing through the poinn
(%, ¥, 7, ) and having direction ratios a. b, ¢ is

E-x
1] I» L

¥-F _I-5ES

=1, This forn is called synuneric

form. A general pernt on the line is given by
(%, 7ary, ~br.z, ~er}
(iily  Wector equation : Vector equation of a straight line passing
through a fixed pomt with posiion vector 3 and parallel

toa given vector b I8 =3 + & bwhere & is a scalar

(iv)y The equation of the line passing through the points
(%, ¥y. 20 and (X,. v, 2.} is

XX _¥-¥ _2-2
X=X ¥ao¥ I
" Vector equation of a straight line passing through two

points with position vectors 3 and f is T =3 + (b -3a).

(vi)  Reduction of cartesion form of equation ofa line to vector

form and vice versa

.‘i—.‘il __'\_lr_!r'l _ .i—i{l

A b C

S T=(xp+yy+z k) +ifai+ b+ ck).
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4

i A

Straight lines parallel ro co—ordinare axes

Straight lines Equation
1] Through origin Y=, 7T 0%
(i) A=axis ¥y=0,z=0
(i)  y—axis x=0,z=0
) 7—ax1s x=0y=0
3] Parallel to x—axis VYEpE=q
(v Parallel to v—axis x=le=q
vy  Parallel to z-axis x=hy=p

24. ANGLE BETWEEN A PLANE AND A LIN

@  1£0 is the angle between line = 1= F N _f 01
{ 1 n
aud the plane ax + by « ¢z < d = 0. then
af + b+ cn
§ \Eﬂ: +b e )N 4w 40

(iiy  vector fonm : 1£0 is the angle between a line T = (4§ + 7.b)

and 7.5 =d then sin 8= P—I'l'
bl
. ; s m o _
(iii) Condition f'nrpcrpcndb:l*ulant}r—:E——.hx. =0
a [

() Coudition for parallel af+ bin ~en =10,

25. CONDITION FOR A LINE TO LIE IN A PLAN

X-X _¥-¥% _2-7

(i) Cartesian forn; Line - L wouldliein

m u
a plane
ax tbhy+ez+d =0, ifax, + by, 7cz, +d=0and
af + lnn +en =10,

(ii) Vector form - Line §=4 + b would lic in the plane

r-i=¢difp-g=0and d-0 =d

26. COPLANER LINES

{i) If the given lines are X-a _¥-Pp_z-v

1 n

and

z-y . ) L,
=——, then condition for mtersection
1

a-a' P oyt

coplanarity 1s L m n =0 and plane
" o’ fn'
x—a v-p z-y
conrnnng the above two lmesis | { m n |=0
I|’I ml‘ ul

(ily  Condinen of ceplanarity iof both the lines are in general
assvinetne formn -
av by ~gzrd=0=ax+by+e'z+d and

ax - fly+vz+5=0=ax-fy+yz+3

L]

L]

Thew are coplanar of

= =
- =
= I S = .

i The strazghn lines whach are not parallel and non—coplanar
ie. non—intersecting are called skew lines.

;CI'—C[ p-_ﬂ I.‘I_.-__lll_l
ItA=| m i}

# (1 then lines are shew.

s m n'

(i) Vector Foru: For lines a, + 11—1] and 74+ .'-','l_*:: to be skew
(b *b.)-3,~7,)20 or [b, b, (3, -7,)] =0.

(iii) Shortest distance between the two parallel lines

R I R 1 Py

TR
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28, COPLANARITY OF FOUR POINTS

The points Al ¥y 2% B{X, ¥, 2.0 C(x5 ¥, 2) and Dix, ¥, 2,) are
coplaner then

Xa=Xp ¥a-¥, 2y-2
. . S
TR YaTH BHTH| =0
Ka— X YooY Zy74

very simlar in vector method the pouts A (5 ) BOE L.C(5 ) and

DL} are coplamarif - 4§ +« 2% =0

29, SIDESOFA PI.ANPE::;

A plane divides the three dimensional space 1 e equal parts.
Two points A (x) ¥, z,} and BAx, ¥, 2.} are oo the same side of
+ d nnd
ax, + by, +cz, = d and both positive or betl: negative and arc
opposite side of plane if both of these valies a2 10 u;~]miTe siz

the plane ax ~ by + ez = d = 0 iFax, + by, - ¢z,

Get a plane through (x,. y|. #;) and containing the line

(P,=0.P,=0)asP,= 0
Also get a plane through (x;. ¥,. 2,0 and containang the le
P,=0.P,=0asP,=0

equation of the required line is (P, = 0. P, = 0)

-2, . .
= = 158 given ]HJE'

_": I =
LetL= . b

Let(x".¥". 2} isthe image of the point P (x,. y,. z,) with respect to
thee e L.

Then
(i) afy, ~x by, v+ (7, - zZh=0
TR ¥ty I+
- X S Y» —o &
{ii} = = —= = — =A
a s C

Fpoen (100 et the valee of 8% v 2" i tenus of & as

b= i =
ikt 2% — X, ¥ 3

e T 2 — Yo

z =3k + 23z, - z,

non put the values of 1 8", 2 i (1) get & and resubstitute

the value of & o get (x"v' 7).

Let ' (x,. vy, 2y) is a given point and ax + by + ¢z = d =0 is
given plane Let (v, v, 2') i the image point
then

r

(i)  X-x=lay-y =ibhg=nsic

= x'=latxy=ibty.z=hctz,

I (x'+ 3 vy z'+z | y
(ii) a3 — l]+'|:|n[ 5 ’]4—1:[ . ’.|+d-l:.'l

from (1) put the values of &' ¥, 2" w (u) and pet the values of &
and resubstitute m (1) to get (x' }" .
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