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CONTINUITY

1. DEFINITION

A fumenon f{x}1s sad 1o be contmuuous at X = a; where
a & domain of F{x).if

fin f{x)=fim f{x]=f(a)

X—d

Le., LHL=RHL=valueofa fimctionat x=a

ar i f{x)= fla)

1.1 Reasons of discontinuily

If f(x) is not cominmous at x = &, we say that (x) 15
discontinuous at x = a.

There are following possibalities of discontimuin

1. i f{x) and fen f(x) exist but they are not
K—a X ad”
equal.

2. fini f{‘c] and Jirnt_ Flx) exists anel are equal Lt

not equal ta fal
i Sa)isnot defmed.

4. Atleast one of the s does ot exist Geonieineally.,
the graph of the fumetmon will exbibit a bweak at the
point of discontimuity

e

w

u“l‘ii

3 A4

The graph as shown is discontimmous at x = 1, 2 and 1.

2. PROPERTIES OF CONTINUOUS FUNCTIONS

Let (%) and g {x) be contimuous funcions at % = a, Then.

L e f{x) is continuous at x = a, where ¢ is any constant.

s

S = g(x) is continuons at x = a.
S(x). g (x) is continuons at x=a.

JUx)V g (%) 15 coutizniows at s = a, provided g(a) 2 0.-

ook

I (%) 15 contipnons on [a, b]snch that f{a)and )
are of opposite signs, then there exists at least one
solution of equation f{x) =0 m the open imterval (a, b).

]

Suppose fxdis contimots onan nderval I and a and b ae any
two pomtsof L TLenil v, 15 nuunber betwem fa)and L),

their exits a munber ¢ between a and b such thm f{c) =y,

Thiar o funeton f which s continuons in [a. b] possesses
the following propertices ;

] If f{a) and (L) possess opposite signs, then there
exists afl least one selution of the equation
fix)=0 mbe open interval (a, b).

(iiy K is any real mumber between f{a)and f(b), then
there exsts al least ene solution of the equation /5
{x)=Km the open iterval (a. b).

{TCONTINDITCR

) A fincton fissaid to be continuous in(a, by if fis
continous at each and every point = (a, b).

W A fimction f s said to be contionons in a closed
interval [a, b] if:

(1) fis continnons in the open interval {a, b) and

2y 15 neht conbimuous at ‘a' re. Luoni
.r'

Jixy=7(a)=a fimre quantity.

M S 15 left continueus ar ‘b': ie.  Limit

x—h

Six)y= (b = a finiee quantiry,
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5. A LIST OF CONTINUOUS FUNCTIONS

o e 1 —

-1

9

1o
11.

12
13
14.

Function £ (x) Tnterval in which
f{x) is conlinuous

conslant ¢ (—ar, o)

XIS anmteger = 0 (==, )

X7 nis a positive infeger {—a, o) — {0

x-al (—, )

Flx)=ax'+ax~'+..+a (=)

~where p(x) and {—=, - {x 1 q (X F0]
o (xR () {xiq
¢ (%) are polynoinial m x
il % [z, =)
COSX (—r, )
fan x (—, ) —eif."n 1) T mell
cotx (—r. o) fnm:nel)
SeCX (—, =) ={2n " 1)

n2nel}

COSCC X (o, o) — T on = I
a® (==, o)
log x {0,=)

6. TYPES OF mscumf@tumr&s

()

Type-1: (Removable type ol discontinmities )
I case, Limit £ (X) exists but is not equal w0 £ ic) then the
K —
function 15 said to have a removable disconionily or
discontinuity ol the frst kind. Inthis case, we can redetine
the fupetion such it Limit %) = Fied and make 1
X—C

continuous at % = . Removable type o fdiscontinuty can be
fitrther classified as :

Missing Point Discontinuioy :

Where Limit f (x)exists finitely buat f{a) is not defined.

%—s1

(1-x}{9-%7)
E.g fix)= ? has a mussing pomnt discontimty
-x

atx=1,and
5L X N y . .
Jix) = —— has a missing point discontnuiry arx = 0.
X

¥ Xl I
f Lin 41 = cxist finitely.

Foab =% does met cyist.

tetss g poan L discontinuity i % = a

(b) Dsolated Point Discontinuity :

Where Limit f (x) exists & [ {a) also exists but;
X -a

Limit =fTa).

3
X" -

& , )
1" % =4 and -1 =9 has ap isolared poio

E.g fix)=

discontinuity atx = 4.

S N+ [ 0 ii‘xr:'I] colutad
Sumdarly fix) = (x] T |1=x%x] = . 145 a1l la0late
S : -1 ifxel
pronn)t discommuny atallx e L
¥ Lim SO —F cxists finitely
f fix) x-a2 )
| S ) = exists.
i Lhut. Limt fix)= fia)
__'__'_,_- I L k]
1 |
| |
| i 5 ¥
| !
Isedatedd point discontinuty at x

Type-2: (Non-Removable bype of discontinuities)

[ case, Linutl =) doecs not exist, then it 1s not possible o
—a

make the function continuous by redefining 1t. Such
discontiimities ate known as nea-removable discontinuity
or discontinnity of the 2nd kind. Nop-removable tvpe of
discontiomuty can be finther classified as

% -
A fix}
Lum %) —rdoes not oxist,
L] L]

* X

I

non-removable discontinuity at x = a
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™

fb)

()

Finite Discontinuify :

Eg. fix}=x-[x]atall intepral x: f{x)=tan™ 1 atx=0and
x

|
flx)=—

|+ 2

catx=0 {notethat f{07)=0: f(0)=1)

| -

Infinite Dviscontinnity :

1
Eg. flx)= -1 org(x)= T atx =4 f(x)=2"

amd fx1=—— atx=0

at x=

[

CoOs X
X

Oscillatory Discontinnity :
.1
Eg. f(x)=sm — atx =0
X

In al] these cases the value of f{a) of the functhion atx = a

(pointofdiscontioaity) may or may pot exist b | ma does

not exist,

1 o E

Mature of discontinuity

From the adjacent graph note that

- [ is contnmons at x = -1
— [ has isolated discontinnity atx =1
— f has missing point discontinnity at x =2

~ [ hasnon-removable Chote pe) discontinity at the oriein

(b)

()

()

U]

(@)

¥

In case of dis=continnity of the second kind the non-
negative difference between the value of the RHL at
x=amdLHL atx = ascalled the jump of discontinuity. A
funection having a finite nmumber of unps in a given interval
lis called a piece wise continuos or sectionally contimious
function in tlns interval

All Polvuouuals, Trigonometrical functons, exponential
and Logarithmic functions are conlinuous in their
demains

I i 1s contmmons and g (%) 15 disconnnuous atx =a
et the peoduet fnctiond (%) =% . g (X} is not necessarily

be discantiouons atx = a. e.g.

T
n Al x=0
Six)=xand g(x)= X

[0 x-0

It o) and g (%) botl are discontinuens at x = a then the
prochzer funetion & (%) = F{x) - g (x) 15 not necessarily be

s contimmous at x =a . K

- ) 1 x=0
/)= e

Poant functions are to be treated as discontinuous eg.

fixy= ,,Il'I—x + % -1 isnot contintous at x = 1.

A continuous fime tion whose domain is closed must bave
a rmnge also i closed mterval

If F is continnouws at x = a and g is continuous at
x = f(a) then the composite g [ f(x)] is continous at

Xsim> ,
x=aLgfix)=— S andd g (X) = x| are continuous atx
2
] xsmx| )
=0, hence the composite (g0 (x) = = will also be
x*+3|

continuous at x = 0.
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DIFFERENTIABILITY

1. DEFINITION

Let f{x) be a real valued function defined on an open interval

{a. by wherec 2 (a. b). Then /(%) 15 said to be differennable or
derivable atx =c,
Fix}- fle)

ift, fim =2 =2 exists finitely.
E—s{ [x -t

Thas limit is called the derivative or differenniable coefficient

of the function f(x) at x = ¢, and 1s denoted by

, d ]
fle) or E[.H.\}}

Am=Q

Yo R

Rl sevan Ja s, Fa e i

throwugh A

[.oft scvsin

thresugh A&
b I'\

[ A ET I

1 h i h i
. a+h) = fla
. Slope of Raght hand secaut = ﬂ—m as

h

h— 0, P — Aand secant (AP — langent at A

+ - i
= Right hand derivative = Liw M t
h—ir) ]

= Slope of tangent at A (when approached from right)

Jan),
fla-h}- fia)

. Slope of Left hand secant = 1 as

= 0, 3 — A anid secant AL} —» tangent at A

- ( fla-hi - f(a))
=  Left band derivatne = f.m.l| fazh - fla) .
bl -h |

L,

= Slope of tangent at A (when approached rom left) £{a™).
Thus, fix)is differentableat x =c.

= .Fr'n-:M exists fitely
- | -t
= fitn rf ] rh:] = fim rllr } -""{C]
-~ | -c) - | -¢)
= firet '.'r.l c—h)-fic) = fim _—.I"{u:+h j—_ﬂ.c_}
b +0 h b+l h
Hence,  Jfim ﬂx_l—_{'_[_r_! = fim —'”t_h,_‘r“:l
1—e-  |X-c) s —h

called the left hand derivative of f{x)atx=cand
isdenoted by £ {c7)or L £ ().

Wliale.  fim bl J_Hr] = lim feth) - f(x)

H—eg” X -t bl h

called the vight hand derfvative of fix)arx=¢
and 15 denoted by £ (€ or B (c).
If " (e )= i), we say that f{x) s not differentiable

AlX = C,

ENT] fJi'j!":."‘ r'n. J

1. A function f(x) defined onan open interval {a, b) is said to
be differentiable or derivable in open interval (a. b). if it s

differentiable at each point of (a. b).

[

A function f{x) defined on closed interval [a. b] issaid to be
differentiable or derivable. “If f is derivable in the open
interval (a, b) and also the end points a and b, then fis said

to be derivable in the closed interval [a. b]™,

L€, fum

L A P O e ) SV
_n 3

— -b

A fupetion S1s said to be a differentiable function if 10 1s
dulTerentialle at every pomt of i1s domain.
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4
A

Ao A an A
1. If £(x) and g (x) are derivable at x = a then the
flmetions f{x)+ g (x). Fx)—g (x), x5, g(x) will also
be derivable at x =a and if g (a) = 0 then the fimction

S o(x)e(x) will also be derivable ar

Converse : The converse of the above theorem is not
necessarily true i.e, a function may be contimons at a
pomt but may not be differentiable at that pownt.

<=q E.g., The finction f{x) = x|is continuous at x = 0 but it is

not differentiable at x = 0, as shown in the fipure.
L If f{x)is differcntiable at x = a and g (x) is not

differentiable ar x = a, then the product functien

F(x)= f(x). g (x) can still be differentiable ar 4

x=aEg fx)=x andgix)=x \ /_.flﬂ x|
3. If {x) and z {x) both are not differentiable at . . x

x=a thenthe product function: F (=) = f(xh g (x) u

can still be differentiable at & = a. E.g.,

Sx)=[xland g(x)= x| 2%

4. If f(x) and g (x) both are not differcntable at
x =athen the sum function F{x) = f{x] - g (x) may
be a differentiable function. F ¢, 7 (%) = x| and Tl fzre shows that sharp edge at =0 hence, finction
gix)=—| 15 uet differennable but continious atx = 0.

5. If f{x}is derivableatx=a

= f"(x)is contumionsat x = a.

3. RELATION B/W CONTINUITY &

DIFFERENNINBILINY

In the previots section we have discussed that of a fimeton
15 dilferennalide ara pomt. then it should be contnnons at
that point and a discontinuous function cannot be

differentiable, This fact s proved m the following theorein

Theorem : If a function is differentiable at a pomt, it 15
necessarily continuous at that point. But the converse is

nol necessarily tre,
or S s dudferentiable at x = ¢

= fi{x)is connmons at x = c.
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|
S A

{a)Let f(a)=p & f(a)=qwhere p & q are finite then

{i)y p=gq = fis derivableatx =a
= fis continuons ar x = a,
(ihp=q = fisnotderivable atx =a.

Itis very important to note that foay be still contimuons

alx=d.
In shot, for a function [
Diffeventiable = Continuons;

Mot Diferentiable — Nof Comtinuons

(Le., Tunctiow may be contimous)
But,
Mot Continuous = Mol Diflerentiabile,

(b} Ifa function fis not differentiable but is continmmons at
X = a it geometrically implies a sharp corner af

=l

Theorem 2 : Let Fand g be real functions such that fog is
defined if g 15 continous at X = a and s connnuons at g

(a), show that fog is continuous at x = a.
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DIFFERENTIATION

1. DEFINITION

(a}

(b)

Letus consider o fimetion v = fi{x) defimed ma certaim intaval.
It has a definite value for each value of the mdependent
variable x1n this mierval.

Mow the ratio of the incranent of the fimetion to ithe increment

in the independent vanable,

Ax Ax

Ay :
Mow, asAx—0 Ay — 0 and . * finite quantify, then
: A ]

v

derivative fx) exists and 1= denoted by v or iz or .

. . f AN LRSI E
] e ! N = = = — :

i =t

(1f it exats)

for the limit to exist,

g LRI (X)) - £(x)

st L h—i) -1

(Right Hand derivative) (Left Hand derivative)

The derivative of a given function £at a point X = a of ifs

domam is defined as :

w. provided the limit exists & is

Limnit -
b=t 1

denoted by £{a).

Mote that alternatively, we can define
. xl=fla

S7[a) = Limit Six)-fla)

x—sd A |

. provided the Limit exists.

Tlus method s called fost prmeiple of fmdmg the denvabive
of fix).

2. DERIVATIVE OF STANDARD FUNCTION

]

(1)

ii)

(i)

(v}

L8]

a1l

[vi)

[1%)

x)

(1)

{xid)

)

(xiv)

E—1l|'?';"' =n.x"1:xeR.neR x>0
dx '
d ..
rei
d, . _
—[a*J=a" lnafa=0)
il
d ol
ln|x]) =
clxln' Yok

d . oy
{log, [x]]=—log, e
! y X

[k

I.I
{11 %) =cos X
i

i
= ens %) = -
il

11 X

o 5 5
(o x)=s¢c- X
dx

il
e = T o T
dx

d (cosec x| =
e

COLEC X . Colb X

d 3
—{Col X )= cosec- X
dx

1
—L---{mns.mm j=0
dx

4 fntx) =]
o lsm x) m —l=<x=]
d{ auy -l

oo ‘L}\,'rl,_: ~1<x<1
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d; 1 du, [ﬂ
(o) E_x_'[m‘ -{}_—IT ceR ( ||:|1 w, Wy .y | - {n, uyug )
d - - du,
(xvi) E[““'— ’x]—Hx:, xeR +...+[E:—};fuluzus_..uu_,j
d o ! du Cdv
I{.":‘-'.IJJ dx{bﬁ:i.' = _|I 3 . \.: = | 1| —1|[ " J
|K| o (iv) “Quotient Rule” %[E}_ dx - " where v# 0
XLy, Ve

{mm}d (cosec™x) = \Hr\_—
() Resulls:

If the inverse functons & g are defmed by
y=fix}&x=g(v). Theno(f{x))=x
= glfix)).fix)=1
! : iy iy
This result can also be waittenas, if = exi-i-& = =0 len
dx ix

Li’

dy  fdy dy dy dy x| dc ]
o 'I V]| O =—— o or ] |:|
dy dx dx dy dx v _LE}' |

3. THEOREMS ON DERIVATIVES

Ifu and ¥ are derivable funchons of «. then,

. g - d{ du  dv
‘ - —(uxv)j=—z=—
] ermit by tenmn differeutiation ; I e

. s d du )
(i} Multiplication by a constant E{ Ku)= KE . where Kis

any constant

i) “Product Rute” —(nv)=u i v g

it} rodunc ALEe e -V dx dx 10T A%
Tiy general,

() Il'ul. L

; u, are the functions of x. then

d {u 1, .4 u, )
— (g .00y 0y
i.L\' 1 2 k] + n

=[%J{u, Wy Uy .. ur_:—-[ﬁ—:]h, Uy ity )

known as

by Chain Bale : Iv= flu). n=glw), w=f(x)

dy |!1-.' din dw

thew ——
dx du dw dx

dyv o o TRV
or — =g )]
dx
’
A
: ) dy dur
[ngenemlify=f(u}then === f(u)=—.
A S - dx f[ ]dx

4METHODS OF DIFFERENTIATION

4.1 Dreviative by using Trzonometrical Substitution

Uiz meonometnical trans fonnations before differentiation
shorten the work considerably, Some important results are
civen below :

Stanx

(] sm2x=2sinxcosi= —
l+tan~ x

y 1- tan? X
(i) cosx=2cos’x-1=1-2sin"x = ——
I+ tan” x
> "131|.'c N 1 ‘."D'i X
() tanlx=- Llan™ x ==~
I—mn ~: 14:01"”.

fiv) si3x=3sinx—dsin’x

(v) cosdx=dcos'x—3cosx

. Jtanx-fan'x
(b)) tmdx=—--———

1- 3t~ x
(vii) mu[:w] 1+ @nx
4 /o l-manx
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l-tanx
(viii) tnn[ — =X ] =
4 | +tanx

X . X
COs— 51—
272

fix} \.'r[-l +ein v} =

f s
afxz

¥ = tan I|_}.
V1T sy )

x) tan ™ x + tan ™!

by +sin™! v =sin” 11|']—} +y l—t'l
-cm] XY N \..{]—x I
-1

(an) sin'x - cos™ix = a7k + cot k= sec s+ cosee

(x1} sin~

(xii) cos ' X icos”

-l ]

\;_'

(av) sin”'x = cosec™ (1-‘3}.‘1‘05‘ % =sec”! (1ix); fan % = cot™{1%)

S A

Some standard substifulions

Expressions Substitutions

2 & 2
1a -x } % =asinf oracos 8

{a: +x1] Xx=atandoracottd

\II{NZ-BZ] X=asec Boracosec
Tatx)
Jlr:,r“
JLXH;} ‘la 1]
mnr
J[E"EJ“\L:-HJ

,f{!n:{—x:} x=a(l-cos)

a-=x
;(—] x=acos0oracos2o
a+x

i=acos O+bsin' @

x=ascc B—btan’ @

4.2 Logarithmic DilTerentiation

To find the dernvative of

Iy =A™ or y=£ (%) £,00)f, () -

Sl (%) (%)
g (x)g2(x).g(x)]

o ¥=

then it is convenient to take the loganthm of the finction
first and then dfferentate. This is called denivauve of the
Togarilmme furg o,

Linpron-tant Notes (Adternale methods)

_],:-l.u

1. Iy y = c_-'m:ln fix) l:l:‘v.'m'.lﬂblc}-'r'ﬂ:h] {_.. 1=E1""}

dy cnmns oo 4 4
— g I,‘IK] L1xI.|_|"{:1'.}+1::_.!'"|;:~:j|.t_|xg[x]l

i

elx) I

—I"|-..'|'_’

]J-]u_.l"[x:l 2 {'{:]:-

0 ]

.ﬂ

1.4

= Lo}

dy i . i i -
' I- = Derwative of v treanng (%) as copstant + Dervanve of
o > g

Y remiatg giX) as coustant

~.!.[“_."'llx].ij‘-';g{x}#-g[x]{f{x'::glﬁ} P d

=T
Six o

Fix)

= L) ™ g () g (x) 2 (x). ()T A (x)

4.3 Implict Differentiation : ¢ (x.¥)=0

(] Inorder to find dy'dx in the case of implicit fanction, we
differcntiate cach term wirl. x. regarding vas a fmctonofx
& then collect terms m dy/dx toeether on oie side to finally
find dy/dx.

(i) Inanswers of dy/dx inthe case of maplicit fmction, both x &
Y dre preseml.

Alternate Method : [ff{x.v)=0

ef ]
i dy [éx J T of § wrd X ireating v as constant
e —=- == " ;
el dx [ of ﬁl T, of { wort v ireating x as constant
oy )
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4.4 Parametric DifTerentintion

Ify=f(1) & x = g(t) where t is a Parameter, then

dy _ dy/dt
dx dx/di

-1

s A

I

dy dy di
dx  dt dx

deiy didy) dfdyydr [ dy. S
_;—_[_Jz_[; — [t —=1n lerms of t

de?  dxldx ) deldx Fdx | oy
= i[ £y l {From (1)}
dil g'(t) ) £r(t)

_ S =g
AGH

45 Derivative of a Function woet, another Function

dy  dw/dx

Lety=f(x):z=g(x)then 5~ = 5= -

Sl

£x]

4.6

Devivative of Infinite Series

(A)

(B)

If taking out oue or more than one tenns from an mfinte
series, it renwins wnchanged, Such that

If}*-J_,I"[.'i:I+.Jf{x]+.,ff{:{j+,,,,,,,.—r_
then ¥ =Jf(x)+y = (¥ —w)=1(x)

dy
Differentiating both sides wrt x, we get(2y—1) T =f{x)
dx

Wix eI *
If y =i (x)]"™" then y = {f(x)}¥ = y= e/

Differentiating both sides wort. %, we get

p¥-1

dy _ vifix) fixy v x)

dx !—-:.f'{x]'}-ﬁ._fn‘.l"[x] _.”-‘:Hl-}' fn fix)]

5. DERIVATIVE OF ORDER TWO & THREE

Let a fimction v = f{x) be defined on an open inmterval
(a, b [Usderivanve, if it exists onda, b, is a certain fiunction
Fixh[or (dy/dx) ory'] & is called the first derivative of ywort.
x. IFit happens that the first derivative has a derivative on
(a. b) hen s derivative is called the second derivative of

ywrt X & is denoted by (%) or (d*vdx"yor y",

Sudarly, the 3 order derivative of v wirt, x. i it exists, is

iy R
defined by '111—'\— _drd X | itis also denoted by f(x) or y™".
(A%

l.]‘\ LS L

Sorne S land Kesults :

(1] Y {ax+b}" = — T gt (ax +bf* men
dx [mi—-n)!
LI.!.- I
rl.l.} o r=n
ab!
"I':I | 1LY, :I il fik.y R
) e | =mt et e
=
i L _ o |
(v ——(smfax +bj}=a"sin| ax+b+— |, ne N
o™ 24
L {cus{&x+b}}= a" -:cusl ax+b+ 2E 1| nel
) g l 20
' dn | . q ST 1. ]
(i} T 5:11“Jx+l:]j=1' ™ sin{bx+c+nd)ueN
wherer = f[a* + b’ = tan~! {b/a).
iy & e cos{bx+¢)) =" ™ cos{bx +c+nd). ne N
[:ru_} e I . X i = et 2 . b

wherer :d[a'l + b _:I,lb'=Tm| Ybra).
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6. DIFFERENTIATION OF DETERMINANTS

Six) g(x}) hx)
IWF(X)=] (=) mix}) uix)|
ulx}) vix) wix)

where £ g b o w1, i1 vware differennable funetion of X then

(x) gfx) W(x)| [ f(x) glx) bix)

Fix)=| t{x) m{x) n{x)|+|(x) m'{x] n(x)
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7. L' HOSPITAL'S RULE

If fix) & g(x)are fimetions of x such thart ;

M limf(x)=0=lmg(x) or lim f{x)=+=limg(x) and
X—ed A | Y X—ed

(i) Both f{x) & g(x) arc continuous at x= a and

(@i} Both fx)& g(x) are dilferentiable at x = a and

vy Both f{x) & g'(x) are continuous at x = a, Then
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& so on il

indeternunant form vanishes..

8. ANALYSIS & GRAPHS OF SOME USEFUL FUNCTION'
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