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DIFFERENTI

AL EQUATION

1. INTRODUCTION

Differential equation constitute a very nnportant part of
mathematics as it has many applications in real life.
Warious laws of physics are often in the fonm of equations
wvolving rate of change of eue quantity with respect 1o
another, As the mathematical equivalent of a 1ate 15 a
denvative, differential eguati
real life and methods for so
Importance.

Definition

An cquation invely

For example:

3 b
(i) (ﬂ} +[EJ +4x =0 1is the differential
dx dx

cquation of the first order becanse maximum

derivative of v with respect to X is &

dy
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second order becanse maximum denvative of y

(u) —p-y is the diffezential equation of the
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(i) [ﬂ -.;[d_"] +2=0 is the differential
, d_\;i X/

equation of the third order because maximum

n made rational a
fficients are concemed.
example:
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dx
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INustration 1: Find the order and degree of the following

Sal.

(i1)

{iii}

differeutial equations.

) d"}' ‘dy
1='_+3
(i) ax "fd:a
LS

o dly dy '
g E={1*[a}}

it 1 a3 {l!"l
(i) y=px+yfa'p” +b” where pP=

(i) The given different

IS 1
g
dx’ dx

Henge order = 2.
The ziven di

EQUATIO!

An ordinary d
attempt to eliminate
relation in the vari
equation contain
Differentiating this equs
equations conlaimng
derivatives. Elininating n arh

above (n + 1) equations, we obtain differc
wvolving nth derivative,

Thus if an equation contains 0 arbitrary constants, the
resulting differential equation obtained by eliminating
these constants will be a differential equation of mb order
e, an equation of the form

dy dy  d'
X y.—. ye—= =10
b%Y G o

dx!

Ilustration X : Find the differenual equation of the family of

Sol.

(b)

all cireles which pass through the origin and whose
centre lie on y-axis

Let the equabion of the circle be

Nyt lpe+ My ro=0

If it passes through (0, 0), then ¢ = 0

The equation of circleis ¥* +¥* + 2gx + 2y =0

Sutee the centre of the circle les on y—axis then g =0
The equation of the circle is

Ny My =0 )
This represents fanuly of cireles.

Differentiating, we get

dy dy
}.- = T ==

dx cx (i)

hich is the required

erential @

ILUTION OF A DIFEE UATION

arelauon s a

soluton of the differenrial
on berveen the indepens

¢ from derivatives en differential

Id be obraned by
L ¥ = mx + ¢, where c is

complete premitive)

solution of a differential equation is the
between the vamables (not involving the
atives) which contain the spme mumber of the
arbitrary constants as the order of the differential
equation,

Thus the general solution of the differcntial equation

d'y
[b{ 2
the constants.

=4y is ¥y = Asin2x + B cos2x, where A and B are

Particular solution or Integral

A solution which is obtained by giving particular values
to the arbatrary constauts 10 the general solution 1s called
a patticular solution.
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1 . Show A pi - ; dly _dy ich i ired di -
Ilustration 3; Show that v = = + B 15 e geuernl solution of | ie, o -7 i + 6y = 0. which is the required differential
r ko
. equation
vy 2
the second order differcntial equation d—v + —ﬁ =1,
drt o ordr

where A aud B are aﬂ.lllﬂll'}' consiant. 5. ME.I-HDD DF SDI.UING AN EQUATIDN DF THE

FIRST ORDER AND FIRST DEGREE

. A
Sol.  Given ¥= T B A differential equation of the first order and first degree

can be written in the form

d. v A
Differentiating twice — =

dl-

iy
sy
dx (%7

From (i) j._,_:ﬁ 2A ar, Aoy o+ N dv = 00 where M and N are fuactions
a rdr o fxand y
Alethod - 1
Putting A =4, B o aration:
sk an equation
D)
lution of (1)
of the type
. = Fla + by +c)

()

}'1—}'=he!’—-i|:
Differentiating (i), v

¥, = aet + dbe™ + % "'I_Z= +h£
Y- ¥, = b+ 12 dx dx
MNow, (V) - 2 (i) = v, -
E dz
or.  y,— 3y, + 2y = 20ce™ ) &y ax a
Differcutiating. ¥, = ae* + 4be™ + 9¢e™, we pet o
¥, = ag* + Bbe™— 2Tce ™
Nowy, - 3y, Iy, = - 60ce ™ ALY dz 4 q
And(49) £ 300 = v, 3y, 23, Xy - 3y, 29020 | Fom ) IX_pg) o E=bRE)

or. ¥ =Ty, + 6y =0
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iz .
m =dx ..-1:11}

In the differential equation (i1}, the variables x and # are
separated.

Tufegatng, we get

j- dx —Idx+c
bf{z)y+a
or. j—=K+C,\ﬁ]E‘.I’EI=
b f(z)+a

This represents the gen
equation (i)

Hlustration 5, Solve (X -

Sol.

or,

dz dy
e = |
dx dx 0

dz .
——]l=81NZ+cC0Os7
dx
dz
or, dx =

5Nz +cosz+1

Integrating, we get

dz dt z
X = | e _ | 2 putting t = -
j ISiIlZ+CDSZ+I jt+] putiing 1 Ianz

e,  x+c=log|is 1| This is the required general

solution.

(iiiy Solution of differential equation of the type
b, g

d_y—wiwhvlf a_1=_¥_

dx_a:x+sz’+cl a b oo
Here Ei_y.zagx_'-b]ﬁ whera “—l=ﬂqﬁi -]
dx  a,x+b.y+c, a, b, o«

L
Let b, {say)
b, =4b,

{11}

. [110)

~wbz by +a,z+agc,

Z+0C,

Z+c,

= dz |, where x and 2 are
2b, +a,)z+ by +a,c,

or, dx

sepetated
Integratng, we get

Z+ ¢,

x+c=I dz wherez=ax+by

Lb,+a.}z+b,c +a.c,
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(i)

{a)

(b)

Nustration 7 : Solve d—}r = ¥z

Sol.

Method -2
Homogeneous dilferential equation:

A hmetion fix, ¥) is called howeogeneous fwiction of
degree nif

f{ax. y) = A" f(x. ¥)
For example:

fix. %) = x*v* - xy* is a homogeneous function of degree
four, since

fhx, 2y) = (R x0) (A7 ) — ) (A7)
=41 (XY - xy')
=X y)

e y) =X T+
3

finetion of degres

equations are solved

then seperating the +

dx  x(2y+x
Since each of the fimctions v(2y = x) and x(2v = x) is a
homogeneous function of degree 2, sothe given equation
15 a howegeneous differential equation.
Pulling ¥ = vx
dy dv

Differentiatingwirix, we get — =v+ X
dx dx

DIFFERENTIAL EQUATION
From(i),
v+x£=mi1ﬁ_x} _v(2v-1)
dx x(2wx+x) v+l
— 2w +ﬁ+ Zgzﬂ
X X

[megratmg, we gel

velogvelop=logk o xy=ke "

(i DiMevential equation reducible to homogeneous forms:

dy ax+by+c b

“ouation of the form —- = — : - 'l.ﬂ'Lem-i__:—-:
dx ax+by+c a b

zcd to homegeneous form by changing the
" by equations X = X"+ and

austants o be chosen so

renecls, we have

A0 )by
alix+ ) +1

and k so that

al+hk+c=0
and a'h+b'k+c' =0

From these equation we get the values of of hand k in
tenus of the coe flicients.

Then the given equation reduces to

dy’ _ ax’+ by’
de' a'%'+ by

Which is the homogeneous for,
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Method -3
(i) Linear differential equation:
A differential equation is said to be linear if the
dependent variable y and its denivative occur in the first
degree.

An equation of the form j_jf +Py=0Q i
X

where Pand Q are hmctions of % only or constant is called
a linear equanon of the first order

Sinilarly g—x-+l7'x=l:l 15 @

where I and O are fun
solution of the above
fimetion Rof'x called
nmualtiply both side:

required solutio

d
Hlustration 8 @ Solve 2x —
dx

Sol.  The given equation can be

d_h[__l]""':hll! 7 )

dx | 2x Jx

d
This 1s the form of i+PY=Q

(i)

Here,

1
=3 bex |

met = )

e
Hetice IF=p" =

3.,
From (i) aud (if), we get ¥ = Ex’ ToJxlogx+edx

Differential equation reducible to the Enear form:

Soanetines equations which are not linear can be reduced
to the linear form by suitable transformation

oy
P+ F(y) P(x) = Q(x) )
dx

B (ivl=u = F{yv)ydy=dn

i reduces o

Whichis of the linear ditferential

tanf) dr=0

AL
0sec’® df = du
Then (i) reduces 1o
clu+u r du (ii)
- = or, = =T 1Y
dr dr
Which is a lincar differential equation.
50, [Feoel "t oo i)

Form (ii) and (iif), we get

ue™ =—jre" dr =re™ +Ie"dr, by parts
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-t —pf o, - ¥ 3
re ¢ ore u=r—l+ce Ilustration 10 : Solve Cos™ X ;ﬂ—}rtauﬂx=cus*x,ntcrc
X
ot, cotB=r—-1+cc
o n 3\'{5
x| —oand ¥ 5=
(iiiy Extended form of linear equations : 4

Bernoulli”s equation: Sol.  The given equation can be written as

dy ; gy _ v olan 2% sec” X =cos’ X
An equation of the form - Py=0Qv _where P and dx

dy
are nclion of X alone or © We bs e [0 el —— =
Function of x al This is the fi F].;:_+PFQ
i

other than 0 and 1, is o

Flere P = - mandx see™s, Q= 0os’y

—II:m % sec’ x dx

X sec” X dx = dt

! gt = log (1 — tan's)
Pulting

s 2y

- A1)

3—;E . then ﬁ[l_l
8

3

— 4+
4

]:Ji

dwv dy
or. —={l-n) "’—1 or c=0
dx Y iy _
Hence from (1),
dv 2 sin2x
— +({1-n)Pv=0{l-n) y{l-tan" x) =
dx 2
Which is a linear equation with v as independent .
) sin2x
variable, ar

Y iy
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Mlethod — 4
Exact differential equation:

A differential equation is said to be exact if it can be
derived from its solution {primitive) dircctly by

differentiation, without any elonivation, multiplication

ete,

For example, the differential equation xdy + v dx = 015

an exact differential equation as 1t 15 dertved by direct

differentiation for its solutic

Let PT and PN be the tangent and the nommal at M{x. v).

Hustrati : Solv + XY, . .
Mlusiratien 11 : Solve (1 gy Let the tangent at P wnakes an apgle 8 with the x-axis.

Sol.  The given equation ¢
slope of the tangent at P =tanf= [g-!fr-]
dx 'y

e+ wyt de o+ xdy

1ation of  the

P{x. ¥} 1s

Iutegraling, we ge

1 PGy
— = A sinf=—=_<_
-~ +logx - log PGT T PT

PT = y cosech {lenght of the tangent)

Which is the required solu

dy |’
: 14 —=
Application of differential equations : N1+ tan- @ * [ dx ]
= = 31"
tan & dy

In solving some geomeirical problems, the following &
X

results are very helpful.




CLASS24

DIFFERENTIAL EQUATION

= | TG = v cot® (lenpth of the sub tangent) =

PG v
From A PON cosfl=—=—
o PN PN

= | PN=vsecl{lenzih of the nommal)

Also O =x"+¥!
Given, length of the subnonmal = k. OFF

d . .
o ¥ L =k(x'+y)
dx

dy N 1
. 2y — - 2ky" =2kx’ i
or ¥ i ky® =Zkx A1)
dv dt
P - My = i
Let  w'=1 = 2¥ 1 i (11}

Frow{iyand (i), we pet E -7k =2k’
idx

ichios a linear differential equation.
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