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APPLICATION OF DERIVATIVES

1. DERIVATIVE AS RATE OF CHANGE

In vartous ficlds of applied outhematics one lis die quest
1o know the rate at which ooe vanable s chianzie, with
respect o other, The rate of chiomee naturally reders totime

Buat we can bave mate of climes wili respect o other

variables also.

AN economist may want o study how the mvesipenl
changes with respect o varanons m aeiest rifes,

A plivsician may want o kpows, hewe stnall changes 1w dosage
canl affect the body's response o a ding

A physicist may want 1o knowilie rate of change of distance
with respect ta tine,

All questions of the abiove fype ¢an be interpreted and
represetited nsing dermvatives.

Definition :

The average vate of change of a fugetion F00 il espect o

Fia =71
x over aninterval [a. a+hl is defined as - 2 %}I el
1

Denindtion ;

The instantaneous rate of change of Mwith respect to 3 45
defined as

fla+h)-fla)
h

£(x)=lim”

. x’.ﬁff":'. /

To use the word *mstantaneous’, X may noet be representing

provided the Lt exests,

tune. We usually use the word ‘rate of change” to mean
‘mstantanecus rate of change”.

2. EQUATIONS OF TANGENT & NORMAL

n The value of the denvative at P {xl, ¥ gives the
slope of the angent o the curve at P. Symbelically

l.l'_'.'!

£y = g L Slope of tangent at
13].%]

Pis v, )= milsay)

i) Equaiton oftangent at (X, y,) s

(dy

::f—:r'l_l-—ht;; Ax-x)
B

i Equatien of normal at [Ny His .

1
{y-v)= o “(x-%)
vy
A

T 0 M N %
i [tk
length of subtangomt of
subnermal
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it /

mwdeiplied by the diff
Thus if, ¥ = tan x then d

s A

d(c)=

The point P (x,. ¥,) will satisfy the equation of the
curve & the uquatmru of tangent & normal line.

If the tangent at any point P on the curve is parallel to
N-axis then dy/dx = 0 at the point P,

If the tangent at any point on the cwrve s parallel ro
Yoaxis, hendy'ds=wordy/dv=10.

If the tangent at any point on the curve 1s equally
inclined w both the axes then dyids = +1.

If the tangent at any poi
on the cocrdmate axes

Tangent (o a cur

In general dy =7

0wlhere '¢” isa constant,

d{n+v—w)y=du+dv—aw
d (v} = pedv + vl

The relation dv = f7(x) dx can be written as
% =f7(x); thus the quoticnt of the differentials
of ‘¥'and *x"is equal to the denvative of 'y wrt "%,

3. TANGENT FROM AN EXTERNAL POINT

Given a powt P {a. b) wlioch dees vot bie on the curve
y = fix), then the equation of possible tangents to the curve
¥ ={{x). passing through {a, b} can be found by solving for
the point of contact Q.

(x-a)

] i Fih}-b
And equanion of tangent 35 ¥-b= —%r_-}—

Qb Fih

4. ANGLE BET)

= between wo m defined as the
e angzle berween their pormals at the
of mtersection of two curve

L P 5

1+,

wherem. & = al the intersection

1
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()  The angle is defined between two curves if the
curves are intersecting. This can be ensured by
finding their point of intersection or by graphically.

(i)  Ifthe curves intersect at more than one poit then
angle between curves is found out with respect to
the point of intersection.

(i) Two curves are said to be ¢
between them at each paoi

angleiec.m m,=-1

if angle

. SHORTEST DISTANC!

Shortest distance
differentiable
(Wherever ¢

Definition :

{1) 8x 1s kulown as @

N N,
(1) —x_ 15 Kuown as rel,

(ii)

s A

&x and 8y are known as differentials.

(b) Approximations

From defintion of derivative.

Derivative of f(x)at(x=a)=f"(a)

o f'@=lim Sa+8%) - f(a)

ox—) ox

[(a+80)-J@) _, ryn)

oX

or (approxiately)

fla+3x)=f(a)« xf (a) (approxunately)

7. DEFINITIONS

x)1s called an Increasing Function at a point X
tently small neighbourhood around

arly Decreasing Fu
Sfla~h)<f(a)
Sa-h=f(a)

‘€ statements |
derivable of

whether fis non

alled increasing in an interval
every point within the interval (but
¢ end potuts). A function decreasing in
a.b) is similarly defined.

function which in a given interval is increasing or
decreasing iscalled "Maonotonic” in that interval.

Tests for inareasing and decreasing of a function at a point :

If the derivative £ '(x) is positive at a point x = a, then the
function f(x) at this point is increasing. If it isnegative, then
the function is decreasing.
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o A

Even if f "(a) is not defined. fcan sull be mereasing or
decreasing, (Look at the cases below),

ol C decreasing at % =

MNote : f (e} is not defined

1. Ifa fimction is imvertible it has
or decreasing.

2 If a function is continwous, the intervals in which it
rises and falls may be separated by points at which
s derivative fails to exist.

3 If fis increasing in [a, b] and is continvous then
F(b) is the greatest and f(a) 15 the least value of
JSin[a b]. Similarty iffis decreasing in[a, b] ten f(a)
is the greatest value and () is the least value.

) ROLLE'S Theovem :

Let f{x) be a function of x subject to e following
conditions :

(it fi(x)is aconnmons functionof x in the closed interval
ofa<x<h.

() 7 (%) exists for every point in the open interval
a<x<h.

fay  fla)=fth)

Then there exists at least one point X = ¢ such that
a<c<hwhere S (c)=10.

(1] LAIVT Theorem :

Let (%) be a function of x subject to the following
coudimtions

(1 A0 15 acontinnons funchonof x m the closed interval
ofa<x<hb,

exisls for every powt in the open terval

= poant X = ¢ such thar

temically, the slope'a
a & x = hois equal toth
s ounve atx =c.

e follomv g : Rolles theorss

al Enterpretation of LMVT @

ow [ f(b) = f(a)] is the change in the function fas x
changes from a 10 b so that % 1s the average

rate of change of the fimction over the interval [a, b]. Also
£ () is the actual rate of change of the Amction forx =c.
Thns, the theorem states that the average rate of change
of a function over an interval is also the actual rate of
change of the function at some point of the interval. In
particular, for instance, the average velocity of a particle
over an interval of dme is equal 1o the velocity at some
instant belonging to the interval.

This interpretation of the theorem justfies the name "Mean
Value" for the theoren.
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(c}  Application of rolles theorein for iselating the real roots of

anequationf(x)=10

Suppose a & b are too real monbers such that .

(0 ) & s first dervative /7 (x) are continuous for
a=x=h

() f{a) & f(b) have opposite signs.

iy " (x)isdifferent from zero forall values of x between
afkh,

Then there is one & only one real root of the equation
Jx)=0betvweena &b

8. HOW MAXIMA & MINI

is greater than every ¢
inanediate neight

i for a sufﬁcw

.-'Iﬂ'!u:l]um ||"|:|'|.5|'||.|u|.‘|
Mo greater value of £ 0
Adsar o local Branunue

A

local
Mo samlber value of f. Abvsolute misimaum
ricr by : P sl ler walue of 1

Albsera ol mimmwm

x=h

Aot /

£)] The local maxinmun & local minimun values of a
fimction are also known as local'relative maxima or
local'telative minima as these are the greatest &
least values of the function relative to some
neighbourhood of the pomt in question

iy The term "extrermum” isused both for maxima or a
I,

oy Adecalmaxirun (ocal mindmun) vahie of a fanction

wiay not be the greatest (least) valoe in a finite

unernal,

A functioncan have several local maximum & local

priniien values & a local mininmun valie mayeven
gater than a local maxmunm value.

g of a contmions finction ocowr
b corsecttive makima there

S0 1% i EAKIIIL OF [t
=0,

(c)exists then

or which £ {x) =0are often

nary points. The rate of change of

ero at a stationary point.

ase [ (o) does not exist f(c) may be a maxia

or a munima & m this case left hand and right hand

derivatives ate of opposite signs.

(i)  The greatest (global maxima) and the least (global
minima) vahes of a functon finan imgerval[a, b] are
Sta) or f{b) or are given by the values of % which are
eritical points.

(v} Critical points are those where ;

(i} % =0, ifit exists; (u) or it fails to exist
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3,

sufficient condition for extreme values

First Derivative Test

oo /

[a.

fe-h)=0 ) . )
£lern)<o = x = 15 a pomt of local maxima,
c+h)<

wlhere b 15 a sufficiemly snall positive quantiry

S (e-h)<0 ’ .
E- = x = ¢ isapeintof local minima,
Sinalarty ffe+h)=0
where b is a sufficiemly sma

Note :— f 7 {c) in bath the
exists, Ihr.mf' (c)=10.

If /(%)

corlam &

the ﬁmr.:tin‘\

If 7" (c) =0 then the tes
order derivative check for 2
..

5"

Summary-working rule

First : When possible, draw a figure to illustrate them
problem & label those parts that arc important in the
problem. Constants & variables should be ¢learly
distingnished.

Sccond @ Write an equation for the quannty that is 1o be

maxinised or ninimised. Ifthis quantity is deneted by *v*, it
aunst be expressed in terms of a single mdependent variable
%, This may recpuire soime algebraic maniprlatons,

Third : Ifv = f(x] 1s a quantity to be maximum or nuninman,
find those values of x for which dy'dx =" (x) = 0.

Fourth : Test eachvalues ofx for which £ (x) =0 to detenmine
whether it provides a maxnna o nonina or neither. The usual
tests are ;

ia)  Ifd'ydx’ is positive when dy/'dx = 0

= yismining.

IFd/ds’ s negative when dyidx =0

=¥ s AN

Iy dx = 0when dyvids =0, the test fails.

pesdie for x<x,
0 B X =N, | = oaamnana occwrsat X = X,
gve for x>,

fFonn negative to zero o positive
15 a minima. 1 dy/'dx does
3 trathin, Such points

s Ifthe finction
¢ of values a < x = b the
lile extrete values.

only a linited
adkx="hbfor

If the derivative fails to ex podt, XA

nt as possible maxing

neral, check ata

If the sum of two positive mumbers x and y is
constant than their product is maximun if they are
equal, le. x +y=¢, x> 0, v > 0, then

xy = (x+¥) - (x-¥']

[ Ifthe product of two posinve numbers is constant
then their snm is least if they are equal.

Lo (x+y)=(x-y)+4xy
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6. Useful formulae of mensuration to remember

Volume of a cuboid = bk

Surface area of a cuboid = 2 (b + Bh + W)

Volume of a prism = area of the base « height.
Lateral sirface ofa prisan= peroneter ofthe base = hegly,

Total surface of a prism = lateral swrface + 2 area of
the base

(MNote it lveral swwfaces ofa prismare all rectingles),

1
[ Volume of a pyramid = 3 e = height,

[ ] Curved  surface
l .
5 (petinerer of 1l

{Note thar slan

L ]
[ ] 2l
- mrh - 2m

of the enrve. Such T
the concavity of the ¢
inflection. From the gra

fil W 0 == concave upwards
m

d o
—— = (= concave downwands.

dx’

mflaction we fod that Elu- =0 mdL
dx- dx-

[

fails to exist (but

= graph of the
1on defined as,

B b5
B .-

for xe(-=,1
forxe|

wor critical points one is a point
=¢) & the other a point of inflection
mplies that not every Critical Point is a point

Y
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