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INDEFINITE INTEGRATION

Integration is e verse process of dilferentianon. That
= y w © 3, kaf.‘i Taid =kJ- Sxd, where X s any constaut

is, the process of finding a fimetion, whose differential

coclicient 1s knowa, is called integration. 4. 1Ef (%), Fx) A0, . (finite in munber)are functions
If the differential coefficient of F(x) is f (x), of %, then
le. diIF(}U] = (%), then we say that the antiderivative _“Jﬁ{x}_' Fi(x)t filx)-Jdx

X

[ fixde+| oo <[ fiiods+
or integral of £{x) is F(x), written as J-j'[.‘-'.fltl.\'. = Fix) | fitndx ‘if'h} If b

s, [1'|-_,"-|f'<'||lx =Fix)+e

Here _[d_t is the notation of imtesration f (x) is the

integrand. x is the variable of wreeraron and dx depores
F‘q 4 . = 1l|-:u_ff[ax & bl -I-l'[ax +hy+e
the integation witll respect 1o X, a

1. INDEFINITE INTEGRAL 1.2 standard Formulae of Integration

lie following resalis age a direct consequence of the

We know that lf'di—”—'{?i]] = fix), then [ Fix)dx =Fix) definition of an integral.
. 1
Also, for anv arbitrary con-tant C, 1 [t"dx _ -‘i"-:_ W
) e ntl 8 '

d—i[F{x}+E‘] = i[f-‘[x}] +0= filx)

(=]

1
I- dx = log|x | +C
X

= [ fixpx =F(x)+ C.

3. de=e" +C
This shows that F(x) and F(x} + C are both integrals ofthe I: i

same Amction fx). Thus, for different values of C, we obtain

different integrals of fix). This inplies that the mtegral of o J'“s X = a* +C.
fx) is not definite. By virtue of this property F(x) is called log a
the indefinite integral of fix).

5. Isi:]xti:-i:—cus.*'.*—(‘

1.1 Properties of Indelnite Integration

dr G. J's:u:-xd.\'. =snx +C
1. = Odx | = Frx
- i f{.\.jd.\.] fix)

7. Jﬁec}xt‘l}t: tanx + C

d
2. If"f""ldx = ‘FE [Fix)]dx = fix)~c 8. It‘n';erzxcb; —cotx+C
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9. j&ﬂﬂ.‘ilﬁll.“:d‘fi:.‘ﬁt x+C

10. jcnsecxcolx:ﬂ ==cosec X +C.

11. ITﬂuert =-log|cosx | +C =log |secx | +C.
12. jcu:uTxd:c =log |sinx | +C

1. jseuxdx =log |secx + tanx | +C

14. jcme-cxd:v. =log|cosecy —cotx |+ C

15. j t1=5'[11"x-rC;i.t < ]
I-x-

16. j - tan~ x+C
1+ x°

17. Id—!\:_aec'llx!w’:: e
Xyx- -1

2. METHODS OF INTEGRATION

2.1 Method of Substitution

By suitable substitution, the variable x in F Fixyelx is

changed into another vanable t so that the mitegrand ©{x)
is chapged into Bt} which is some standard integral or
algebraic swm of standard imtegrals.

There 15 no peneral rule for Anding a proper substaiulion
and the best gude in dus marer is experience,

Hewever, the following suggestions will prove nseful.

(i) If the integrand is of the form £ * (ax + b, then we

1
put ax + b= tand dx = —di.
a

Thus, [f'{nx + by dx :_[_f'{t]nd-t-
’ a

Ly a- L0 St
a i k]

(il) When the imntegrand is of the form x*~! f "[x), we

put x® = and nx2~! dx = dr.

Thus, | x

1 oy B [ d'
. X5y = —=
Fix®)dx jf[l,'l'“

(rmd=tra=2reeyee
= 1l n

When the veceand is of the foom [ £z F "(X). we
put i) =1 aml k) dx = du

(iii)y

Tls, J‘I_-"—'[x]]"_f'llx bx = [1"r|t =— e
: n+l n+l
iivi  When the imtegrand is of the form f{{ ; we pul

Fixy = tand F (xdx = dt

. i) i dt
Tints, J -i"lxiu dx =| —a log | t|=log| fix)|+c

d Seme Special Integrals

ax

dx 1
1. j - == =fan " =+
xXT4+aT a &
dx 1 x —al
2 Jo——=ch sC
X —-a  an X+a

\ll.
= &in '—+[

4. j\."—

=lug|.~¢+~.;'x’+a"|+("
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xeaxioatleC

J-— "li-‘: — = |ng|
6. T _a :

— X a’ .
7. }— a'—x'd\'—:\l'a —-x" +Tsm '—+(‘

4 i

8. ‘F-q'l::: ra'dx :%y‘lx? ra’ I%]nggxry'x"!n:!!{‘
- F 1

9. _[\Irx?—;{r:!.t=%q'lx:—a'—%lu'\_'x-l-w,'s‘—:i ;-

2.1.2 Integrals of the Form

@ [fla’-x")dx.
) I_ffa} .i'lecEx.

(€] J.f{f —a:]dx.

(dy II[

ﬂ+\:f

Working Rule

Integral Submstitution

_Ff{a'" —xi]dx, X=asinborx=acosh

x=atanHBorx=acotd

x=asccBor x=acoscc @

_Ff[:+i]da‘i or J"‘lﬁ-i-x]dﬂ"l x —acos20

2.1.3 Integrals of the Form

dx ; dx

(a) [———— T
”m: +bx+c ®) w.,-":ax'+1}:-{+c

() |y dxa,

ax” +bx +c

c

Working Rele

iy  Make the coefficient of X7 wuity by taking the
coefficient of x* owside the quadiatic,

(iiy Complere the square i the ferns involving x. 1.2
write ax! + bx + ¢ in the

b ] (b - 4ac
|1'.+— _—
2a ) 4a

(iiiy  Theimegrand is converted to one of the nine special

form

intearals

(iv)  Intezrate the fimetion.

214 Inteerals of the Form

Xk Q

px+q
{4) dx, by | F——dx.
'[a\. +bx+¢ 'Fw.ax' +hx+c

[l Jépxﬂﬂl ax’ +bx+c dy
Integeal Working Hule

J- " PX +q

dx putpx -
s bhx 4+

qeaax th) tporpe+q=
tdenvative of quadmatic) + .

Comparng the coelcen of % and eonstant termn on both
sides, we get

p=latandq=bi+p = &= ﬁm]d =g —% | Then
o \ a

mkegral becomes

,[ PKHJ. L .
axs +hx e

oy f !
e Ene _‘J_P]I.L
ax-+bx+c | ax  +bx+c¢

1 dx
=—lu-a ax’ +bx +¢ +[q——' _
Xa 2a M at ebxac

PR+
I— d% In this case the inte gral becomes
JaxT4+bxse
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L S

Jaxt s by s

U S YO PO | S S
227 ot tbx e Vo2a e vbxte

:Eqax;i-hxic-r[ —l—j“] —
a 1 Ja Iu'ax:+hx-c

_[l{p:{ -i-q]\a’ﬂ_‘i: +hx+c dx

The integral 1o this case js convertad o

J(px+n}\l'ax: +bx+c dx = _}—jjrziL‘i'i'E”\llil.‘i: +bx+¢ dx
Ia

iy o . o —
-r[q—:]- || wax-
a

¢ iy oo odx
L

:ﬂ{a_1:3+'h:~;+c}|" "[ Q_E”,‘u‘:l_\- e o il
Ja L~ 2a )

2.1.5 Tntegrals of the Formn

Pix}

J--..'ﬂ.\'.l +bx +¢

degree =2,

dx. where P(x}is a polyoomial in x of

Working Rule: Write

P(x) 4 _

J.»,'nxl +bx +¢

iy,

yax® +bx ¢

=g raxtaxi v a2 S s tmee +L'F

where k. a . a. .. a,_, arc conslants to be determuined by
differentiating the above relation and equating the

coeTicients of vanous powers of % ou both sides.

216 Imtegrals of the Form

dx  or '[de.

J X +1
2 rkxt+1 ket +1

where K is a constant positive, negative or zeroe,
Working Rule

(i)  Divide the pamerator and denominator by x°.

) 1 1 , L.
fily Putx-—=7orx+—=2, whichever subsitution. on
X X

differentiation gives. the numerator of the resulting

wnleg i
(iii} Evaluate the resulng integral in z

(v) Express the result moenns of X,

2.7 Tutegrals of the Form

ilx . !
——= . wlere P, Q) are linear or guadratie functions of x
PJQ

Integral Substitution
[ ]—d-‘i cx+d =
S ax +bex +d
J- dx !
- x+qg=z
(ax- +hx+c)Jpx+q prra=e
J dx 1
(px s qivax” + bx +¢ PRTA= Y
dx 1
(ax” +biex® =d * z




CLASS24

gquadratic factor which cannet be facterised farther:

INDEFINITE INTEGRATION

3. METHOD OF PARTIAL FRACTIONS

FOR RATIONAL FUNCTIONS

Integrals of the I}'[.K.‘f can be mtegrated by resolving

pes)
gix)
the integrand wnto partial ractions. We proceed as follows:
Check degree of p (x) and g (x).

If degree of pr (%) = degree of 2 (x). then divide pix) by g

(x) nll irs degree 15 less. e puwt o the

plxy_ o, fx)

form = r{ = where degree of f(x) < degree of

gix) G(x)

g {x).
CASE 1: When the denomunator conlaims non-repeated

liear factors. That is

glxi=(x~- o)X= I'J::I BT

In such & case wrile f (x) and g (X1 as:
fxy_ a0 & A

gix) f(x-o) (x-a.) E..t-u,d]

whera AL A, o A aTE constanis to be determined by
comparing the coefficients of vanons powers of & oo boali
sides after taking L.C AL

CASE 2 :When the denominator o ains repeated as well

as non-repealed linear factor. That 1=
glxl=(x-gFlx-a)._ (x-a)

In such a case write f (x) and g (x) as:

. A Ay A A
f{}k:l:_ N LI, +

a

+
gix) x-o (i-o) =x-o (x—o)

where AL A, .. A, are constants to determined by
conparing the coefficients of various powers of x on both
sides after taking L.C M.

Note : Corresponding to repeated lnear factor (x — a¥F in

the denonunator, a sum of ¢ partal

fraceions of the npe A A ok, A istaken,
Xx-a {(x-a) {x—a)

CASE 3: When the denominator contams a non repeated

gix)=(aw +bhx~ed(x-o)(x-o) . (x-a)

In such a case express S (x) and g (x) as

fix)  Ax+A, A A
=— + +ot
gix) ax"+bx+c x-o, i-u,
where AL A . A arc constants 10 be determined by

comparing the coefficients of various powers of x on both

sides after taking L.OC.M.

CASE 4 When the denmninator contains a repeated
quadratie foctor wlneh canmot be factonsed further: That
i

il =lax ~bx+orix-a)(x-a)..(x-a)

[ suche a case nrite C(x) and g (x) as

fix) AXR+A, AX A,

: R+
qix)  ax-+bx e (ax-4bx oy

rhy A

X -0, (x—oa )

where AL AL A are constants 1o be derenmined by

comparing the coefficients of various powers of X on both

sides after taking L.CM,

CASE 5 If the wnegmand contams euly even powers of x

{iy  Pur x° =z in the integrand.

(i) Resolve the resulting ratonal expression in 7 into
partial fractions

(iiiy Purz =% agam i the partial fractions and then
infegrate both sides,

4. METHOD OF INTEGRATION BY PARTS

The process of integration of the product of two fimetions is

known as integration by parts.

For example, 1f w and v are two functions of x,
lhen‘[ﬂuu](bc = u.j tadx - ﬂ gu .Jur].t: | dx.

L dx /
In words, integral of the product of tve functions = first

function = miepral of the second — mtegral of (differential

of first = imegral of the second function).
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Working Hinis

() Choose the [irst and second fincton o such a way that
dervative of the frst function and the mitegral of the second
function can be exsaly found.

(i) In case of inteprals of the form [fIXLX"' che, take x* as

the first fmetion and F(x) as the second function

(iii) In case of ineprals of the form {(logx )™ - 1dx, 1ake las
the second fimction and (log 2 as the s [inction
(v} Rule of intepration by parts way be dsed repeated]y, 1f

reqiired.

(V) I e o functions are of dfferent npe, we can clhoose
thie first function as e one whese aatial comes frstm the
word “ILATE", where
1 — Inverse Trgononetnie fiinciion
L. — Logarithmie finsction
A — Algebraie fimchon
T — Trigonemsetine fnetion
E — Exponential fuction.

(i) In case, boh the functions are tnegonomne, take that

fimenon as second hmeton whose ooeeral 15 souple. IF

both the fimctions are algebraie, take that fenon as first
function whose dernvative is simpler

(vif) Ifthe imtegral consists ofan mverse mzonometne finction
of an algebraie expression in x, frst sinaphify the mee prand
by a suitable tngoncmetric substiiution and then integrate
the new integrand.

4.1 Integrals of the Form

Je[Fx)+ rix)as

Working Rule

(i) Split the miegral mto two mlegrals.

(iiy Integrate only the first integral by parts, 1e.
f:“[ftx]+f'|:x]_! % =j+:‘f|1x) X+ J'r.:“_,l‘"[.v.j dx

=[f[:c}_c" —If’[.\'].c" 1]-—1::"_{'(:&}11*{

=¢" f{x)+C.

4.2 Integrals of the Form:

Where the initial integrand reappears after mtegratmg by
parts.

YWorking Rule

(i) Apply the method of intepration by parts wice.

(i)  Ou infegrating by parts second tme, we will abiain

the given integrand again, put it equal to [
(iiiy  Transpose and cellect terms involving I on one side

and evaluate 1.

e,
sy HTEGRA_!.:OF THE FORM

{TRIGONDMETRIC FORMATS)

dx ix
B

Sl ta S "
] J-ﬂ +beosx a+b sinx

dx

—

(e
A+boosy+csny

Working Rule

. X X
1-tan”— lmu;
(i) Pateosx= = and sin x = "x so that the gven
- & b
1+ taps = 1+ —
2 2

’ . X
uegrand becomes a function of tm — .

X | 1 X
{iiy Puttan—=z = —sec’ =dx =dz
2 7 "

{iif} Intcerate the resulling ratonal algebraic finction of z

X
(iv) Inthe answer. putz = fan .

5.2 Integrals of the Form

dx dx
|

! o3
a+ bsin” x

(a) i

k. 3
a+ beos™x

dx

acos” X+ bsinXcosx+cCsin-x

{e |
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Working Rule

(i) Divide the munerator and denominator by cos™x.
(i)

(L)
(iv)
(v}

In the denonunater. replace see™x, any, by 1 + tan’s
Put tan x =z = sec'x dx = dz.
Integrate the resulting mtonal algebraic fimeoen of z.

In the answer, put 2z = tan x.

5.3 Integrals of the Form

acosy+bsinx
jagosshing

ceosX +dsinx
YWorking Role

(1) Put Numerator = A (denonunator] = p {denvative of

denominator

acosx+bsmx=Alccosx = dsmx) + - sm x+doos 3

(H) Equate coefficients of sin ®% and cos % on both sides and
find the values of ¥ and .
(iiiy Splitthe givenintegral mto o inregrals and evalnate each

wtegtal sepagaely. 12

J‘ucusx+b5iu.~a
——— = x =

ceosx +dsinx
—csnx+doos

g =R s oz acoskr hsinx
Acosx +bsinx

2 j]d_\'. P uj

(Y Sobstitofe the valves of & and p found wm step 2.

5.4 Integrals of the Form

dx

I.’: +heosx + Cainx

c+foosx+gsmx

YWorking Rule
(i) Put Numerator = f (denominator) + m
{dervative of denominator) + o

a+tbcosx+csinx=1{e+ foosx+gsinx)+m
(—-fsmx+pgcosx)+n

(i)  Equate coefficients of sin % cos % and constant tean o both
sides and find the vahues of I, oL n
(iiiy Split the given integral inte three integrals and evaluate

each mtegral separmely, ie

J-a +beosx 4 csinx
etfeoos® +gsinx

{iv)

—fsinx+pcosx
Fllds+m | ——— ETOSX
T e+ feosx +ESIX

dx +

o
e+foosx+pgsinx

. da
=k +mlog e+{cosx +gainx vni{f—t_ dx
e+feoosx+psinx

Substitnte the values of /. m. n found 1n Step (1i).

5.5 Integrals of the Form

m n
_|-|:] weos” x dy

Working Hube

ii)
(i)
(iii}

(v

)

L the poover of sin % 15 an odd posiove integer, put cos x =L
[File power of cos x 15 an odd positive ineger, pulsinx =L

[ 1he power of sinx and cos x are both odd positive integers,
PRI I X =1 Or g0s X =1

[t the power of sin % and cos x are both even posinve
intezers, use De” Moivre's theorem as follows:

Let.  cosx+1smx =2 Then ¢os X —isinx =z

I i .
=2cosxandz—— = 2isinx
z

Adifimp these. we pet 2+

B | =

B De ' Moivre's thearem. we have

l 1 -
2" +— = Ieosunand@S === dismt X (1)
i z

(14

sin® xecos" x =

1Y !
{2)= 2"[2 z-| 1.2 z]

n -]

-

g

MNow expand each of the factors on the R.H.5. using
Binemial theorm. Then group the terms equidistant fom
the beginming and the end. Thus express all such pairs as
the sines or cosines of nultiple angles. Further integrate
termt by rerm

If the sum of powers of sin x and cos x 15 an even negalive
integet, pul A X = 2,
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SOLVED EXAMPLES

A 702 X
Evaluate : J | X+ A4 = |dx Evaluate [— dx
| X ofx X T
: , . 72 . X
Sal. L e ' Sol. N
[/] II\; + 5% F+}¢+.\‘|"; ;dx ol [\ 0 dx
i .7 1 rx' —1+1 x' -1 1
ot L [ - b : . - b — .
-_[x dx +jﬁx dx - |4 + | -E-uLx*j ;,f:lu. o i_\-‘ g k"
3 ] I -1 R [ :I - x'-l -1
fjx El‘:.“"f'.J-.".' dx -4 J] dx+ 7 Jxllx-: [ =Fax = [(x"-D) dx'}_;‘_-frid\'.—?—x-mn-:i-f'

E] L] [ R
X X ~ -
=5 —=dx e Tlog v | +2 — [+ L
4 i | 172
4
X

=
+';x’--1x+'-"lngi.‘-: +afx+C

4

p LN L

Evaluate : l - i

51

hY

Evaluate : Ie'-"'” TP

Saol. We have,

-['::Ic_rl +e:.q.'gx +e|.¢g| d.’{

opa” lopa®

x
= _Fi:""" e +e

dx

= J[El‘+.~:' +a" }dx
= Ia" dx + J.t’ dx + .{EL' dx

ﬂ‘ xl-:l

a+l

loga

+

+pt xt+C

dx

/5" (/%)
T log,2/5  log,3/5

Evaluate jx' sip

dx

Sol. We have
1= [x'biu *dx

letx=t =

= A¥'dx=dt =

dix‘) = dt
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