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DEFINITE INTEGRATION

1. oesmon | o A

Let F (x}be any anfiderivative of f{x). then for any too values of

the independent variable x. sav a and b the difference 1 F S '-r-."ﬂ—dxzi
- i a_ w -
F (k)= F (a) is called the definite mtegral of £ from a to b and fx)+ fa-x) -
b b 1 ) Fix) dx = b-a
is denoted by Jlf{x] dx . Thus jf (x) dx = F(ls}—Fia). 2, 3 fx) ¢ fla+b-x) 2
The numbers a and b are called ihe limits of iteeraiion; a s the | J}'hhlx J-_.I"(ﬂ dx +J F(2a—-x)dx
lower It and b is the vpper hant, Usually T (by = F {a) 15
abbreviated by writing F (%) '. | 0 if fida-x}=—fi{x)
e e 1 if f(2a—x)= flx) f
2. PROPERTIES OF DEEINITE INTEG ] ' |
T r of flx)edx if i is ]
L .l-’r{x} dx=—_[_ﬂ:1]l . Ja’m:b. , _-! (x)ebx AL %)= flxdie. Tx) is even |
; * . l if £ %] =—[1x] ic. flx) lbl:ﬂ:'_lJ
b b i If £ (x) 15 a periodic function of peried ‘a’,
2 [reods=[rody e f(a=x) = f(x). then

. s : (a) J-f{x}dx E njf{x] ix
3. .l-,i"'l,'x} dx —J_.I"I[x} dx + IJ"{:‘.} dx. where ¢ may or may < >

not lie berweena and b, (b) fﬂﬂ de=tns I]!f{x} &
4. jn'fn:mdx =j;f{ﬁ -x) dx © | J(0dx=[f(x)dx wherebe R
-7y o
b b k23 1 .
5. j-f“” dx = J_.I'"{Fi +hox)dx (d) j‘_ﬂ:h} de independent of b,
a L] b
banm

j Jixidx = nj}'{’\} dx, wheren el
b
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b
9. IEF(x) = 0o the interval [a. b, then j.j"{x) dx = 0.

. Iff (x) = g (x) on the interval [a, b]l. then

k

if(x] dx *_'-Jgu]dr.

]
11. Iff*;:ld"{

-;_T|f|:x1' dx

12. If F{x) 15 contiomons on Ja, blomas e leinst and M as the

sreatest value of £ix) on fa. Bb], then
b
m(b-a) =< Iffx'r dx < M (b-a)

13, For any two functions Six) and g o). wtegrable on the

wterval [a. b]. the Schware — Buoyakovsky ecuality

holds
[ I =
< ff:(xyxix.J_u ‘() d

14. If a functon f£{x) 15 continuous on the nterval [a bl

b
[ 709800 dx

then there exists a poimt ¢ £ (a k) such that

=)
_l-f[-‘:]d-‘i = fley(b=a) wherea<c<h.

3. DIFFERENTIATION UNDER INTEGRAL SIGN

NEWTONLEIBNITZ'S TITEOREM :

If {is continweus on [a, b] and gx) & Lix) are differentiable
fiunctions of x whoese values lie in [a, b]. then

Bizl '|
-j: [;[“Jr [umJ = i [J'a{x}]._,r‘[x'a{x}]—iig (x3]. f [ (x)]

4. DEFINITE INTEGRAL AS A LIMIT OF SUM

Let f{x) be a contmions real valued fiunction defined onthe closed

interval [a, b] which is divided mtwo n pars as shown in fgure,

rad
ca=in-1ih o-nh=h

The point of division on x-a%1s are

gda-lbat+ih.....a+(n-1)h, a+ oh where b-2 =h
i}
Let 5 denotes the arca of these n rectangles.
Then. 5 = b f(a) -k fila +h) = hffa+2l+~ .. +hf

v in-114)

Clearly. § is area very close to the area of the region bounded by

ciirve ¥ = f(x], X —axss and the ordnates x = a, x = b

b
Hence j fixydx= Lts,

b
j‘f{xj de= Lt Y Ljf(a+rh)
. S




CLASS24

DEFINITE INTEGRATION & AREA

L/ﬁ;@n. . / =(n-1)

1. We can also write
S‘=!rf{a+11}+!nf{n+2h}+ ......... +hf(a+nh)and

I_}"(x]dx—.uI:tI Z (.tl.;_.i]f[ﬂ +I'11]-l.1. J|

5|1||": x. (l-sin’ x)dx

= Ny o |

-fn—l} 5|1i"::~:dx—([:—l] sin” % dx

= e IE ]
=X S

[=—m— 1 |Iu= in— !}]u__.

.~

I - r
2 Ifa=0b=1 [fE0dx= Lt o
[

|
i - (D) I ."l]—].!

Steps to express The Hmit of sum as delinite infegral

|
Sep 1. Replace Thyt — by dx and I.[___r‘ by | /
It il '
N,

I
Step 2. Cvaluate ul_;[ | M J| by pantinne least and greatesi

values of r as lower and upper limuts respectively.

cos® x dx

I -:[kin" xdx =

O Ly |

=

'F'P_| 1 I r'. 4 4
For example 1t l -Il“'J_IIIlKPLL‘J
B o B n' <
:I]
r=up

l“ﬂ[_ﬂrﬂ:ﬂ‘ﬂm[ﬂ

. . T
according as nis even or odd. I;=—.1, =1

5. REDUCTION FORMULAE IN

DEFINITE INTEGRALS

1 I'u ”[n_y”:n i] [llJ.E:if u is even
< i e n J |1—2;\_ 1 2] 2
51 IfI, J-Llll x dx, then show thar T, =[~—]In_! = [“‘-"J[“‘ﬁ] ________ [E)] if nis odd
5 b n Jin-2)\n-4 3
Proof: [n_.l.s'm*:f. dx 3
] 52 Ifl,= Im_u xdx, then show that L +1_, = -
o

-

I :[ sin®™! x cos '{I [ J{n ~1}sin® %, cos” xdx

Sol. | = |(ranx)*7.tan” x dx

O My L i
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ftanx)®™ {see” x - 11dx

o —

= I (tanx)"~ sec” x d:c—Il{!:m X" dy

_ (ranx)® |3 1
n-1 o

a

1
I, +
n-1
LERN A J-s'm:"x. cost X dx. then show
a
m-1
= |
(18- |II+]_|, m=-_

al
Sol. I,,.= Isin‘""x (50 % cos™ x) dx
o

T lm

_[ sin'“'x.mﬁ“ux-‘ +

n+l ik,

cos™ ' x J
F_;-._—_l_ (m-1) sin™x cosxdx

L3

|r m-1

:
T X
”31:1'” "% cos" x.cosTxdx
Ln+1 ) A

that

-

3
m-177F . . @2 . .
:[ " ” (sin™ " x.cos” x-sin™x.cos®x)dx
n+l]
* [

_|"u1—1' m-1 i
BTV e [u:—l J e
|l_m—l_'| _ |1|—l]I
u+l _l n+l ) ="
: [ m-1 '|[
. w+n ! ™

: [m—-1Y m=3 ] m-5
. @ | o )l men-3 men=4 e ol

according as i s even or odd,

ol = jl:l}s-“ 1dza_m:llu =

’ |
MK .05 X dx = ——
n+l

o ey v |

1}

r Walll's Formula

[(fm-1){m—3) (m—5)...... (m—D(n—3){n-5) ... n
(m+n){m+n—2)(m+n—4)........ 2
when both m, o are even

m-1y{m-3(m-5_ .. (o-D{n-3n-5_...
(m+n){m+n-2)(m+n—-4).....
othierwise




CLASS24

DEFINITE INTEGREATION & AREA

AREA UNDER THE CURVES

6. AREA OF PLANE REGIONS

(i)

(i1)

The area bounded by the curve ¥ = (x), x-axis and the
ordinates x = a, and x = b (where b > a) is given by

b b
A=[lvide =100 dx

Iff{x) =0 vxe [a b

h
Then A =Jf|{:ﬂ dx
1

¥ =[xl

[0 X = AXis N

IFfx)=0 % x e [a c) &
<0 ¥ x e {c, b] Then

A—é j}'tlx% + I}'dx

] b
=L fi{x1dx —L fixyaly
i
where ¢ 15 a point in berween a and b.

Y
v = fin)

N
3] N

Fa

[

The area bounded by the curve x = g (v). v —axis and the
abscisspe v = c and v = d (where d = ¢) is given by

d- &
A=[Ixldy=leyiay
C [

YA

Vo= O%Is

Xopiyh

el

[ we Lsve two curve v = (x) and v = g (%) such that
v o= (%) lies above the ourve ¥ = g (%) then the arca
bompded between them and the ordinates x=aandx=b
(B =a) 15 mven by

A= jf{x]ltL‘i—jgixhlx

1w UPPIET Clnve dred — lower curve area

¥4
¥=Trix]
R ™
N L~
v - g ()
%A x=h
0 v

The area bounded by the cwves y = (x) and ¥y = 2 (%)

between the ordmates x = a and x = b 1s grven by

A=jf{x}du+ig (%) dx,

where % = ¢ is the point of intersection of the two cves.

‘]" £l
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CURVETRACING

In crder to find the area bovnded by several cwrves. it is
wgrortant fo have rough skeich of the required portion.
The following steps are very useful in wacing a ¢artesian

curve f{x, v) = 0.

Step 1 @ Symmehy

(i)

{i1)

(iit)

{iv)

The cwrve s synuetrical about x-axis if all powers of v
in the equation of the given cune are even

The curve is symumetnical about v-axis of all powers of x
in the equation of 1he given curve are cven

The curve is synunatrical about the line ¥ = %, of the
equation of the given curve remans anchanged on
mterchanging x and ¥

The curve is symunetrcal i opposile quadrants, 1f the
equation of the prven eurve remais unclimged when x

and ¥ are replaced bv — x and — ¥ respectively

Step 1 : Ouigin

[fthere 15 no constant temn wn the equation ofthe alpebrawe

curve, then the curve passes throush the ongm.

In that case, the tangents at the origin are given by equating
to zero the lowest degree lemms in the equaton of the
given alzelbnie cuve,

For cxample, the curve ¥* = x¥ + axy passes tlwough the
origin and the tangents at the origin are given by axy = 0

Le. x=0and v=10.

Step 3 : Intersection with the Co ordinate Axes

(1l To find the poits o fmtersection of the curve with X-axis,
put ¥ = 0 the equation of the given curve and get the
correspowdig values of x.

(it) To find the points of intersection of the curve with Y-axis,
puat x = 0 in the equation of the given curve and get the
corresponding values of v

Step 4 Asyvinplotles
Fuod our the asyinprotes of the cuve,

i It wvertical asvmptotes or the asymptotes parallel o
vearis of the given algebraic curve are obtained by
gquating to zero the coefficient of the highest power of v
£l the equanen of the given curve.

{1] The borizental asvmpiones or the asymprotes parallel o
x-mils of the given algebrale cunve are obtained by equating
e zero he coefficieat of the highest power of X in the
equation of the piven curve.

Step 5 Hegion
Fund ot the regions of the plane in which no part of the
curve lies. To deternnne such repons we solve the given
equation for v i terns of X or vice-versa. Suppose that v
becomes mapmary for X = a, the curve does uot lie m
the region X = a.

Step 6: Critical Points

dv
Find out the values of x at which ﬁ =10,

At such points v generally changes its character from an
increasing fimetion of x to a decreasing fimction of x or

VICEe-Versa.

Step T: Trace the curve with the help ol the above points.
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SOLVED EXAMPLES

DEFINITE INTEGRATION

Example-1

Evaluate the following itegrals :

—
=
—
[IPL B
E
A
=9
o
-
(=]
—

1 (% A 0E+ ]

LI
Sol (D [ xdx

_a7 8
i 3
19
3
X -1 2

()

— = s
(x+D(x+2) x+1 x+2

[Parual Fracuons)

[
T {x+1){x+2)

= [-logfx— | —llogfx—llj
=[-loz|d|+2log|5] -[-log |2+ 2 1oz 3]
=[-logd +2log5]-[-log2 +2log 3]
=—2log2+2log 5+log2-2logld

=—log2+log25-log@=log25-loz 18

I 25
= oz —
g]E'i

=24 - -
Evaltiate : _[T'L‘Cx_ md}:.

Y1+sinx
' l %
- 5101
sol | | S0 —— %
NVl +sinx
e ‘“—HH\L fl—smx
S | —
5 Vitsing Y1-smx
[—smx
= | sccx - d
Wl-sin- X
i l-smx
= | tecx ——d
' COsX

r 4
= I (sec” X% —sec % fanx) dx
(1}

! md

= j sec’ xdx - j sec X tan x dx
1} ]
= [tan x|] * —[sec x|} *
T I T i
=|tan ——tan 0 |— s0C ——sccﬂlj
i I K || "i L

= (1-0y- (2 -1)=2-42.
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=fat -2 4 e
| [
Evaluate : f.‘tx*'«u‘x" +1dx.
_ . , -t
% 32 11l
= T——Et +t
[3/7 T/ 11/
Lofa = =_u
!
Sol. Lm—js.ﬂ x +1dx 3 4 T
4 - sy —[||_I
) n o,

Put x* =t so that 5x*dx = di.

Whenx=-1.t=-1. Whenx=1.1= L.

~

K| L |
== +—in|-[0-
(0 ?q‘,l “”_l [0-0+0]

Las | 12

|:_|[de -

1518242 6

22| 2l

Prove that I Jsin o cos” gdp = N
Q

331 B 1
L\
l

L

Sol. |:T!'Jsin_¢cm-’¢d¢ Sl I[E}mb{:!’c‘[l—l]dx

x0x )
= I st ¢ cos” b cosd di :j'l Ll J‘iﬁcllh
it X xX-
L 1 x f 1 .'. X 1 x
- _[ st & (1—sin” ¢)° cosd di i _“"_\.—:f d"‘,[x_:-': dx
Q

_ [Integrating (st mtegral by paits]
Put sin ft =t 5o that cos ¢ ddg = dt.

Whend=0smnd=1=t=0. _l &' =Fix)

n T
When p=— smi—=t=t=] . . .
= 1 rx-1} e |
l—, eidy = | —
!l J | %

1=jﬁ{1—:-‘}? m=jJT|: -7+t di
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AOBA is the part of the ellipse 9%+ v = 36 m the first
quadrant such that A = 2 and OB = 6. Fud the area
between the arc AB and the chord AB.

Find the area bounded by the curves y =x"and x'+ y'=2

above X-avis.

Sol.  The given equation of the ellipse can be written as

- - -

Xy bl T
—+——I|-:—+}—=l
4 3o L
e
B {0,6]
/IS
f >x

A
-\
jl-l
o
=2

A2 0hand B is (0, 6)

The equation of chord AB 1s

6-0
v-0= o> (x-2)

= y=-3x+ 6

Haqd. area (shown shaded)

—i(ﬁ— Ix) e
1]

xvd-x 4 'i]: [ sz]*
— 3 +—si = =T = ——
4 3 i 2
L B R 3 L i D
=3 %{i}} ! Esin"{l}} [ﬁil} _Hj} |

= {31~ 6) s units.

Sol. Let us first find the points of intersection of curves.

Solving y = x*and x* + v* = 2 sinmltanecusly, we per |

voxl=

= A= 2)=0

= x'= [ and x'= - 2 [regject]
x==x1

Y or-1 1and B =1, 11.|

-
Shaded Area = j | Vi-xt-x }d_ic
=] g

_[ 2-x dx- J“L dx

E :_[ N2-x dx :_[x"dx
1]

;:BJ e 2sir H 2[5

ﬂ[1 .TI:] SR g
=2|=+= [-===+= 5q. umils.
2 4 o Al
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