Chapter: 13. SOME SPECIAL SERIES

Exercise : 13A

Question: 1

Solution:

It is given in the question that the n™ term of the series,
ap=3nZ + 2n

Now, we need to find the sum of this series, S,,

n

n=1

n
Sy = 2(3112 + 2n)
n=1

= Zn:(?]nz)—kz“:(Zn)

n=1 n=1
. 3Z(n2) + ZZ(IT)
n=1 n=1
ote:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

n(n+ 1)
k=
2

k=1

1. Sum of squares of first n natural numbers, 12+ 22+ 324 .n?,
n

Z K2 n(n+ 1)(2n+1)

A 6
k=1

11I. Sum of cubes of first n natural numbers, 1% + 23 + 33 + ..

n

- n(n+ 1) 3
Zk’(z )

k=1

IV. Sum of a constantk, N times,

N
Zk ~ Nk
k=1

So, for the given series, we need to find,

S, = 3i(n3)+2i(n)

From the above identities,

S, =Si(nz)+2£(n]

n=1 n=1
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s, —3 (n(n + 1)6(2n+ 1)) 42 (n(n; 1))

_ (n(n+1 Zn+l)

2

)+11(n+ 1)

=n(n+ 1) (ZMI + 1)

2z

=;(n+ 1)(2n+ 3)

Hence, Sum of the series, 5, = ;—‘(ll +1)(2n+3)
Questlion: 2

Solution:

Itis given in the question thatthe n™ term of the series,
ap=n(n+1)(n+4)

Now, we need to find the sum of this series, S,

n
Sp = Zan

n=1

n

Sa= > (u(n+ D0+ 4)

n=1

=Y _ (n®+5n° + 4n)

=Xn(n?)+5Xn (nf) + 4¥)_,(n)

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

n(n+ 1)

k==

k=1

1. Sum of squares of first n natural numbers, 12 + 22 + 324 _.n

ikz _ n(n+1)(2n+1)

6
k=1

111. Sum of cubes of first n natural numbers, 1°+23+33+....n

S 3 n(n+ 1) §
Y- (M)

k=1

IV. Sum of a constant k, N times,

N
Zk ~ Nk
k=1

So, for the given series, we need to find,

S, = i(rﬁ) + Si(nf) + 4i(n)

From the above identities,

2

3

:
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S, = i(nz') +5i(nz) + 4i(n)
1 n=1 n=1

n

_ (n(112+ 1)): L (n{n + 135(211 + 1)) 4 (n(n; l))

Sp =
4

(n(n + 1)) is (n(n +1)(2n+ 1)

73 ) +2(n(n+ 1))

n(n+ 1) i (211 + 1) N 2)

=n(n+])( 2 3

n(n+1)
== (6n(n+ 1) +20(2n+ 1) + 48)

nn+1 .
= % (6n” + 46n + 68)

nn+1
= % (63 + 23n + 34)

nin+l)

Hence, the Sum of the series, S = — (63 + 23n + 34)

Question: 3

Solution:

Itis given in the question that the n® term of the series,
a, = 4n3 + 6n? + 2n

Now, we need to find the sum of this series, S,

S, = 2(4113 + 6n° + 2n)

n=1

= i(mﬁ) + i(enz) + i(zn)
n=1 n=1 =t
= 4i(n3) + Gi(nz) +2 i(n)

Note:
I. Sum of first n natural numbers, 1+ 2 +3+...n,

n(n+ 1)

k=
2

k=1
1. Sum of squares of first n natural numbers, 124+ 22 4324

ikz _ n(n+ 1)}(Zn+1)

6
k=1

111. Sum of cubes of first n natural numbers, 15+ 23 + 33 +.

2

O T

ween®

:
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2

IV. Sum of a constant k, N times,

N
Zk:Nk
k=1

So, for the given series, we need to find,

Sy = 4i(n3) + Gi(nz) +2 i(n)
n=1 n=1 n=1

From the above identities,

= 4i(n3) +6i(n2) + Zi(n)

5, — 4([1(112—{- 1]): + (n(n+ 1)6(211+ 1)) . (n(n; 1))

=

= (n(n+ 1)) +nn+1)(2n+ 1) + n(n + 1)
=n(n+ Dnm+1)(2n+ 1) + 1]

= n(n+ 1}[n? + 3n + 2]

= n(n+1)*(n+ 2)

Hence, the Sum of the series, S, — n(n+ 1)*(n+ 2)

Question: 4

Solution:
It is given in the question that the n™ term of the series,
ap=3n-3n+ 2

Now, we need to find the sum of this series, §,;.

n

Sp= Zan

S, = 2(3112 -3n+2)
n=1

= i@n:) —Zn:(3n) +zn:(2)

n=1 n=1 n=1
n n n
- 32@2)— 3Z(n)+2(2)
n=1 n=1 n=1
Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

& n(n+ 1)
k= —
Z 2
k=1



1. Sum of squares of first n natural numbers, 12 + 22 4 32,4

ikz _ n(n+ 1)6(211+ 1)

k=1

111. Sum of cubes of first n natural numbers, 13+ 23+ 33+

st B (n(n+ l))

IV. Sum of a constant k, N times,

N
Zksz
k=1

So, for the given series, we need to find,

=Y sy e Y@
n=1 n=1 n=1

S, = 3 (n(n + 1)6(2n + 1)) . (n(n; 1]) .

|2
I

B (n(n+ (2Zn+1) —3n(n+ 1)+ 411)
N 2

On simplifying,

S,=n(n’+1

Hence, the sum of the series, 5, = Il(n: +1)

Question: 5

Solution:

Itis given in the question that the n'™ term of the series,
ap=2n2-3n+5

Now, we need to find the sum of this series, S,
n
Sp= Z a,
n=1

n
S, = Z(an —3n+5)

n=1

= ZD:QHZ) —i(3n) - zn:(S)
n=1 n=1 n=1
= Zi(nz)—Si(n)+ i(fp)
n=1 n=1 n=1
Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,
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n

n{n+ 1)
2

k=
k=1

1. Sum of squares of first n natural numbers, 12 + 22 + 324

ikz B n(n+ 1}(2n+ 1)

6
k=1

111, Sum of cubes of first n natural numbers, 13+ 23 +33 + ...

& n(n+ 1) z
;W_(z )

IV. Sum of a constantk, N times,

N
Zk= Nk
k=1

So, for the given series, we need to find,

S, = Zi(uz)—si(n)-% i(!;)

=1

n(n+1)(2n+ 1) n(n+1)
s/ =4 7)—3( 2—)+5n

6

4n® —3n® + 23n
0 6

n
= 5(4112 —3n + 23)

y (211(:1+ DZn+1) —9n(n+ 1) + 3011)

)
w

Hence, the sum of the series, S;, = i—:[‘l—ll'ﬂ SIS 2
Question: 6

Solution:

It is given in the question that the n™ term of the series,
a,=ns - 3"

Now, we need to find the sum of this series, 5,

n

n=1

Sa = i(ng - 3%
= i(!l3)+i(3“)
n=1 n=1

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,
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n{n+ 1)
2

k=
k=1

1. Sum of squares of first n natural numbers, 12 + 22 + 324

ikz B n(n+ 1}(2n+ 1)

6
k=1

111, Sum of cubes of first n natural numbers, 13+ 23 + 33 +

Sie- ()

IV. Sum of a constantk, N times,

N
Zk= Nk
k=1

So, for the given series, we need to find,

" im%ﬁiw

Sp= (ﬂi_lﬁﬂ) Ln 1(3:: (m

th
Il

2
The second term in the equation,}"_,(3") = 3! S 437,
forms a GP, with the common ratio, r = 3.

Sum of n terms of a GP, a, ar, ar?, ars..ar™

a(r" —1)
S, — B
n I.__l
Here,a=3,r = 3;
So,

3(3"-1) 3(3"-1)
T TH L, T e (2)

21

Substitute (2) in (1);

5. - (11(:12+I)):+ 3(3"2— 1)

(n(n+1))2 i 3(a"-1)

-

Hence, the sum of the series, =

Question: 7
Solution:

In the given question we need to find the sum of the series.

CLASS24

For that, first, we need to find the n™ term of the series so that we can use summation of the

series with standard identities and get the required sum.
The series given is ... 22 + 42 + 62 + 82 + ... to n terms.
The series can be written as, [(2 x 1)2, (2x 2)2,

(2x3)2. (2xn)Z.



So, n'P term of the series, CLAssz4

a, = (2n)2 = 4n?

Now, we need to find the sum of this series, §;

n
Sh= z dn
n=1

n

S, = (4n?)
=1

=]

J:!

=4 ) (n?)

n=1
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

n

W n{n+ 1)
S- o

k=1

11. Sum of squares of first n natural numbers, 1% + 22 + 32+ ...n?,

Zk n(n+1)(?u+1)

11I. Sum of cubes of first n natural numbers, 13 + 23 + 33 +_....n3,

ZU (n(n + I))

k=1

IV. Sum of a constant k, N times,

N
Zk = Nk
k=1

So, for the given series, we need to find,

- 42@2)

From, the above identities,

= 42“: (n?)

n=1

n(n+1)(2n+ 1)
4( 6 )

= %[n(nJr 1) (2n+ 1)]

2
Sp = g[n(n +1)(2n+ 1)]
50, Sum of the series, S, = E[II[II + 1)(2n+ 1)]

Question: 8

Solution:



In the given question we need to find the sum of the series. CLAssz4

For that, first, we need to find the n™ term of the series so that we can use sUMMiawun vt we
series with standard identities and get the required sum.

The series givenis ... 2 + 43 + 63 + 83 + ... to n terms.
The series can be written as, [(2 x 1)3, (2x 2)3,

(2 x 3)5... (2xn)3].

So, n'" term of the series,

ap = (2n)3 = 8n3

Now, we need to find the sum of this series, S;;

I. Sum of first n natural numbers, 1+ 2 +3+...n,

n

Zk= n(n+ 1)
2

k=1

1l Sum of squares of first n natural numbers, 12 + 22 + 32+...n%,

n

Zk: . n(n + l).(?!n +1)
&)

k=1

111. Sum of cubes of first n natural numbers, 1° + 23 + 33 +__..n3,

n

. n(n+1) 9
DK = (T)

k=1

IV. Sum of a constant k, N times,

N
Zk:Nk
k=1

So, for the given series, we need to find,

S, = Bi(lﬁ)

n=1

From, the above identities,

S, = 82(113)



S, = 8

2

(0 CLASS24

= 2[n(n+ 1))?

So, Sum of the series, S, = 2[n(n + 1)]°

Question: 9

Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of the
series with standard identities and get the required sum.

The series given is 52, 62, 72 ...202
The series can be writtenas, [(1+4)2, (2 + 4)2, (3 +4)2... (16 + 4)2].
So, n™ term of the series,
= (n+4)?
Withn=16,
n=nZ+8n+16

Now, we need to find the sum of this series, S;;,

n=1
n
S = Z(n2 +8n + 16)
n=1
= 2(112)+Z(811}+Z(16)
n=1 n=1
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

z K n{n + 1)

11. Sum of squares of first n natural numbers, 12 + 22 + 324+ n?,

ikz _ n(n+1)(2n+1)

6
k=1

l11L. Sum of cubes of first n natural numbers, 13+ 23 + 33+ ...n3,

Zk3 B (n(n + 1))

IV. Sum of a constantk, N times,

JZ

k = Nk

k=1

So, for the given series, we need to find,



Sp = Zﬁ(nz) +Z‘_’:(8n) +ZI_1:(16) CLA5524

From, the above identities,

Sy = Z(nz) + Z(Sn) +Z(16)
s, = (n(n + 1)6(211+ 1)) N 8(n(n; 1)) T 1en

Here, n = 16 (from the question);

s, = ((16)(167)(33)) N ((8)(121(17)

)+ 16x 16

5,=2840

So, Sum of the series, 5, = 2840.

Question: 10

Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n! term of the series so that we can use summation of the
series with standard identities and get the required sum.

The series given is (1 x2) + (2 x3) + (3 x4) + (4 x 5) + ... to n terms.
The series can be written as, [(1 x (1 +1)). (2x (2 + 1)).
Bx(3+1)),...nx(n+1))].

So, ntt term of the series,

ap=n(n+1)

ap=n%+n

Now, we need to find the sum of this series, S,

Sp = z an

ote;
V. Sum of first n natural numbers, 1+ 2 +3+...n,

n(n+ 1)

k=
2

N

=
1|

1

V1. Sum of squares of first n natural numbers, 12 4+ 224 324 _n2,



n(n+ 1}(2n+ 1)
6

K =
k=1

V1l. Sum of cubes of first n natural numbers, 13 + 23 +33 +

Z K (n(n + 1))

V1ll. Sum of a constant k, N times,

N
;k=Nk

So, for the given series, we need to find,

Sp = i(nz) +i(n)
n=1 n=1

From, the above identities,

= i(nz) + Zﬂ:(n)
/A (u(n +1)(2n + 1))+(n(n + l])
7 6 2
- CE =

s (n(n; 1)) (2|13+ 4)

So, Sum of the series, S, = (r n'-i‘—mﬂ)

Question: 11

Solution:

In the given question we need to find the sum of the series.

CLASS24

For that, first, we need to find the n™ term of the series so that we can use summation of the

series with standard identities and get the required sum.

The series givenis (3 x 8) + (6= 11) + (9 x 14) + ... to n terms.

The series can be written as, [(3x 1) x(3x1+5)),(3x2)x(3x2+5))...(Bnx(3n+5]]].

So, n! term of the series,
an=3n(3n+5)
a, =9n?+ 15n
Now, we need to find the sum of this series, S,

S, = Zan

n=1

N Z‘(9nz + 15n)
n=1

7
Il



Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

J:I

n(n+ 1)

k=
2

-
Il

1. Sum of squares of first n natural numbers, 124+ 22 4 324

n(n+1}(2n+1)

K? =
6

NgE

=
Il

1

111. Sum of cubes of first n natural numbers, 13+ 23 +33 +

Zk3 B (n(n + l))

IV. Sum of a constant k, N times,

N
Zk - Nk
k=1

So, for the given series, we need to find,

= 9Zn: (n®) + i(n)
n=1 n=1

From, the above identities,

i Z(‘)n }+Z(1511)

n=1

9(n(n+ D(2n+ 1)) A (11('1}24— 1))

7
Il

wn
Il

6
= (@) (én+ 18)

S, = 3n(n+1)(n+3)
So, Sum of the series, 5, = 3n(n + 1}(n + 3)

Question: 12

Solution:

In the given question we need to find the sum of the series.

CLASS24

For that, first, we need to find the n™ term of the series so that we can use summation of the

series with standard identities and get the required sum.

The series given is (1 x 22} + (2 x 32) + (3 x 42} + ... to n terms.

The series can be written as, [{(1x (1 +1)%), (2x (2+1)? ...

So, n!! term of the series,
ap=n(n+ 1)2
an=n+2n%+n

Now, we need to find the sum of this series, S;;

(nx(n+1)2.



Sl] = Zaﬂ.

n
n= Z(n3 + 2n? + n)

n=1

|7
|

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

S n(n+ 1)
Zk= 2
k=1

1. Sum of squares of first n natural numbers, 12 + 22 + 324

ik: _ n(n+1)}(2n+1)

6
k=1

11L. Sum of cubes of first n natural numbers, 13+ 23 + 33 +

st _ (n(n + 1))

IV. Sum of a constant k, N times,

N
Zk:Nk
k=1

So, for the given series, we need to find,

Z(n") + )2‘(11 )+ Z n)

n=1 n=1

From, the above identities,

n i(lﬁ) + Zi(n:) + i(’ n)
n=1 n=1 n=1

s (n(n 1 1))2+ 3 n(n+1)(2n+ I))+(n{n i 1))
n 2 6 2

_ (n(n; l)) [11(132+ 1) " 2(2:;+ 1) - 1]

%)
I

n(n+ 1)\ [3n° + 11n + 10
":( 2 ) 6

S0, Sum of the series, S, = (n(rl+1]

) (302 + 11n + 10)

Question: 13

Solution:

In the given question we need to find the sum of the series.

CLASS24

For that, first, we need to find the n*! term of the series so that we can use summation of the

series with standard identities and get the required sum.

The series given is (1 = 22) + (3 x 32) + (5 x 42} + ... to n terms.



The series can be writtenas, [(1x(1+1)3),(2x(2+1)2..

So, n™ term of the series,

=(2n-1)(n+ 1)z
=(2n-1)(nZ+2n + 1)
=2n3+ 3n?2-1

Now, we need to find the sum of this series, S,

(20 + 3n® - 1)

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

o n(n+ 1)

k= — e
24 2
k=1

I1. Sum of squares of first n natural numbers, 12+ 224+ 324 _n?

nn+1)(2n+ 1)
6

1=
|

=
Il
-

111. Sum of cubes of first n natural numbers, 1% + 2% + 33 +

ikg (n(i] - I))

k=1

1V. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

ZERHHBZm)—ZUJ

n=1

From, the above identities,

n EZ(n )+32(n )— Z(l)

n=1 n=1 n=1

s _ 2(“(]1;‘ 1))L+ 3(1)(11 + 1)6(2n+ I)) B

%)
I

= (M) mMn+1)+(2n+ 1] —n
2

Sy = (w)[n2 +3n+1] —n

S, = (g) [(n+1D)(M*+3n+1)—2]

(Zn-1x (n +1)2].

CLASS24



Su= (g) [n®+4n®+4n - 1] CLA5524

So, Sum of the series, S, = G) [n® + 4n* + 4n — 1]

Question: 14
Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n'! term of the series so that we can use summation of the
series with standard identities and get the required sum.

The series given is (3 x 12) + (5 x 22) + (7 x 32) + ...to n terms.
The series can be written as, [(3 x12), (5 x 22 ... ((2n + 1) x n?].
So, n" term of the series,

a,=(2n+ 1) n2

a, = 2n3 + n?

Now, we need to find the sum of this series, S,

v
=
|
P
r
=
Lt
-
=]
I
—

ote:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

n(n+ 1)

k=
2

k=1

1L Sum of squares of first n natural numbers, 12 + 22 + 32+ _..n2,

Zkz ~ n(n+1)(2n+1)
=

n
k=1
111. Sum of cubes of first n natural numbers, 12 + 23 + 33 +_....n3,

n 2z
Z 3 n(n+ 1)\~

B 2
k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

Sa = i(2n3) + i(nz}

From, the above identities,



5, =2 Z( 0 +'Z(ne) CLASS24

o=

n(n+ 1h° nn+1)(2n+1)
2(M00) ¢ (MHEEER)

= () b 2]

3n° +5n+1
3

5, — (n(nz+ 1))

So, Sum of the series, S, = (“(“H]

A )(311" +5n+1)
Question: 15
Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n'! term of the series so that we can use summation of the
series with standard identities and get the required sum.

The seriesgivenis (1 x2x3)+ (2 x3x4)+ (3 x4x5)+ ... ton terms.

The series can be written as, [(1x({1+1)x(1+2)), (2x(2+1)x(2+2)..nx(n+1)x(n+
2]].

So, n'! term of the series,

ap=nn+1)(n+2)
a,=n3+3n?+2n

Now, we need to find the sum of this series, S;;

n
Sp = zan

n=1

S, = Z(n3 +3n? 4 2n)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

= n(n+ 1)
QK- T

k=1
II. Sum of squares of first n natural numbers, 12+ 224+ 324 ...n%
i 2 n(n+ 1)(2n+1)
B 6
k=1
3

11l. Sum of cubes of first n natural numbers, 1% + 23 + 33 +....n3,
n 2
Z 3 n(n+ 1)
B 2
k=1

IV. Sum of a constantk, N times,



N
Zk:Nk
k=1

So, for the given series, we need to find,

n

S, = 2(113) +Zn:(3n2)+

n=1

n

From, the above identities,

n

Sn

n=1

%
Il

Z(ng) +Si(nz) + ?.Z“:(n)

(n(n + 1})2 3 (n(n +1)(2n+ 1)
n 2

n(n+1)

_ (n(n; 1))

2

_ (11(112+ 1))

n“+5n+6
2

B (n(n; 1))

(n+3)(n+ 2)
]

50, Sum of the series, S = (

Question: 16

Solution:

In the given question we need to find the sum of the series.

Z(Zn)

n=1 n=1

+(2n+1) +2]

)+2(

u-nv;':lflun+3])

)

CLASS24

For that, first, we need to find the n™ term of the series so that we can use summation of the

series with standard identities and get the required sum.

Theseriesgivenis (1 x2 x4)+(2x3x7)+ (3 x4 x 10) + ... to n terms.

The series can be writtenas, [(1 x (1 + 1) x(3x1+1)), 2x(2+1)x(3x2+1))..nx(n+1])x

(Bxn+1))].

So, nt! term of the series,

ap=nn+1)(3n+1)

ag=3n3+4n?+n

Now, we need to find the sum of this series, Sy,

n

Sl'l = a']'].
n=1
n
Sp = z(3n3 +4n® + n)
n=1
Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

S n(n+ 1)
Z}‘_ 2
k=1



1. Sum of squares of first n natural numbers, 12 + 22 + 324 ...n2, CLAssz4

ikz _ n(n+ 1}(Zn+1)

6
k=1

111. Sum of cubes of first n natural numbers, 13 + 23+ 33 +....n3,

st B (n(n+ 1))

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

Z(n3)+2 G “Z(Iﬂ

From, the above identities,

= BZ(H )+4Z(n )+ Z(n)

n=1 n=1 n=1

5, = 3(n(n;- 1)): 8 4([1([1 4 lilfln + 1))+ (n(nz- H)

i (n(n+1))[5n (n+1) 4(2n+ 1) \ l]

b 2 2 3

9n° + 25n + 14
6

s, 2 (11(n2+ 1})

So, Sum of the series,§, = (“ i) ) (9n + 25n + 14)
Question: 17
In the given question we need to find the sum of the series.

For that, first, we need to find the n'! term of the series so that we can use summation of the
series with standard identities and get the required sum.

1 1 1
i i i85 —— Tl Tl N .
The series given is T2 SEel to n terms
Th be writt — -
e series can be written as N
A5 x2'2x3" 3x4" nx(n+l)

So, n term of the series,
1
a, = ——
" onn+1)
By the method of partial fractions, we can factorize the above term.

1 1 1
4n = nn+1) n n+1

a, = 1—25 (1)

= (2]

1
3

RN
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1 1
th ;
a,_ 4 = = (n-1}" equation
n-1 " p31 n (n-1)%eq
1 1 1 th .
ap = = - ——_-—=n" equation

n{n+1) T on n+l

Now, we need to find the sum of this series, S,

This can be found out by adding the equation (1), (2)...up to n'" term.

n

[72)
[
9

So, Sum of the series, S,, = Y

Question: 18
Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n™ term of the series so that we can use summation of the
series with standard identities and get the required sum.

1 1 1
The series given is -~ + 3 - + ., - tonterms.

So, n!* term of the series,
1
a, — .
(2n—1)(2n+ 1)
By the method of partial fractions, we can factorize the above term.

1 A B
|3 = + ghtEm
T on-D@n+1) 2n-1 2n+1

1=A(2n—1)+B(2n+1)
On equating the like term on RIIS and LIIS,
2A+2B=0- (a)

-A+B=1- (b)

ISR
=
Il
\

P | e

On solving, we will get; A =

] =

1
T On-D@n+ 1) 2n

| ] =

_1( 1 1 )
1 2n+1 2\2n—-1 2n+1



1f 1 1 th .
d._, = —( — )—> n-1 equation
o-1 " s\zp-3  2n-1 (n-1) 1
1 1 1 .
a, = ( - ) - n™ equation
2 MIn—-1 2n+1

Now, we need to find the sum of this series, 5,

This can be found out by adding the equation (1), (2)...up to n'? term.

Il
INGE

da

n n

1

-

il

S 1[1 1 l n
"2 2n+11 Zn+1

n

Zn+l

So, Sum of the series, 5, =

Question: 19
Solution:

In the given question we need to find the sum of the series.

CLASS24

For that, first, we need to find the n!! term of the series so that we can use summation of the

series with standard identities and get the required sum.

The series given is (1 x 22) + (2 x 32) + (3 x 42) + ... to n terms.

The series can be written as, (L x (1 + 1)2), (2x (2 +1)2 ... (nx (n + 1)2].

So, n™ term of the series,

ap=n({n+ 1)2

apn=n%+2n%+n

Now, we need to find the sum of this series, S,

DI

n=1

7
Il

n

(n®+ 2n” +n)
=

2]
II

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,
n
Zk n(n+ 1)
- 2
k=1

1. Sum of squares of first n natural numbers, 12 + 22 + 32+,..n2,

Zkz B n(n+ 1)(Zn+1)
-

11I. Sum of cubes of first n natural numbers, 13+ 23 +33+_...n3,

= " nn+1) z
D= (T)

k=1



IV. Sum of a constantk, N times, CLAssz4
N

D k=nk

k=1

So, for the given series, we need to find,

S, = i(n") + Zi(nz) + i(n)

From, the above identities,

S, = zn:(lﬁ) +2i(n3) + i(n)

n=1 n=1

n(n+ 11" nn+1)(2n+1) n(n+1)
S":( 2 )+2( 6 )+( 2 )

_ (n(112+ 1)) [n(n; 1) N 2(2:13+ 1) ] 1]

3n° 4 11n + 10
6

s, = (n(112+ 1))

n{n+1)

S0, Sum of the series, S = ( ) 3n®+ 1ln + 10)

Question: 20
Solution:

In the given question we need to find the sum of the series.

For that, firs, we need to find the n'" term of the series so that we can use summation of the
series with standard identities and get the required sum.
17 13423 13y 753t

The series given is — + + =+ ...to n terms
1 143 14345

The series can be written as,

13 13423 13423433 134 2%343%44n® |

1" 143 " 14345 7T 143454-4(2n-1)

So, n'" term of the series,

1P+ 23433+ 0
a. =
" 14+3+45+--+(2n—1)

The denominator of‘a,’ forms an AP with first term a = 1, last term = 2n-1 and common
difference, d= 2.

Now, Sum ofthe AP, T, = ;[23 + (n—1)d]

! 5
= 5[2 +(m—-1)2]=n°

n(n + 1)\* .
2 (n+ 1)~
dn = n? - 4
n®+2n+1
4, = 4

Now, we need to find the sum of this series, S;;,
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a

(n +2n+ 1)

I. Sum of first n natural numbers, 1+ 2 +3+...n,

& n(n+1
Zk= g
2
k=1
2

1. Sum of squares of first n natural numbers, 12 + 22 + 32+ _,.n?,

n

g

[

n=

Sa= .

n—

-

Note:

ik: _ n(n+1)}(2n+1)

6
k=1

11L. Sum of cubes of first n natural numbers, 13+ 23 + 33 +...n3,

st _ (n(n + 1))

IV. Sum of a constant k, N times,

N
Zk = Nk
k=1

So, for the given series, we need to find,

[Z(n )+)Z(n Z:n]

n=1 n=1

From, the above identities,

1 n n n
n g [Z(nz) 1 ZZ(H) + Z( 1)
s _ 1[/n(n+1)(2n+ 1) - (u(n + 1))
n _E ( 6 ) t 5 + 1N

(n+ 1)(2n+ 1)
6

s, = (2) [21]3 +9n + 13

+(n+1) +1]

6

So, Sum of the series, S, = (%) (2n* +9n+ 13)

Question: 21
Solution:

In the given question we need to find the sum of the series.

For that, first, we need to find the n™ term of the series so that we can use summation of the
series with standard identities and get the required sum.

The series given is 3, 15,35, 63 ... to n terms.



The series can be written as, [22 - 1, 42-1, 62-1... (2n)23-1].
So, n™ term of the series,

a,=(2n)2 -

ap = 4n?-1

Now, we need to find the sum of this series, S;;

n

Sp= Zan

n=1

2(411

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

1. Sum of squares of first n natural numbers, 12 + 22 + 324 .

Zk n(n + 1)(211 +1)
6

11I. Sum of cubes of first n natural numbers, 1% + 23 + 33 +

n

nin+ 1) .
ZE‘GfTJ

k=1

IV. Sum of a constant k, N times,

JZ

k = Nk

So, for the given series, we need to find,

n=1 n=1
SR (CHRIER) R

= (g) [2(n+1)(2n+ 1) — 3]
S, = (g) [4n* + 6n — 1]

So, Sum of the series, S, = 2 [4n® + 6n — 1]

Question: 22

Find the sum of t

n

CLASS24



Solution: CLA5524

In the given question we need to find the sum of the series.

For that, first, we need to find the n™ term of the series so that we can use summation of the
series with standard identities and get the required sum.

The series givenis1+5+ 12+ 22 + 35 ... to n terms.
This question can be solved by the method of difference.
Note:

Consider a sequence ay, as, az ...such that the Sequence a5 —ay, ag— as...iseither an. AP.ora
G.P.

The n™ term, of this sequence, is obtained as follows:
S=a;+az+az+..+ayq+a,— (1)
S=aq+az+..+ta,+a,1+a,— (2)

Subtracting (2) from (1),

We get,a, =aj+ [(az—ay) + (az—az) +...(a,—a,_1)].

Since the terms within the brackets are either in an A.P. or a G.P, we can find the value of a; the

n® term.
Thus, we can find the sum of the n terms of the sequence as,

Sl‘l= Zak

k=1

So,

By using the method of difference, we can find the n'" term of the expression.
Spa=1+5+12+22+35+ ... +a,— (1)

Sh=1+5+ 12 +22+ 35+ .. +a,— (2)

(1)-(2)—=0=1+4+7+ 10+ ....-a,

So, n'! term of the series,

ap,=1+4+7+ 10+ ....

So, the n® term form an AP, with the first term, a = 1; common difference, d = 3.

The required n™ term of the series is the same as the sum ofn terms of AP.
Sum of n terms ofan AP, S;, = 2[28 + (n—1)d]

n
S, = E[Zx 1+3(n-1)]

3n-n

n
=§[3n—1]= 2

. 3n° -
So,n'" term of the series,a, = ar-n

2>
2

Now, we need to find the sum of this series, S,



Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

n

n(n+ 1)
QK==

k=1

I1. Sum of squares of first n natural numbers, 12+224+324...n

ikz B n(n+ 1}(2n+ 1)

6
k=1

111. Sum of cubes of first n natural numbers, 13+ 23+ 33 +...n

> 5 n(n+1)2
;k_(z )

IV. Sum of a constant k, N times,

N
;ksz

So, for the given series, we need to find,

Sai= ;[32(112] 7i(n)
n=1 i

n=1

From, the above identities,

R = %[Si(n:) i(n)

s\ il 3(n(n+ 1)(2Zn + I)),(“(”‘{ 1))]
2 6 ?
n(n + 1)
- (——4 )[(zn F1) - 1]

n“(n+1)
S0 = (f)

50, Sum of the series, S = (m)

P

Question: 23
Solution:

In the given question we need to find the sum of the series.

2

3

CLASS24

For that, first, we need to find the n' term of the series so that we can use summation of the

series with standard identities and get the required sum.
The series givenis5+ 7+ 13 + 31 + 85 + .... + n terms.
This question can be solved by the method of difference.

Note:



Consider a sequence ai, as, az ...such that the Sequence a; —ay, az — ay... is eithe CLAssz4
G.P.

The n™

term, of this sequence, is obtained as follows:
S=a;+az+az+..+ay+a— (1)

S=a; +az+..+ta,y+a,q+a,— (2)

Subtracting (2) from (1),

We get,a, =a;+ [(agz—a;) + (az—-az) +...(a, —ap_1)]-

Since the terms within the brackets are either in an A.P. or a G.P, we can find the value of a,;, the

n™ term.
Thus, we can find the sum of the n terms of the sequence as,
n
Sl‘l = Z ﬂk
k=1
So,
By using the method of difference, we can find the n'? term of the expression.

Sp=5+7+13+31+85+ ... +a,— (1)

S, =5+7+13 +31+85+ ... +a,— (2)

1)-(2)—=0=5+2+6+ 18+ 54+ ...+ (a,—a,.1) - a,

So, n™ term of the series,

a,=5+2+6+ 18+ 54 + ...

In the resulting series obtained, starting from 2, 6, 18...forms a GP.

So, the n™ term forms a GP, with the first term, a = 2; common ratio, r = 3.

The required n'" term of the series is the same as the sum of n terms of GP and 5.

The GPis 2 + 6 + 18 + 54 +... (n-1) terms.

(0
Sum of n terms of a GP, S, = i eed)

a(rtTi-1)
Sum of (n-1) terms ofa GP, S5, = —
=

23"t -1
s _ 2D
2

=311

3]']
==-1
3

. 30 30
So, n'! term of the series, a, = 3 1 4+5= 5 + 4

Now, we need to find the sum of this series, S,

o
I
NgE
—_——
w“-'g
—+v
-
o S



I. Sum of first n natural numbers, 1+ 2 +3+...n, CLAssz4

Z nn+ 1)
k= ——
Z 2
k=1
2

1. Sum of squares of first n natural numbers, 12+ 22 + 324 ...n2,

n

Zkz n(n+ 1}(2n+1)
- 6

k=1

11L. Sum of cubes of first n natural numbers, 13 + 23 +33 +....n53,

n

Zk3 _ (n(n + 1))2
2

k=1

1V. Sum of a constantk, N times,
N

>k = Nk

k=1

So, for the given series, we need to find,

n

w3519

n=1

From, the above identities,
1 :
Sq =;EE=1(3“) b 2a=1d — (@)

The first term in (a) is a GP, with the first term, a = 3 and common ratio, r = 3.

Sumofnterms of GP, S, ! = o)

I—a

_BEE e E-1)

SIS =
S 3—-1 2
1/3(3"—1)
=—(——)+4
Sa 3( 2 ) 4n
(3"—1))
—( 2 + 4n
[8n+3"—1]
n o 2

So, Sum of the series, S, = 1—1[811 +3"—1]

Question: 24

(L+2+3+-k)

IfGiven, S = m

-

To prave: (Slz + S;_.2 + - §,° )= _%(2[12 +9n+13)

1+2+3+ -k

(S) =——

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

= n(n+ 1)
Su-te
k=1



I1. Sum of squares of first n natural numbers, 12 + 22 + 324 ...n2,

ikz _ n(n+ 1}(Zn+1)

6
k=1

111. Sum of cubes of first n natural numbers, 13 + 23+ 33 +....n3,

st B (n(n+ 1))

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So,

k(k+1) k +1

(50) == = —5—

Now, the Left hand side of the condition given in the question can be written as,

(512+ S,° A Snz): Zskc
k=1
Therequired LHS, S, = Y7, 5,
ZS Z (L
y 2

k2 + 2k + 1
4

1=

k=1

- e e )
=1 k=1 k=1
1[/n(n+1)(2n+ 1) fn(n+1)
S"=ZK 3 )+2( 2 )+HI
(((Zrl+1)) ) ]

n(n+1) — +1)+n
~ [(((n+l)(2n+7)+6))
N 6

n
S, = 73 [2n% + 91+ 13]

—
-

|

So,
2 > 2 \ 2 n 2
(S2+ S,%+--5,.2)= Zs,; =S, = 24 [2n° +9n + 13]

(5.5 4 8%+ 5,7 )= [2n" +9n +13]

(14243+---k)

WithS, = "

Hence proved.

CLASS24



Question: 25 CLA5524

If S,

Solution:

Given in the question, S;, denotes the sum of the cubes of the first n natural numbers.
sy denotes the sum of the first n natural numbers.

Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

Z k= n(n+ 1)

k=1
1. Sum of squares of first n natural numbers, 12 + 22 + 32+_,.n?,
n
Zkz n(n+1)(2n+1)
B 6
=
3

111. Sum of cubes of first n natural numbers, 13 + 23+ 33 +__._n3,

st v (n(n-&— 1))

IV. Sum of a constant k, N times,

S denotes the sum of the cubes of the first n natural numbers. (Given data in the question).

n

Z (n(n + 1))

s, denotes the sum of the first n natural numbers.

B Z n(n+ 1)

s (B ey

s.  k(k¥D) T 2
2

To determine the given ratio in the question,

n

‘Sk —k(k+ 1)
.R:lsk ;11 2
1 n 3 n
E[Z"" + )k

k=1 k=1
1 n(n+ 1)(2n+1) n(n+ l))
) 6 )+ 2

(2n+1)
(“5) ]

nn+1)
4




n(n+1)
h 4

()

nin+1)(n+2)
[

n(n+1)(n+2)

£
So, the value of Y 5_; L g -
sk

Exercise : 13B

Question: 1

Solution:

Itisrequiredto findthesumof(2+4+ 6+ 8 +... 100).
Now, consider the series (2 +4 + 6 + 8 +... 100).

If we take a common factor of 2 from all the terms, then,
the series becomes,

2(1+2+3+4+...50).

So, we need to find the sum of first 50 natural numbers.
Note:

Sum of first n natural numbers, 1+ 2 +3+...n,

- nn+1)
[
Z 2
=i

From the above identities,

1(n+1)
So, Sum of first 50 natural numbers = z—r:

_ 50(51)
R 2

= 1275

(2+4+6+8+..100)=2(1+2+3 +4+...50)
=2x1275=2550

Question: 2

Solution:

Itis required to find the sum (41 + 42 +43 + ...+ 100).

CLASS24

(41 +42 +43 + ... +100) = Sum of integers starting from 1 to 100 — Sum ofintegers starting

from 1 to 40.
ote:

Sum of first n natural numbers, 1 + 2 +3+...n,

i , n(n+1)
2
k=1
From the above identities,

nin+1)

So, Sum of integers starting from 1 to 100 =

-



_ looG101) CLASS24

2
= 5050

nin+1)

a
2

So, Sum of integers starting from 1 to 40 =

_40(41)
o2

= 820

(41 +42 +43 + ... + 100) = Sum of integers starting from 1 to 100 — Sum ofintegers starting
from 1 to 40.

(41 +42+43 + ...+ 100) =5050-820=4230
Question: 3

Solution:

It is required to find the sum 112+ 122 + 132+ ...202

112+ 122+ 132+ ...202 = Sum of squares of natural numbers starting from 1 to 20 - Sum of
squares of natural numbers starting from 1 to 10.

Note:
Sum of squares of first n natural numbers, 12422 ¢ 324 nZ

n

Z e n(n+1)(2n+ 1)
B 6

k=1

From the above identities,

Sum of squares of natural numbers starting from 1 to 20

~20(21)(41)

= 2870
6

Sum of squares of natural numbers starting from 1 to 10

~10(11)(21)

385
6

112 +122+ 13%+ ...20%= Sum of squares of natural numbers starting from 1 to 20 - Sum of
squares of natural numbers starting from 1 to 10.

112+122+132+..202=2870 - 385 = 2485
Question: 4

Solution:

It is required to find the sum 65 + 7% + 8% + 93 4+ 103:

63+ 73+ 83+ 934+ 103= Sum of cubes of natural numbers starting from 1 to 10 - Sum of cubes
of natural numbers starting from 1 to 5.

Note:

Sum of cubes of first n natural numbers, 13+ 23+ 33 +_...n3;

. 3 n(nJrl)2
2= (5)



From the above identities,

Sum of cubes of natural numbers starting from 1 to 10

101DV
=( 5 ):3025

Sum of cubes of natural numbers starting from 1 to 5

5(6)\°
- (9

CLASS24

63 + 73+ 83 + 93 1+ 103 = Sum of cubes of natural numbers starting from 1 to 10 — Sum of cubes

of natural numbers starting from 1 to 5.
63+ 73 +8%+9%3+10%3=3025-225=2800
Question: 5

IfItis given that, ¥2_, k = 210

Note:

L Sum of first n natural numbers, 1 + 2 +3+...n,

= n(n+1)
-t
k=1

H: Sum of squares of first n natural numbers, 12 + 22 + 3%+ .

ﬁikz_ n(n+ 1)(2n+1)
B 6
k=1

From the above identities,

n

T n(n+1)
Z‘k= T - =210

k=1
n*+n =420
nZ+n-420=0
n-20)(n+21)=0
n =20 or-21
Since, n is the number of integers, n = 20
n
Zk, n(n+1)(Zn+1)
= — -

k=1

= 2870

> 20(21)(a1)
So. L., k2 = 20

Question: 6
Ifltis given that, Y J_, k = 45

Note:

k. Sum offirst n natural numbers, 1+ 2 +3+...n,

. +1
Z ‘= n(n )
2
k=1

H. Sum of cubes of first n natural numbers, 13+ 23+ 33 + .,
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2
k=1

From the above identities,

= nn+1
Zk:—(z—)= 45

k=1

We need to find,

. s n(n+1)
Zk - ( 2 )
k=1

Question: 7

2

= 45% = 2025

Solution:

We need to find the sum of the series {22 + 42 + 62 + ... + (2n)2}.

So, we can find it by using summation of the nt! term of the given series.
2

The n™ term of the series is (2n) 2 = 4n

(Given data)

ap = 4n?
Now, sum of the series, S, = Y|_. a,
n n n
al N . 1 H
S, = Z a, = 4n- = 4er
k=1 k=1 k=1

Note:

I. Sum of squares of first n natural numbers, 12 + 22 + 324+ _..n2;

- nn+1)(2n+1
Zkzz ( N )

6
k=1
< S nn+1)2n+1
6
k=1
S, ={22 + 42 + 62 + ...+ (2n)7}

n(n+1)(2n+ 1)
6

2
S, = gn(n+ D(2n+1)

Question: 8
Solution:
We need to find the sum of 10 terms of GP.

Sum of n terms of GP, with first term, a, common ratio, r,

a(r™ —1)

SH: ]._1

So, the sum of given GP up to 10 terms, witha = V2,



r=+3,n=10 CLA5524

o ag"-1) V2((V3) - 1)

" r—1 V3-1
[ 5_
The requires sum, §,, = %’1” =467.5
NER

Question: 9

Solution:

We need to find the sum of n terms of series whose r™ term is r + 2%
a,=r+2°F

So, n" term, a, = n + 2"

So, we can find the sum of the series by using summation of the n'? term of the given series.

n
S, = Zak:ZiﬁLz"
k=1

k=1

k
Sn = EE:l ;, = Eﬂzlk + EE:l — (1)
Note:

I. Sum of first n natural numbers, 1+ 2 +3+...n,

nn+1)

=
2

k=1

Second term in (2) is a GP, with first term a = 2, common ratio r = 2.

Sum of n terms of GP, with the first term, a, common ratio, r,

a(rm™—1)
S, — N
i r—1

So, the sum of given GP, witha=2,r=2

a(r* =1} 2(2" - 1)

St = = =2(2" 1
n r—1 2= ( )
S, = Z k+ Z 25
k=1 k=1
The required sum,
nin+1)
= ——+ 2(2"—1)
2
S n+n+4(2) -4 nP+an—4+(@27)
n= 2 - 2

The sum of n terms of the series whose r'' term is (r + 21),

nt+n—4+(2™72)
S" = 2
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