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2. Functions

Exercise 2.1

1 A. Question

Give an example of a function
Which is one - one but not onto.
Answer

TIP: - One - One Function: - A function £ A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
o azb

= f(a)=f(b) forall a,b € A

= f(a) = f(b)
=a=bforallagbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So. f: A - B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Now, Let, f: N — N given by f(x) = x2

Check for Injectivity:

Let x,y be elements belongs to N i.e x,y € N such that
So, from definition

= f(x) = f(y)

sx2 =y

ax2-y2=0

= (x-y)}x+y)=0

Asx,y € N therefore x + y=>0

=>x-y=0

SX=y

Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to N i.ey € N be arbitrary, then

=fx)=y
:))(zzy
=5x=v‘§

= [ynot belongs to N for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre image in domain N.

Hence, f: N — N given by f(x) = x? is One - One but not onto.
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1 B. Question

Give an example of a function
Which is not one - one but onto.
Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f:A - B is One - One function
= azb

= f(a)=f(b) forallag,be A

« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f- A - B is Surjection iff for each b € B, there exists 3 € B such that f(a) = b
Now, Let, f: R — R given by fix) = x3 - x

Check for Injectivity:

Let x,y be elements belongs to R i.e X, yER such that
So, from definition

= f(x) = f(y)

sxd-x=y-y
=>x3-y3-(x-y)=0

= (x-yx +xy+y-1) =0
Asx2+xy+y2 =0

= therefore x? + xy + y* - 1= - 1
= x - y=0

=x# yforsomex,yeR

Hence f is not One - One function

Check for Surjectivity:

Lety be element belongs to R i.ey € R be arbitrary, then
= f(x) =y

>x3-x=y

>x3-x-y=0

Now, we know that for 3 degree equation has a real root
So, let x = ¢ be that root

23 —q = y

= fla) =y
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Thus for clearly y € R, there exist g € R such that f(x) =y
Therefore f is onto

= Hence, f R — R given by f(x) = x3 - x is not One - One but onto
1 C. Question

Give an example of a function

Which is neither one - one nor onto.

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A —» B is One - One function
= azb

= f(a)=f(b) forall a,b € A

« f(a) = f(b)
sa=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

S0, f: A - B is Surjection iff for each b € B, there exists 3 € B such that f(a) = b
Now, Let, f:R — R given by f(x) =5

As we know

A constant function is neither one - one nor onto.

50, here f(x) = 5 is constant function

Therefore

f: R — R given by f(x) = 5 is neither one - one nor onto function.

2 A. Question

Which of the following functions from A to B are one - one and onto?
fi={(1,3),(25).(3,7)};A={1,23},B={35 7}

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, f:tA - B is One - One function
o az=b

= f(a)=f(b) foralla,be A

« f(a) = f(b)
=sa=bforallagbeA

Onto Function: - A function f: A - B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b



Now, As given,
f1={(1,3),(2,5), (3, 7}}
A=1{1,23}.B={357}
Thus we can see that,

Check for Injectivity:

Every element of A has a different image from B
Hence fis a One - One function

Check for Surjectivity:

Also, each element of B is an image of some element of A

Hence fis Onto.

2 B. Question

Which of the following functions from A to B are one - one and onto?
f={(2.a) (3. b), 4 )} A= {2, 3,4}, B = {a. b, c}

Answer
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TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.
So, f A - B is One - One function

o a=zb

= fla)=f(b) forall a,b € A

« f(a) = f(b)

=2a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So. f: A — B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Now, As given,

fo = {(2,a), (3, b). (4, c)}

A={2 3 4}.,B={a b, c}

Thus we can see that

Check for Injectivity:

Every element of A has a different image from B
Hence fis a One - One function

Check for Surjectivity:

Also, each element of B is an image of some element of A

Hence f is Onto.

2 C. Question

Which of the following functions from A to B are one - one and onto?

f3={{a, x), (b, x), {c,z), (d, 2)}; A={a, b, c,d},. B={x vy, 2}
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Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
o a=b

= fla)=f(b) forallg,b e A

= f(a) = f(b)
=a=bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b
Now, As given,

f3 = {{a, x), (b, x), (c, 2), (d, 2)}

A={a, b, cd} B={xy, 2z}

Thus we can clearly see that

Check for Injectivity:

Every element of A does not have different image from B

Since,

f3(a) = x =f3(b) and f3(c) = z = f3(d)

Therefore f is not One - One function

Check for Surjectivity:

Also each element of B is not image of any element of A

Hence f is not Onto.

3. Question

Prove that the function f: N— N, defined by f(x) = x2 + x + 1 is one - one but not onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f*A — B is One - One function
= a=b

= f(a)=f(b) foralla,be A

« fla) = f(b)
=a=bforallagbeA

Onto Function: - A function f A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A = B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Now, N —» Ngiven by fix) =x2 + x + 1
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Check for Injectivity:

Let x,y be elements belongs to N i.ex,y € N such that
So, from definition

= f(x) = fly)

=>x2+x+1l=y2+y+1

>x2 -y’ +x-y=0

=(x-y){x+y+1)=0

Asx,y € N therefore x + y + 1>0

=2x-y=0

sx=y

Hence fis One - One function

Check for Surjectivity:

y be element belongs to N i.e y € N be arbitrary

Since for y > 1, we do not have any pre image in domain N.

Hence, f is not Onto function.

4. Question

Let A= {-1,0, 1} and f = {(x, 32) : x € A}. Show that f: A= A is neither one - one nor onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, fA - B is One - One function
< az=b

= f(a)=f(b) foralla,b e A

= f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a)=b
Now, We have, A = {-1,0, 1} and f = {(x, ¥) : x € A}.
To Prove: - f: A = Ais neither One - One nor onto function

Check for Injectivity:

We can clearly see that
flly=1

andf(-1)=1
Therefore

f(l) =f(- 1)

= Every element of A does not have different image from A
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Hence fis not One - One function

Check for Surjectivity:

Since, ¥y = - 1 be element belongs to A

i.e —1 € A in co - domain does not have any pre image in domain A.
Hence, f is not Onto function.

5 A. Question

Classify the following functions as injection, surjection or bijection:
f: N - N given by f(x) = x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
< azb

= fla)=f(b) foralla,b e A

= f(a) = f(b)
=>a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

S0, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: N — N given by f(x) = x?

Check for Injectivity:

Let x,y be elements belongs to N i.e x,y € N such that
So, from definition

= f(x) = f(y)

>x2 =y

>x2-y2=0

=(x-ylx+y)=0

Asx,y € N therefore x + y>0

=2x-y=0

S X=Y

Hence fis One - One function

Check for Surjectivity:

Lety be element belongs to N i.e y € N be arbitrary, then
=f(x)=y

=:)(2=y
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= fy not belongs to N for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre-image in domain N.
Hence, f is not Onto function.

Thus, Not Bijective also.

5 B. Question

Classify the following functions as injection, surjection or bijection:

f:Z - Zgiven by f{x) = x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A - B is One - One function
= a=b

= f(a)=f(b) foralla,be A

= fla) = f(b)
=a=bforallgbe A

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A = B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Bijection Function: - A function f A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z - Z given by f(x) = x2

Check for Injectivity:

Let x1, - x; be elements belongs to Zi.e x,,—x, € 7 such that
S0, from definition

=X 2 -X

= (x1)2 = (-x)?

= f(x1)? = f{ - x1)?

Hence fis not One - One function

Check for Surjectivity:

Lety be element belongsto Z i.ey g Z be arbitrary, then
=f(x)=y

=Y

2x = +Jy

= w’? not belongs to Z for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre-image in domain Z.
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Hence, f is not Onto function.

Thus, Not Bijective also

5 C. Question

Classify the following functions as injection, surjection or bijection:
f: N = N given by f(x) = x3

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, A - B is One - One function
o a=z=b

= f(a)=f(b) foralla,be A

o f(a) = f(b)
=>a=bforallgbeA

Onto Function: - A function f A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: N = N given by f(x) = x>

Check for Injectivity:

Let x,y be elements belongs to N i.e x,y € N such that
= f(x) = f(y)

2x3=y3

>x3-y3=0

= (x-y)0 +y° +xy) =0

Asx,y € N therefore x2 + y2 + xy >0

2>X-y=0

SX=Y

Hence fis One - One function

Check for Surjectivity:

Let y be element belongsto N i.e yEN be arbitrary, then
=f(x)=y

a>x3=y

=Sy = 15’

= 2/y not belongs ta N for non-perfect cube value of y.

Since f attain only cubic number like 1,8,27....,
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Therefore no non - perfect cubic values of y in N (co - domain) has a pre-image in domain ..
Hence, f is not onto function

Thus, Not Bijective also

5 D. Question

Classify the following functions as injection, surjection or bijection:

f:Z - Zgiven by fix) = x3

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
= azb

= f(a)=f(b) foralla,be A

= f(a) = f(b)
=>a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A — B is Surjection iff for each b e B, there exists 3 £ B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z = Z given by f(x) = x3

Check for Injectivity:

Let x,y be elements belongs to Z i.e X,y € Z such that

= f(x) = f(y)
= x3 =yl
ﬁx3—y3=0
sx=y

Hence fis One - One function

Check for Surjectivity:

Lety be element belongs to Z i.ey € Z be arbitrary, then

=flx)=y
=5)(3=
ﬂx:i{@

= {@ not belongs to Z for non — perfect cube value of y.

Since f attain only cubic number like 1,8,27....

Therefore no non - perfect cubic values of y in Z (co - domain) have a pre-image in domain Z.
Hence, f is not onto function

Thus, Not Bijective also
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5 E. Question

Classify the following functions as injection, surjection or bijection:
f: R =R, defined by f{x) = |x|

Answer

TIP: - One - One Function: - A function f: A —» B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f:A - B is One - One function
< a=b

= f(a)=f(b) foralla,b € A

« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f- A - B is Surjection iff for each b € B, there exists 3 € B such that f(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by f(x) = |x|

Check for Injectivity:

Let x,y be elements belongs to R i.e x,y € R such that
Case i

SX=Y

= x| =yl

Case ii

S -X=Yy

=|-xl =1yl

=x=lyl|

Hence from case i and case ii f is not One - One function

Check for Surjectivity:

Since f attain only positive values, for negative real numbers in R
{co - domain) there is no pre-image in domain R.

Hence, f is not onto function

Thus, Not Bijective also

5 F. Question

Classify the following functions as injection, surjection or bijection:
f:Z =2, defined by f(x) = x* + x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.
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S0, f:A —» B is One - One function
< a=b

= f(a)=f(b) forallg,be A

« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z = Z given by f(x) = x2 + x

Check for Injectivity:

Let x,y be elements belongs to Zi.ex,y € Z such that
= f(x) = f(y)

s>x2+x=yl+y

2x2-y24+x-y=0

=(x-yMx+y+1) =0

Either (x-y)=0or(x+y+1)=0

Casei:

Ifx-y=0

SX=Y

Hence fis One - One function

Case ii:

Fx+y+1=0

2x+y=-1

S XEY

Hence fis not One - One function

Thus from case i and case ii f is not One - One function

Check for Surjectivity:

As1eZ

Let x be element belongsto Z i.ey € Z be arbitrary, then
=f(x)=1

>x2 +x=1

s>x2 +x-1=0

—14yT73d
2

=2y =

Above value of x does not belong to Z
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Therefore no values of x in Z (co - domain) have a pre-image in domain Z.
Hence, f is not onto function

Thus, Not Bijective also

5 G. Question

Classify the following functions as injection, surjection or bijection:
f:Z-2Z defined by fix)=x-5

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
« azb

= f(a)=f(b) forallg,be A

= f(a) = f(b)
=a=bforallgbecA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z > Z given by f(x) =x -5

Check for Injectivity:

Let x,y be elements belongs to Z i.e x,y € Z such that

= f(x) = f(y)
=2x-5=y-5
=:x=y

Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to Z i.ey € Z be arbitrary, then

=f(x)=y
=2Xx-5=vy
=2X=y+5

Above value of X belongsto Z

Therefore far each element in Z (co - domain) there exists an element in domain Z.
Hence, f is onto function

Thus, Bijective function

5 H. Question

Classify the following functions as injection, surjection or bijection:

f: R - R, defined by f{x) = sin x



Answer

CLASS24

TIP: - One - Ope Function: - A function f: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.
Sao, A - B is One - One function

o azb

= f(a)=f(b) forallg,b e A

o f(a) = f(b)

=a=bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto

function.

Now, f: R = R, defined by f(x) = sin x

Check for Injectivity:

Let x,y be elements belongs to R i.e x,y € R such that
= f(x) = f(y)

=sinxXx=siny

=x = nm + (1)

S Xy

Hence, f is not One - One function

Check for Surjectivity:

Lety be element belongs to R i.ey € R be arbitrary, then
=f(x)=y

=ssinx=y

=x = sinly

Now, for y>1 x not belongs to R (Domain)

Hence, f is not onto function

Thus, It is also not Bijective function

5 1. Question

Classify the following functions as injection, surjection or bijection:

f: R =R, defined by f(x) = x3 + 1

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.

Sa, f:tA - B is One - One function

= ab
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= f(a)=f(b) forallg,b e A
« f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, Let, f R — R given by f(x) = x3 + 1

Check for Injectivity:

Let x,y be elements belongs to R i.ex,y € R such that
So, from definition

= f(x) = f(y)

2x3+1=y+1

s x3 =3

SXx=y

Hence fis One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then
=2f(x)=y

>x3+1= v

Now, we know that for 3 degree equation has a real root
50, letx = q be that root

s +1=y

= fla) =y

Thus for clearly VER there exist ¢ € R such that f(x) = vy
Therefore f is onto

Thus, It is also Bijective function

5 ). Question

Classify the following functions as injection, surjection or bijection:
f: R =R, defined by f(x) = x3 - x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, f:A - B is One - One function
o a=b

= f(a)=f(b) forallag,b e A
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e f(a) = f(b)
=a=bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, Let, f: R — R given by f(x) = x3 + x

Check for Injectivity:

Let x,y be elements belongs to R i.ex,y € R such that
5o, from definition

= f(x) = f(y)

3_x=yi-y

=X
=x}-y?-(x-y)=0

S (x-y)x2 +xy+y2-1)=0
Hence fis not One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then

= f(x) =y

»x3-x= y

=>x3-x-y=0

Now, we know that for 3 degree equation has a real root

50, let x = o be that root

=—a=y

fla) =y

Thus for clearly VER there exist q € R such that f(x) =y
Therefore f is onto

Thus, It is not Bijective function

5 K. Question

Classify the following functions as injection, surjection or bijection:
f: R >R, defined by f(x) = sin?x + cosZx

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, A —» B is One - One function
o a=b

= fla)=f(b) forallg,be A
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e f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by f(x) = sin?x + cos2x

Check for Injectivity and Check for Surjectivity

Let x be element belongs to R i.ex € R such that

So, from definition

= f{x) = sin?x + cos?x

= f(x) = sin?x + cos?x

=flx)=1

= f(x) = constant

We know that a constant function is neither One - One function nor onto function.
Thus, It is not Bijective function

5 L. Question

Classify the following functions as injection, surjection or bijection:

Vs %

f: Q- {3} = Q, defined by f(x) = —
x....

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, A - B is One - One function
= azb

= f(a)=f(b) forallg,b e A

= f(a) = f(b)
=a=bforallagbe A

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So. f: A - B is Surjection iff for each ) € B. there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R given by f(x) = —=2

x-3

Check for Injectivity:

Let x,y be elements belongs to Q i.e X,y € Q such that

= f(x) = f(y)
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2x+3 2y+3
S — =
x-3 v-3

= (2x + 3}y - 3) = (2y + 3)(x - 3)

=S 2Xy-6Xx+3y-9=2xy-6y+3x-9
=-6X+3y=-6y + 3x
=2-6x+3y+6y-3x=0
=-9x+9y =0

SX=y

Thus, f is One - One function

Check for Surjectivity:

Let y be element belongs to Q i.e y € Q be arbitrary, then

= f(x) =y

:°2x+3
x-3

=22x+3=y(x-3)
=2 2X+ 3 =xy- 3y
=2x-xXy=-3(y + 1)

—3(v+1)
-y

=X =
Above value of x belongsto Q - [3] fory = 2

Therefore for each element in Q - [3] (co - domain), there does not exist an element in domain Q.
Hence, f is not onto function

Thus, Not Bijective function

5 M. Question

Classify the following functions as injection, surjection or bijection:

f: Q- Q, defined by f(x) = x> + 1

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f:A - B is One - One function
= azb

= fla)=f(b) foralla,be A

« f(a) = f(b)
=2a=>bforallgbe A

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

S0, f: A - B is Surjection iff for each h € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.



Now, f: Q = Q, defined by f(x) = x3 + 1

Check for Injectivity:

Let x,y be elements belongs to Q i.e x,y € Q such that

= f(x) = f(y)

>x3+1=y3+1

=>x3 =3

SxXx=y

Hence, f is One - One function

Check for Surjectivity:

Lety be element belongs to Q i.e y € Q be arbitrary, then
>x3+1=y

>x3+1-y=0

Now, we know that for 3 degree equation has a real root
50, let x = « be that root

= +1=y

=fla) =y

Thus for clearly y € Q. there exist ¢ e Q such that f(x) = y
Therefore f is onto

Thus, It is a Bijective function

5 N. Question

Classify the following functions as injection, surjection or bijection:

f: R >R, defined by f(x) = 5x3 + 4

Answer
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TIP: - One - One Function: - A function f: A — B Is said to be a one - one functions or an injection if different

elements of A have different images in B.
S0, f+ A - B is One - One function

< a=b

= fla)=f(b) forallg,be A

= f(a) = f(b)

=a=bforallgbecA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So, f: A = B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto

function.
Now, f: R = R, defined by f(x) = 5x3 4+ 4

Check for Injectivity:




Let x,y be elements belongs to R i.ex,y € R such that
= f(x) = fly)

>5x3+4=5y3+4

>x3 =3

sx=y

Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then
>5x3 + 4= y

=25x3+4-y=0

Now, we know that for 3 degree equation has a real root
So, letx = @ be that root

=5 +4=y

fl) =y

Thus for clearly YER there exist ¢ € R such that f(x) =y
Therefore f is onto

Thus, It is a Bijective function

5 0. Question

Classify the following functions as injection, surjection or bijection:

f: R - R, defined by f(x) = 3 - 4x

Answer
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TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.
So, f-A - B is One - One function

= a=zb

= f(a)=f(b) foralla,b e A

« f(a) = f(b)

=a=>bforallgbeA

Onto Function: - A function f A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B orrange of  is the co - domain of f.

So, f: A = B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto

function.
Now, f: R = R given by f(x) = 3 - 4x

Check for Injectivity:

Let x,y be elements belongs to R i.ex,y € R such that

= f(x) = fly)
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=23-4dx=3-4y
=2 X = y
Hence, f is One - One function

Check for Surjectivity:

Let v be element belongs to R i.ey € R be arbitrary, then

= f(x) =y

=23-4x=y

=X = 3~y
4

Above value of x belongs to R

Therefore for each element in R (co - domain), there exists an element in domain R.
Hence, f is onto function

Thus, Bijective function

5 P. Question

Classify the following functions as injection, surjection or bijection:

f: R — R, defined by f{x) = 1 + x?

Answer

TIP: - One - One Function: - A function f; A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, ftA - B is One - One function
< a=b

= fla)=f(b) forall a,b € A

« f(a) = f(b)
=a=bforallagbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R — R given by f(x) = 1 + »2

Check for Injectivity:

Let x,y be elements belongs to R i.ex,y € R such that
So, from definition

= f(x) = f(y)

>x2+1=y+1

:3X2=y2

= X =ty

Therefore, eitherx =yorx=-yorx=y



Hence fis not One - One function

Check for Surjectivity:

1 be element belongs to R i.e 1 € R be arbitrary, then
=f(ix)=1

>x2+x=1

S>x2 +x-1=0

=>x =+ fy—1

Above value of x not belongsto Rfory <1
Therefore f is not onto

Thus, It is also not Bijective function

5 Q. Question

Classify the following functions as injection, surjection or bijection:

f: R = R, defined by f (x )=—

x-+1

Answer
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TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.
So, f: A - B is One - One function

< azb

= fla)=f(b) forall a,b € A

= f(a) = f(b)

sa=bforallabe A

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto

function.

Now, f: R = R given by f(x) = ——
=

+1

Check for Injectivity:

Let x,y be elements belongs to R i.e.x,y € R such that

= f(x) = fly)

x y

R yi+1
sxyl+x=yx +y
sxy?+x-y-y=0
=xyly-x)+{x-y)=0
=(x-yNl-xy)=0
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Case i:
2x-y=0
=>X=Y

f is One - One function

Case ii:
=21-xy=0
=xy=1

Thus from case i and case ii fis One - One function

Check for Surjectivity:

Lety be element belongs to R i.ey € R be arbitrary, then

=f(x)=y

.4

e+l y

Sx=xy+y

sx-xy =y

Above value of x belongs to R

Therefore for each element in R (co - domain) there exists an element in domain R.

Hence, f is onto function

Thus, Bijective function

6. Question

If f: A— Bis an injection such that range of f = {a}. Determine the number of elements in A.
Answer

TIP: - One - One Function: - A function f; A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, f+A - B is One - One function

< az=b

= fla)=f(b) forallg,b e A

= f(a) = f(b)

=2a=>bforallgbeA

Here, Range {f} = {a}

Since it is injective map, different elements have different images.
Thus A has only one element

7. Question

S |
Show that the function f: R - {3} = R - {1} given by f(_\-):'\ ~ is a bijection.
X-3

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.
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S0, f:A —» B is One - One function
< a=b

= f(a)=f(b) forallg,be A

« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a)=b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R given by f(x) = f‘_z
o

To Prove: - f(x) = :%2 is a bijection

Check for Injectivity:

Let x,y be elements belongs to R i.e. x,y € R such that

= f(x) = f(y)
L2 _y2
3 y-3

= (x - 2)(y - 3) = (x - 3)(y - 2)
SXY-3X-2¥y+6=xy-2X-3y+ 6
2-3x-2y+ 2x+ 3y =0
=-Xx+y=0

>X=y

Hence, f is One - One function

Check for Surjectivity:

Lety be element belongs to R i.e y € R be arbitrary, then

=f(x)=y
L2
:{43_y

2 X-2=xy-3y
2 X-Xy=2-3y

2-3y
1-y

=X =

2—-3y .
X = 1—5’ is a real number forally = 1.
-y

Also, 21;;3-’ = 2 foranyy

Therefore for each element in R (co - domain), there exists an element in domain R.
Hence, f is onto function

Thus, Bijective function
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8 A. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, onto or bijective:

f(x)=2

to |

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, fA - B is One - One function
= a=b

= f(a)=f(b) foralla,be A

= fla) = f(b)
=2a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A = B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, here fi: A= A: A = [-1, 1] given by function is f(x) =

(XN

Check for Injectivity:

Let x, y be elements belongs to A i.e. x, v € A such that
= f(x) = f(y)

X
= - =
2

¥
2
= 2x =2y
=2X=Y

1 belongs to A then

1
f(1) = =
(1) = 5
Not element of A co - domain
Hence, f is not One - One function

Check for Surjectivity:
Let y be element belongsto Ai.ey € A be arbitrary, then

= f(x) =y
=:§=y
=X =12y
Now,

1 belongs to A

= X = 2, which not belong to A co - domain
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Hence, f is not onto function

Thus, It is not Bijective function

8 B. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, onto or bijective:
gi{x) = |x]|

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f-A — B is One - One function
= azb

= f(a)=f(b) foralla,be A

« fla) = f(b)
=a=bforallabeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, heref: A - A: A =[-1, 1] given by function is g{x) = |x]

Check for Injectivity:

Let x, y be elements belongs to A i.e x,y € A such that

= g{x) = gly)
= || = |yl
S2X=Y

1 belongs to A then

=gl)=1=¢g(-1)

Since, it has many element of A co - domain

Hence, g is not One - One function

Check for Surjectivity:

Let y be element belongs to Ai.ey € A be arbitrary, then

=fx)=y
~foy
=2 X =2y
Now,

1 belongs to A
= x = 2, which not belong to A co - domain

Since g attain only positive values, for negative - 1 in A (co - domain) there is no pre-image in domain A.
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Hence, g is not onto function

Thus, It is not Bijective function

8 C. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, anto or bijective:
h(x) = x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, A - B is One - One function
o a=b

= f(a)=f(b) foralla,be A

o f(a) = f(b)
=>a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, heref: A= A: A = [-1, 1] given by function is h(x) = X2

Check for Injectivity:

Let x, y be elements belongs to A i.e. x,y € A such that

= h(x) = h(y)
=:)(2 =y2
= kX = +y

Since it has many elements of A co - domain
Hence, h is not One - One function

Check for Surjectivity:

Let y be element belongs to A i.e.y € A be arbitrary, then

=h{x)=y
:)Xzzy
=X = kvVy

Since h have no pre-image in domain A,

Hence, h is not onto function

Thus, It is not Bijective function

9 A. Question

Are the following set of ordered pairs functions? If so, examine whether the mapping is injective or surjective:

{(x, y): X is a person, y is the mother of x}
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Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A - B is One - One function
o azb

= fla)=f(b) forallg,be A

= f(a) = f(b)
=a=bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b
Here, It is given (x, y): x is a person, y is the mother of x

As we know each person “x” has only one biological mother

Thus,

Given relation is a function

Since more than one person may have the same mother

Function, not One - One (injective) but Onto (Surjective)

9 B. Question

Are the following set of ardered pairs functions? If so, examine whether the mapping is injective or surjective:
{(a, b) : ais a person, b is an ancestor of a}

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f A > Bis One - One function
o a=z=b

= fla)=f(b) forallg,be A

e fla) = f(b)
=>a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a)=b
Here, It is given (a, b): a is a person, b is an ancestor of a

As we know any person "a” has more than one ancestor

Thus,

Given relation is not a function

10. Question

Let A = {1, 2, 3}. Write all one - one from A to itself.

Answer
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TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injecaun w wa,
elements of A have different images in B.

S0, f:A — B is One - One function

< a=b

= f(a)=f(b) foralla,bec A

« f(a) = f(b)

sa=bforallgbeA

We have A = {1, 2, 3}

So all one - one functions from A = {1, 2, 3} to itself are obtained by re - arranging elements of A.
Thus all possible one - one functions are:

fil)=1,f(2)=2,f(3) =3

f(1)=2,f2)=3,f3) =1

f(1)=3,f(2)=1,f(3) =2

fily=1,f(2)=3,f(3) =2

f(1)=3,1f(2)=2,f(3) =1

flly=2,f(2) =1, f(3) = 3

11. Question

If f: R —» R be the function defined by f(x) = 4x3 + 7, show that f is a bijection.
Answer

TIP: - One - One Function: - A function f; A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f+A - B is One - One function
< a=b

= fla)=f(b) forallg,b e A

« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a)=b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by fix) = 4x3 + 7
To Prove: -f: R = R is bijective defined by f(x) = 4x3 + 7

Check for Injectivity:

Let x,y be elements belongs to R i.ex,y € R such that
= f(x) = fly)

=4x3+7=4y3+7



Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then
=f(x)=y

=4x3+7=y

24x3+7-y=0

Now, we know that for 3 degree equation has a real root
So, let x = g be that root

=4t +7 =y

=fle) =y

Thus for clearly VER. there exist ¢ € R such that f(x) = y
Therefore f is onto

Thus, It is Bijective function

Hence Proved

12. Question
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Show that the exponential function f: R —» R, given by f(x) = e*, is one - one but not onto. What happens if

the co - domain is replaced by Ry * (set of all positive real numbers).

Answer

TIP: - One - One Function: - A function f- A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.
5o, A — B is One - One function

o azb

= f(a)=f(b) forallg,b e A

« f(a) = f(b)

=a=bforalabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f{A)

= B orrange of f is the co - domain of .

So, f- A - B is Surjection iff for each b € B, there exists 3 ¢ B such thatf(a) = b

Now, f: R — R given by f(x) = ¥

Check for Injectivity:

Let x,v be elements belongs to R i.ex,y € R such that

So, from definition
= f(x) = f(y)

=X =g¥
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=X ¥ =1

SeX-¥ =gl

=2x-y=0

=2xX=Y

Hence f is One - One function

Check for Surjectivity:

Here range of f = (0,o0) # R
Therefore f is not onto

Now if co - domain is replaced by Rq * (set of all positive real numbers) i.e (0,«) then f becomes an onto
function.

13. Question
Show that the logarithmic function f : P.+u—b R given by f(x) = log, x, a > Q is a bijection.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A — B is One - One function
o a=b

= f(a)=f(b) forall g,b € A

= f(a) = f(b)
=»a=bforallgbe A

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B. there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

To Prove : - Logarithmic function f: R ; . = R given by f(x) = log; x, a > 0 is a bijection.
Now, f: Rg * 5 R given by fix) = log; x,a=0

Check for Injectivity:

Let x,y be elements belongs to Ry * i.e X,y € Rg such that

So, from definition

= f(x) = fly)

= log; x=log, ¥

=logy;x-log;y =0

- log, (3) =0
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SX=y
Hence fis One - One function

Check for Surjectivity:

Let y be element belongs to R i.e. y € R be arbitrary, then
=f(x) =y

=logyx=y

=sx=a¥

Above value of x belongs toRy +

Therefore, for all y € R there exist x = a¥ such thatfix)=vy.
Hence, f is Onto function.

Thus, it is Bijective also

14. Question

If A ={1, 2, 3}, show that a one - one function f: A- A must be onto.
Answer

TIP: - One - One Function: - A function f; A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, fA - B is One - One function
= a#b

= f(a)=f(b) forall a,b € A

= f(a) = f(b)
=a=bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, f: A= Awhere A = {1, 2, 3} and its a One - One function

To Prove: - A is Onto function

Since it is given that f is a One - One function,

Three elements of A = {1, 2, 3} must be taken to 3 different elements of co - domain A = {1, 2, 3} underf.
Thus by definition of Onto Function

f has to be Onto function.

Hence Proved

15. Question

It A= {1, 2, 3}, show that an onto function f : A- A must be one - one.
Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
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o az=b

= f(a)=f(b) foralla,b e A
« f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B orrange of f is the co - domain of f.

S0, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, f: A= Awhere A= {1, 2, 3} and its an Onto function

To Prove: - A is a One - One function

Let's assume f is not Onto function,

Then,

There must be two elements let it be 1 and 2 in Domain A = {1, 2, 3} whose images in co-domain A = {1, 2,
3} is same.

Also, Image of 3 under f can be only one element.

Therefore,

Range set can have at most two elements in co - domain A = {1, 2, 3}
= fis not an onto function

Hence it contradicts

= f must be One - One function

Hence Proved

16. Question

Find the number of all onto functions from the set A = {1, 2, 3, ...., n} to itself.
Answer

TIP: -

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of T is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, f: A - Awhere A= {1, 2, 3,.....n}

All onto function

It's a permutation of n symbols 1,2,3.....n

Thus,

Total number of Onto maps from A = {1, 2, 3, ...., n} to itself =

Total number of permutations of n symbols 1,2,3.....n.

17. Question

Give examples of two one - one functions f; and f; from R to R such that f; + f; : R = R, defined by (f; + f5)
(x) = f1(x) + f>(x) is not one - one.

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.




S0, f: A - B is One - One function

< a=z=b

= f(a)=f(b) forallg,be A

« f(a) = f(b)

a=bforallgbeA

Let, f1: R = R and f3: R = R be two functions given by (Examples)
fi(x) =x

fi(x) =-x

From above function it is clear that both are Cne - One functions
Now,

= (fp + 7R)(x) = f1(x) + (%)

= (f + FH)x)=x-x

=(fi +f)(x)=0

Therefore,

fy + f; : R=> R is a function given by

(fp + f)(x) =0

Since f; + f5 is a constant function,

Hence it is not an One - One function.

18. Question
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Give examples of two surjective function f; and f; from Z to Z such that f; + f is not surjective.

Answer

TIP: -

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Let, f1: Z - Z and f5: Z - Z be two functions given by (Examples)
fi(x) =x

fi(x) =-x

From above function it is clear that both are Onto or Surjective functions

Now,

fi+fH:Z2-2

= (f] + f2)(x) = fi(x) + fo(x)
= (f + fH)(X) =x-x

= (fi +fH)(x)=0
Therefore,

fy + f, : Z—2Z is a function given by
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(fp + f)(x) =0

Since 1 + 5 is a constant function,

Hence it is not an Onto/Surjective function.
19. Question

Show that if f; and f, are one - one maps from R to R, then the product f; X f; : R = R defined by (f; x f3)(x)
= f1(x)f3(x) need not be one - one.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A — B is One - One function

= azb

= f(a)=f(b) forall 3, b e A

< f(a) = f(b)

a=bforallgbeA

Let, f1: R = R and f3: R = R are two functions given by

f1(x) =x

fa(x) = x

From above function it is clear that both are One - One functions
Now, fyxf : R = R|given by

= (F % )X) = fi(x)xfp(x) = %2

= (fyxf; )(x) = x2

Also,

f(ly=1=1(-1)

Therefore,

fis not One - One

= fyxf; 1 R—= R is not One - One function.

Hence Proved

20. Question

Suppose f; and f; are non - zero one - one functions from R to R. Is E necessarily one - one? Justify your

g f) ) f(x -
answer. Here, I—lR—>R is given by t_l ‘(x): [(\)
f,) fy(x)

h )

for all x €R.

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, f-A - B is One - One function

= axb



= f(a)=f(b) forall 3,b € A
= f(a) = f(b)

a=bforallgbeA

Let, f1: R = R and f: R = R are two non - zero functions given by

frix) = 3

f1(x) =x

From above function it is clear that both are One - One functions

Now,%: R — Ragiven by

firy _ B9
R =t

x2 forallxe R

fre
== (x)
Again,

2 = f(let): R — R defined by

fix) = x2

Now,
=>f(1)=1=Ff-1)
Therefore,

fis not One - One

1 R — R is not One - One function.

f2

. 1 i .
Hence it is not necessarily to f—‘ be one - one function.

21 A. Question

Given A = {2, 3,4}, B= {2, 5, 6, 7}. Construct an example of each of the following:

an injective map from A to B

Answer
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TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different

elements of A have different images in B.

50, fA - B is One - One function

o azb
= f(a)=f(b) forallg,be A
< f(a) = f(b)

=a=bforallgbeA

Now, f: A - B, denotes a mapping such that

> f={(xy)y =x + 3}

It can be written as follows in roster form

f={(2,5).(3.6),(4.7)}
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Hence this is injective mapping

21 B. Question

Given A = {2, 3,4}, B= {2, 5, 6, 7}. Construct an example of each of the following:
a mapping from A to B which is not injective

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A — B is One - One function

= a=b

= f(a)=f(b) foralla,b e A

« f(a) = f(b)

=a=bforallabeA

Now, f: A - B, denotes a mapping such that
f={(2,2).(3,5).(4,5)}

Hence this is not injective mapping

21 C. Question

Given A = {2, 3,4}, B= {2, 5, 6, 7}. Construct an example of each of the following:
a mapping from A to B.

Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

S0, f: A —» B is One - One function

o az=b

= f(a)=f(b) foralla,b € A

« f(a) = f(b)

=sa=bforallgbeA

Now, f: A = B, denotes a mapping such that

f={(2,2).(5,3).(6.4).(7.4)}

Here it is clear that every first component is from B and second component is from A
Hence this is mapping from B to A

22. Question

Show thatf: R = R, given by f(x) = x - [X], is neither one - one nor onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A —» B is One - One function

= az=b
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= f(a)=f(b) forallg,b e A
« f(a) = f(b)
=2a=>bforallagbeA

Onto Function: - A function f: A —» B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A - B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b
Now, f: A = A given by f(x) = x - [x]
To Prove: - f(x) = X - [x], is neither one - one nor onto

Check for Injectivity:

Let x be element belongsto Zi.e x € Z such that
So, from definition

= f(x) = x - [X]

=>f(x)=0forxe Z

Therefore,

Range of f = [0,1] = R

Hence fis not One - One function

Check for Surjectivity:

Since Range of f = [0,1] = R

Hence, f is not Onto function.

Thus, it is neither One - One nor Onto function
Hence Proved

23. Question

Letf: N - N be defined by

n+1 ifnisodd
f(n )=--( B
LII -1 ifniseven
Show that f is a bijection.
Answer

TIP: - One - One Function: - A functionf: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

50, f+A - B is One - One function
= azb

= f(a)=f(b) foralla,be A

= f(a) = f(b)
=2a=>bforallgbeA

Onto Function: - A function f A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of fis the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
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Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as e ws wviee

function.

Now, suppose

finq) = f(ny)

If ny is odd and nj is even, then we have
=m+1l=n-2

=N -N =2

Not possible

Suppose both n; even and n; is odd.
Then, f(n{) = f(ny)

=2n-1=n+1

=N -nNp =2

Not possible

Therefore, both n; and ny, must be either odd or even
Suppose both ny and n; are odd.
Then, f(ny) = f(ny)
2>n+1=nmn+1

=N =ny

Suppose both ny and n; are even.
Then, f(n{) = f(ny)

=2n-1l=n-1

=M =n

Then, fis One - One

Also, any odd number 2r + 1 in the co - domain N will have an even number as image in domain N which is

=2fn)=2r+1
=>n-1=2r+1

=n=2r+2

Any even number 2rin the co - domain N will have an odd number as image in domain N which is

=f(n) =2r
=n+1=2r
=>n=2r-1

Thus f is Onto function.
Exercise 2.2

1 A. Question

Find gof and fog when f: R - R and g: R =+ R is defined by

fix)=2x+3andg(x)=x*+5



Answer

Since, :R-»Rand g:R =»R

fog:R = R and gof:R - R

Now, f(x) =2x+ 3andg(x) =% + 5

gof(x) = g(2x+ 3) = (2x + 3P + 5

=gof(x) =4x2 + 12x + 9 + 5 =4x2 + 12x + 14

fog (x) = fig{x)) = f(x2 +5) =2 (x> + 5) + 3

= fog(x)=2x2 + 10 + 3 = 2x% + 13

Hence, gof(x) = 4x2 + 12x + 14 and fog (x) = 22 + 13
1 B. Question

Find gof and fog when f: R -» R and g: R = R is defined by
fix) = 2x + x2 and g(x) = X3

Answer

Since, 'R = R and g:R = R

fog:R = R and gof:R = R

fix) = 2x + x2 and g({x)=x3

Now, gofix) = g(f (x)) =g(2x + x2)

gof (x)=(2x + x%)3 = x6 + 8x3 + 6x° + 12x*

and fog(x)=fig(x))= f(x3)

= fog(x) = 2x3 + xb

So, gof(x) = %0 + 6x> + 12x* + 8x3 and fog(x) = 2x3 + x8
1 C. Question

Find gof and fog when f: R = R and g: R = R is defined by
fix)=x2 +8andgix) = 33 + 1

Answer

Since, {R—-+R and g:R =» R

fog:R = R and gof:R = R

f(x)=x2 + 8 and g(x)=3x3 + 1

So, gof(x)= g(f(x))

gof(x)= g(x? + 8)

gof(x)=3(x2 +8)3 + 1

= gof(x)= 3(x% + 512 + 24x* + 192x?) + 1

= gof(x)= 3x5 + 72x% + 576x2 + 1537

Similarly, fog(x)=f(g(x})

= fog{x)= f(3x3 + 1)

= fog(x)=(3x3+1)2 + 8
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= fog(x)=(9x® + 1 + 6x3) + 8

= fog(x)=9x8 + 6x3 + 9

So, gofix) = 3x% + 72x* + 576x% + 1537 and fog(x) = 9x5 + 6x3 + 9
1 D. Question

Find gof and fog when f: R = R and g: R = R is defined by
f(x) = x and g{x) = |%|

Answer

Since, R—=+R and g:R =»R

fog:R = R and gof:R = R

f(x)=xandg(x)=]|x

Now, gof(x)=g(f(x)} =g(x)

= gof(x) =|x|

and, fog(x) = f(g(x)) = f (|x]) = fog(x)=|x]|

Hence, gof(x) = fog(x) = |¥|

1 E. Question

Find gof and fog when : R = R and g: R = R is defined by
fix)=x2 +2x-3and g(x) = 3x -4

Answer

Since, R—=> R and g:R - R

fog:R = R and gof:R = R

fix)=x2 +2x-3and g(x) = 3x -4

Now, gof(x)=g(f(x))= g(x2 + 2x - 3)

gof(x) = 3(x* + 2x-3) - 4

= gof(x)= 3x2 + 6x -9 - 4

= gof(x) = 3x? + 6x - 13

and, fog= f(g(x)) = f(3x - 4)

fog(x) = (3x - 4 + 2(3x - 4) - 3

=9x? + 16 - 24x + 6x -8 - 3

~ fog(x) =9x2 - 18x + 5

Thus, gofix) = 3x2 + 6x - 13 and fog(x) = 9x% - 18x + 5
1 F. Question

Find gof and fog when f: R = R and g: R = R is defined by
fix) = 8x3 and g(x) = x13

Answer

Since, ;R =R and g:R = R

fog:R - R and gofi:R = R
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f(x) = 8x% and g(yy

=xi
Now, gofix) = g(f(x)) = g(8x%)

= pgof(x) = (8)13)%

gof(x) = 2x

and, fog(x) = f(g(x)) = f(x%)

-8 (x%f

fog(x) = 8x
Thus, gof(x) = 2x and fog(x) = 8x
2. Question

Letf= {(3,1), {9, 3), (12, 4)} and g = {(1, 3), (3, 3), (4, 9), (5, 9)}. Show that gof and fog are both defined,
Also, find fog and gof.

Answer

Letf = {(3,1), (9,3), (12,4)} and

g = {(1,3), (3.3). (4.9), (5.9)}
Now,

range of f = (1, 3, 4}

domain of f = {3, 9, 12}

range of g = {3,9}

domain of g = (1, 3, 4, 5}

since, range of f € domain of g

- gof is well defined.

Again, the range of g € domain of f
~ fog in well defined.

Finally, gof = {(3.3), (9.3), (12,9)}
fog = {(1.1), (3,1), (4,3), (5,3)}

3. Question

Letf= {(1,-1), (4, -2), (9 -3), (16, 4)} andg = {(-1, - 2), (- 2, - 4), (- 3, - 6), {4, 8)}. Show that gof is
defined while fog is not defined. Also, find gof.

Answer

We have,

f={(1,-1),(4,-2),(9 -3).(16.4)} and
g={(-1,-2) (-2 -4) (- 3,-6), (48)}
Now,

Domain of f = {1,4,9,16}
Rangeoff={-1,-2, -3, 4}
Domainofg=1(-1,-2, - 3,4}
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Rangeofg=1(-2,-4, -6, 8}

Clearly range of f = domain of g

~ gof is defined.

but, range of g = domain of fSo, fog is not defined.
Now,

gof(l) = g(- 1)=-2

gof(4) = g(- 2) = - 4

gof(9) =g (-3)=-6

gof(16) = g{4)=8

So, gof = {(1, - 2), (4, - 4), (9, - 6), (16.8)}
4. Question

LetA={a bc}, B= {u v, w} and let f and g be two functions from A to B and from B to A respectively
defined as: f = {(a, v), (b, u), {c. w)}. g = {{u, b), (v. a), (w, c)].

Show that f and g both are bijections and find fog and gof.
Answer

Given, A= {a, b, c}, B ={u, v, w} and

f=A-Bandg: B - A defined by

f={(a, v). (b, u), (c. w)} and

g = {(u, b), (v, a), (w, c)}

For both f and g, different elements of domain have different
images

~fand g are one - one

Again, for each element in co - doamain of f and g, there is a pre - image in the domain
~.fand g are onto

Thus, fand g are bijective.

Now,

gof = {(a, a), (b, b), (¢, ¢)} and

fog = {{u, u), (v, v}, (w, w)}

5. Question

Find fog (2) and gof (1) when: f: R - R; f(x) = x2 + 8and g: R=R; g{x) = 3x3 + 1.
Answer

We have, f: R = R given by f(x) = x2 + 8 and
g:R-Rgivenbyg(x) =3x3+1

fog(x) = f(g(x)) = F(3x3 + 1)

=(3x3+1° +8

fog(2) = (3x 8+ 1° *8=625+8 =633

Again,
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gof(x) = g(fix)) = g(x? + 8)
=3x2+8P +1

gof(l) = 3(1 + 87+ 1=12188
6. Question

Let Rt be the set of all non - negative real numbers. If f: Rt = R* and g: R* = R* are defined as f(x) = x*
and g(x) = + ¥x. Find fog and gof. Are they equal functions.

Answer

We have, f: Rt = R* given by

fix)=x2

g: R+ =R *given by

g(x) =X

fog (x) = f(g(x)) = f{yx)= Wx)2 = x

Also,

gof (x) = g(f(x)) = gx’) = yx% = x

Thus,

fog(x)= gof (x)

They are equal functions as their domain and range are also equal.
7. Question

Letf: R - R and g: R - R be defined by f(x) = x? and g(x) = x + 1. Show that fog = gof.
Answer

We have, f: R—= R and g: R = R are two functions defined by

f (x)=x? and g{x) = x + 1

Now,

fog (x) = f(g(x)) = f(x + 1) =(x + 17

= fog(x) = x* + 2x + 1 ......0I)

gofix) = gfix)) = g(x?) =x2 + 1 ..... (i)

from (i) & (ii)

fog = gof

8. Question

Letf: R =R an g: R =+ R be defined by f(x) = x + 1 and g(x) = x- 1. Show that fog = gof = Ig.
Answer

Letf: R -+ R and g: R = R are defined as
fix)=x+landg{x)=x-1

Now,

fogx)=flgx)) =fix-1)=x-1+1
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Again,
fogix)=flgx))=gx +1)=x+1-1

=X=lg... (ii)
from (i)& (ii)
fog = gof = I

9, Question

Verify associativity for the following three mappings: f: N = Z; (the set of non - zero integers), g: Zy— Q and
h: Q - R given by f(x) = 2x, g{x) = 1/x and h{x) = e*.

Answer

We have, T N=22, g Zpg=Qandh:Q =R
Also, fix) = 2%, g(x) = =and h(x) = eX

Now, f: N = Z, and hog: Zy —» R

s (hogl)of: N= R

Also,gof:. NoQand h: Q - R

“ hof{gof): N—- R

Thus, (hog)of and ho{gof) exist and are function from N to set R.
Finally. (hog)of(x) = (hog)(f(x)) = (hog)(2x)

1\
=h(§)=“—“

Now, ho(gof)(x) = ho(g(2x)) = h( )

1
2x

Hence, associativity verified.
10. Question

Considerf: N—= N, g: N - N and h: N - R defined as f(x) = 2%, gly) = 3y + 4 and h(z) =sinzforallx, y, z€ N.
Show that ho (gof) = (hog) of.

Answer

We have,
ho(gof)(x)=h{gof(x))=h(g(f(x)))

= h{g(2x)) = h(3(2x) + 4)

= h(6x + 4) = sin{6x + 4)¥x EN
({hoglof)(x) = (hog)(f(x)}= (hog)(2x)
=h(g{2x))=h(3(2x) + 4)

=h(bx + 4) = sin(6x + 4)¥x €N
This shows, ho({gof) = (hog)of

11. Question

Give examples of two functions f: N—= N and g: N = N such that gof is onto, but f is not onto.

Answer
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Define f:N - N by, f(x) = x + 1 And, g: N—= N by,

N _[x—1ifx>1
g(")_[ lifx=1

We first show that f is not onto.

For this, consider element 1 in co - domain N. It is clear that this element is not an image of any of the
elements in domain N.

Therefore, f is not onto.

12. Question

Give examples of two functions f: N—» Z and g: Z - Z such that gof is injective, but g is not injective.
Answer

Define f: N - Z as f(x) = x and g: N = N as g(x)=|x|.

We first show that g is not injective.

It can be observed that:

g(-1)=| -1 =1

g(l) =1 =1

Therefore, g{- 1) = g(1), but —1 = 1.

Therefore, g is not injective.

Now, gof: N = Z is defined as gof(x) = g(f(x)) =g(x)=|x]|.
Let x, ¥y €N such that gof(x) = gof(y).

= [x|=]y

Since x and y €N both are positive.

- x|=1y| = x=y

Hence, gof is injective

13. Question

If f: A—= B and g: B - C are one - one functions show that gof is a one - one function.
Answer

We have, f: A-Bandg: B— Care one - one functions.
Now we have to prove : gof: A— Cin ane - one

let x, y € A such that

gof(x) = gofiy)

aif(x))=g(f(y))

f (x) = f(y) [As, g in one - one]

x =y [As, fin one - one]

gof is one - one function

14. Question

If f: A—- B and g: B - C are onto functions show that gof is an onto function.
Answer

We have, f: A— B and g: B = C are onto functions.
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Now, we need to prove: gof: A - Cis onto.
lety € C, then

gof (x) =y

gif(x)) =y ... (i)

Since g is onto, for each element in C, there exists a preimage in B.
gix)=y ...... {ii)

From (i) & (ii)

fix)=x

Since fis onto, for each element in B there exists a preim age in el
fix)=x...... (iii)

From (iiyand(iii) we can conclude that for each y € C, there exists a preimage in A such that gof(x) = ¥
-~ gof is onto.

Exercise 2.3

1 A. Question

Find fog and gof, if

f(x) = e*, g(x) = logsx

Answer

f(x) = e* and g (x) = loge X

Now, fog(x) = f(g(x)) = f(loge x) = €'°9.%= x
= fog(x) = %

gof(x) = g(f(x)) = g{e*) = loge e* = x

= gof(x)=x

Hence, fog(x) = x and gof(x) = x

1 B. Question

Find fog and gof, if

f(x) = x2, g(x) = cos x

Answer

f(x)=x, g (x) =cosx

Domain of f and Domain of g = R

Range of f = (0, =)

Range of g = (- 1,1)

~ Range of f € domain of g = gof exist
Also, Range of g € domain of f = fog exist
Now,

gof (x) = g (f (x)) = g (x?) = cos x?

And



fog (x) = f(g(x)) = T (cos x) = cosZ x

Hence, fog(x) = cos x? and gof(x) = cos? x

1 C. Question

Find fog and gof, if

f(x) = |x|, g{x) = sin x

Answer

f(x)= |x| and g (x)= sin x

Range of f = (0, ») = Domain g (R) = gof exist
Range of g= [ - 1,1] < Domain f (R) = fog exist
Now, fog (x)= f(g(x)) = f(sin x) = |sin x| and
gof{x) = g{f{x}} = g(Ixl) =sin [x]|

Hence, fog(x) = |sin x| and gof(x) = sin ||

1 D. Question

Find fog and gof, if

fix)=x + 1, g{x) = &

Answer

f(x) = x + 1 and g(x) = e®

Range of f = R € Domain of g= R = gof exist

Range of g = (0, ») = Domain of f = R = fog exist

Now,

gof(x) = g(f(x)) = g(x + 1) = & * 1

And

fog (x) = flg(x))=fleX) =e* + 1

Hence, fog({x) = e+ 1 and gof(x) = e* + 1
1 E. Question

Find fog and gof, if

fix) = sin! x, g(x) = x2

Answer

f(x) =sin~ ! xand g (x) = %

Range off=[_§_§] c Domain of g = R = gof exist

Range of g= (0,») = Domain of f = R = fog exist
Now,

1

fog (x) = f(g(x)) = f(x?) = sin ~ 1x? and

gof(x) = g{f(x)) = g (sin "1 x) = {sin ~1x)2

1.2

Hence, fog(x) = sin ~1x2 and gof(x) = (sin ~1x)

1 F. Question
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Find fog and gof, if

fix)=x+ 1, g{x) =sinx

Answer

f(x)=x+ 1and g{x) =sin x

Range of f = R < Domain of g =R = gof exists
Range of g= [ - 1,1] = Domain of f = fog exists
Now,

fog(x) = flg{x)) =f(sinx) =sinx+ 1

And

gof(x) = g(f(x)) = g{x + 1) = sin(x + 1)

Hence, fog(x) = sin x + 1 and gof{x) = sin{x + 1)
1 G. Question

Find fog and gof, if

fix)=x+1 9g{x) =2x + 3

Answer

f(x) =x+ 1and g(x) =2x + 3

Range of f = R € Domain of g = R = gof exists
Range of g= R € Domain of T = fog exists

Now,

fog(x) =flgx) =f(2x+ 3)=(2x + 3) + 1= 2x + 4 and
gof(x)=g({f(x))=g{x + 1) =2(x + 1) + 3=2x+5
So, fog(x) = 2x + 4 and gof(x) = 2x + 5

1 H. Question

Find fog and gof, if
fix) = ¢, ¢ € R, g{x) = sin x%
Answer
f(x)=c,c€Rand

g{x) = sin x2

Range of f = R < Domain of g = R = gof exists
Range of g= [ - 1,1] © Domain of f =R = fog exists
Now,

gof{x) = g{f(x)) = g{c) = sin & and

fog(x) = f (g(x))= f(sin x?) =c

Thus, gof(x) = sin cZ and fog(x) = ¢

1 I. Question

Find fog and gof, if
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fx) =x? +2, g(x) =1 _
B 1-x

Answer

fix) =x? + landg(x) =1 ——

1-x
Range of f = (2,) € Domain of g = R = gof exists
Range of g= R - [ - 1] € Domain of f =R = fog exists

Now,

13

fog(x) = f(g(®) = £(-5) = ﬁ + 2 and

x2 + 2
gof(x) = g(f(x)) = g(x2 + 2) =—7 2 + 2)
x*+ 2
el o]
Hence, fog(x) = uiﬁ + 2 and gof(x) = ——1_:;;;32_.

2. Question

Let fix) = x2 + x + 1 and g(x) = sin x. Show that fog = gof.

Answer

We have, f(x) =x2 + x + 1 and g(x) = sin x
Now,

fog(x) = flg(x)) = f(sin x)

= fog(x) =sin? x + sinx + 1

Again, gof(x) = g(f(x)) = g (x* + x + 1)

= gof(x) = sin(x2 + x + 1)

Clearly,

fog = gof

3. Question

If f(x) = |x|, prove that fof = f.

Answer

We have, f{x) = |x|

We assume the domain of f =R and range of f = (0, =)
Range of f € domain of f

- fof exists,

Now,

fof(x) = T(f(x)) = f(|x]) = [|x]| = f(x)

~fof =F

Hence proved.

4. Question
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If fix) = 2x + 5 and gi(x) = %2 + 1 be two real functions, then describe each of the following runcuons:

(i) fog

(ii) gof

{iii) fof

(iv) 2

Also, show that fof = 2,
Answer

fix)=2x + 5and g{x)=x2 * 1
The range of f =R and range of g =[1,»]
The range of f € Domain of g {(R) and range of g = domain of f (R)
. both fog and gof exist.

(i) fog(x) = fg(x)) = f (x* + 1)
=2(x2+1)+5

- fog(x)=2x2 + 7

Hence fog(x) = 2x2 + 7

(i) gof(x) = g(f(x)) = = g (2x + 5)
=(2x+ 5 +1

gof(x)= 4x? + 20x + 26

Hence gof(x) = 4x2 + 20x + 26
(iii) fof(x) = f(f(x)) = f(2x + 5)
=2(2x+5)+5

fof(x) = 4x + 15

Hence fof(x) = 4x + 15

(iv) P2(x) = [f(x)]*= (2x + 5

= 4x? + 20x + 25

s from (iii) and (iv)

fof = 2

5. Question

If f(x) = sin x and g{x) = 2x be two real functions, then describe gof and fog. Are these equal functions?

Answer

We have, f (x) = sin x and g (x) = 2x.

Domain of fand gis R

Range of f =[ - 1,1], Rangeofg =R

~ Range of f € Domain g and Range of g € Domain f
fog and gof both exist.

gof(x) = g(f(x)) = g(sin x)
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= gof(x) = 2sin x

fog(x) = flg(x)) = f(2x) = sin 2x

~ gof # fog

6. Question

Let f, g, h be real functions given by f{x) = sin x, g{x) = 2x and h{x) = cos x. Prove that fog = go(fh}).
Answer

f. g and h are real functions given by f(x) = sin x, g(x) = 2x and

h{x) = cos x

To prove: fog=go(fh)

L.H.S
fog(x) = f(g(x))
= f(2x) = sin 2x

= fog(X)=2sin Xcos X ...... (A)

R.H.S

go(fh)(x) = go(f(x).h(x])

= g(sin x cos x) = 2sin X cOs X

go(fh)(x) = 2 sin X cos X...... (B)

from A and B

fog(x) = golfh)(x)

Hence proved

7. Question

Let f be any real function and let g be a function given by g(x) = 2x. Prove that gof = f + .
Answer

We are given that fis a real function and g is a function given by
g(x) = 2x

To prove; gof=f + f.

L.H.S

gofi{x) = g(f(x)) = 2f(x)

=f+f=R.HS

gof=f + f

Hence proved

8. Question

If f(x)=+/1—x and g{x) = logex are two real functions, then describe functions fog and gof.

Answer
f(x) =1 —x 9(x) = log ¢ X
Domain of f and g are R.

Range of f= (- », 1) Range of g = 0, e)
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Range of f € Domain of g = gof exists
Range of g € Domain f = fog exists

~ gof (x) = g(f(x)) = g(\,ﬁ)

“gof (x) =log, V1—x

Again

fog (x) = f(g(x)) = f(log ¢ X)

fog (x) = /1 —log, x

9, Question

(R . > . .
If f: L_E_E] ~Randg: [-1, 1] - R be defined as f(x) = tan x and g(y) = J1—x- respectively. Describe
fog and gof.
Answer

m™m

f: (—;,;) — Rand g: [ - 1,1] - R defined as f(x) = tan x and g(x) =y/1 —x2
Range of f: let y = f(x)

=y =tan x

sx=tan"ly

Since, x € (—gg) ye (-, m)
As Range of f € Domain of g

~ gof exists.

Similarly, lety = g(x)
=y=y1-x2

=X = \/1__yz
~Rangeofgis[-1,1]

As, Range of g € Domain of f
Hence, fog also exists

Now,

fog(x) = flg(x) = f{(yT—xZ)

= fog(x) = tan (T —x2

Again,

gof(x) = g(f(x)) = g{tan x)

= gof(x) = {1 —tan?x

10. Question

If f(x) — .\/\Tj- and g{x) = x2 + 1 be two real functions, then find fog and gof.

Answer
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) =yx F 3 9x) =% +1

Now,

Domainof f=[ - 3, ], domainof g = (- w, )

Range of f = [0, »), range of g = [1, )

Then, range of f € Domain of g and range of g € Domain of f
Hence, fog and gof exists

Now,

fog(x) = f(g(x)) = f(x? + 1)

= fog(x) =yx2 + 4

Again,

gof(x) = g(f(x)) = gly’x + 3)

= gof(x) = (yx +3)" + 1

=2gof(x)=x+4

11 A. Question

Let f be a real function given by f(x) = +/x — 2 - Find each of the following:
fof

Answer

We have, f(X) = \x — 2

Clearly, domain of f = [2, @] and range of f = [0, =)

We observe that range of f is naot a subset of domain of f

-~ Domain of (fof) = {x: xe Domain of f and f(x) e Domain of f}
= {xixe[2, »)and \x—2 € [2, =)}

= {Xx: xe[2, m) andq’ﬁz 2}

={x:Xxe[2 w)andx-2= 4}

={x:xe[2, w)and x =6}

= [6, =)

Now,

fof(x) = f{f(x)) = f(m) =/Vx—2-2

11 B. Question

Let f be a real function given by f(x) = \/‘j Find each of the following:
fofof

Answer

We have, f(x) = x —2

Clearly, domain of f = [2, @] and range of f = [0, =)

We observe that range of f is not a subset of domain of f
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». Domain of (fof) = {x: xe Domain of f and f(x) € Domain of f}
={x: xe[2 w)andx—2€[2 =)}

= {X: x€e[2, w) and\(ma 2}

={x:xe[2, w)andx-2 = 4}

={x:xe[2, w)andx =6}

= [b, m)

Clearly, range of f = [0, =) ¢ Domain of {fof})

». Domain of {{fof)of) = {x: xe Domain of f and f{x) € Domain of {fof)}
={x:xe[2 »)and [y —7 €[6, =)}

={x:xe[2 =)and x—2 =6}

={x:xe[2, w)andx-2 =36}

= {X: xe[2, =) and x = 38}

=[38, =)

Now,

(fof)(x) = f(f(x)) = {(YX—2) = Jyx—2 - 2

(fofof)(x) = (fof)(f(x)) = (fof)(yx —2) =

-~ fofof : [38, ») = R defined as

(fofof)(x) = Im_ 2

11 C. Question

Let f be a real function given by f(x) = V: Find each of the following:
{fofof)(38)

Answer

We have, fix) = x —2

Clearly, domain of f = [2, @] and range of f = [0, =)

We observe that range of f is not a subset of domain of f

». Domain of {fof) = {x: xe Domain of f and f(x) € Domain of f}
={x:x€e[2 w)and [y =7 €[2, =)}

={xxe[2 =w)and [x—2 = 2}

={x:xe[2, w)andx-2 = 4}

={x:Xxe[2, w)andx =6}

= [6, »)

Clearly, range of f = [0, @) ¢ Domain of (fof)

~. Domain of {(fof)of) = {x: xe Domain of f and f{x) € Domain of {fof)}

={x:xe[2, w)and yx —2 € [6, @)}



= {x:xe[2 m)and\fmam
={x:xe[2 w)andx-2 = 36}
= {x: xe [2, ») and x = 38}

= [38, =)

Now,

(fof)(x) = f(f(x)) = f({x—=2) = J\Vx—2—2

(fofof)(x) = (fof)(f(x)) = (foN(yXx—2) = | /i3 2 2

-~ fofof : [38, ») = R defined as

(fof)(x) = f(f(x)) = f(Yx =2) = x—2 — 2

(fofof)(x) = (fof){f(x)) = (fof)({x—2) = JWx—2-2-2

- fofof : [38, =) = R defined as

(fofof)(x) = m —2-29

(fofof)(38) = Jm* A \/‘fm s
=We-2-2=Vi-2=2-2=0

11 D. Question

Let f be areal function given by f(x) =4/x — 2. Find each of the following:

2

Also, show that fof = 2,

Answer

We have, f(x) =y —2

Clearly, domain of f = [2, =] and range of f = [0, =)

We observe that range of f is not a subset of domain of f
* Domain of (fof) = {x: xe Domain of f and f(x) € Domain of f}
={x:xe[2 »)and ,x=37 €[2 =)}

= {x: xe[2 m)andHZZ}

={xX:xe[2 w)andx-2= 4}

={x:xe[2, m)andx =6}

= [6, =)

Now,

(fof)(x) = fif(x}) = f(yx—2) = Jy¥x -2 — 2

=~ fof: [6, =) = R defined as
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(fofix) = Vx—2 - 2
F0x) = [FF =[x —2]" =x -2
%72, [2, ©) - R defined as
2(x)=x-2
o fof = 2

12. Question

y [l+x. 0=x=2 _
Let f(x)=- . Find fof.
[3-x. 2<x<3
Answer
_ 1+ x0=<x=<2
f(")_[3—:{2@{53

Range of f = [0, 3] < Domain of f

1+(1+x)0=x=<1
« fof(x) = f(f(x)) =f({13j;‘2°f;‘f&?) =flls-—1+x1<x=<2
o 1+ (3—-x)2<x=<3

2+x0<x<1
So,fof(x) =§2—x1<x=2
4—x2<x=3

13. Question

If f, g: R = R be two functions defined as f(x) = |x| + x and
gi{x) = |[x|-x for all x € R. Then, find fog and gof. Hence, find fog (-3),
fog (5) and gof{-2).

Answer

Domain of f(x) and g(x) is R.

Range of f(x) = [0, ) and range of g(x) = [0, =)

As, range of f € Domain of g and range of g € Domain of f
So, gof and fog exists

Now,

fog(x) = f(g(x)) = f(|x|-x)

= fog(x) = ||x|-x| + |x|-x

As, range of g(x) = 0 so, [|x|-X| = [x|-x

50, fog(x) = ||x|-X| + |X|-X = |¥]-X + [X]-X

= fog(x) = 2(|x|-x)

Also,

gof(x) = g(f(x)) = g{|x| + x) = [|x] + x| - {|x] + x)

As, range of f(x) = 0 so, ||x| + x| = [X] + x

So,gof(x) =[] + x| - (x| + x) = x| +x-([x]| +x) =0

Thus, gof(x) =0



CLASS24

Now, fog(- 3) = 2(| - 3|-(- 3)) = 2(3 + 3) = 6,

fog(5) = 2(|5] - 5) = 0, gof(- 2) =0

Exercise 2.4

1. Question

State with reasons whether the following functions have inverse:
(iyf:[1, 2, 3, 4] = {10} with f = {(1, 10), (2, 10), (3, 10), (4, 10)}

(i)g: {5,6,7, 8}=1{1, 2, 3, 4} with g = {(5, 4), (6, 3), (7, 4), (8, 2)}
{(iifh:{2,3, 4 5}->{7.9,11, 13} with h = {(2, 7), (3, 9), (4, 11), (5, 13)}
Answer

(i) f:[1, 2, 3, 4] - {10} with f = {(1, 10), (2, 10), (3, 10), (4, 10)}

Recall that a function is invertible only when it is both one-one and onto.
Here, we have (1) = 10 = f(2) = f(3) = f(4)

Hence, f is not one-one.

Thus, the function f does not have an inverse.

{(iig: {5.6, 7. 8}- {1, 2, 3, 4} with g = {(5, 4), (6, 3), (7, 4), (8, 2}
Recall that a function is invertible only when it is both one-one and onto.
Here, we have g(5) = 4 = g(7)

Hence, g is not one-one.

Thus, the function g does not have an inverse.

{(iifh:{2,3, 4 5}~ {7, 9,11, 13} with h = {(2, 7), (3, 9), {4, 11), (5. 13}
Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {2, 3, 4, 5} are mapped to distinct elements of the co-
domain {7, 9, 11, 13}.

Hence, h is one-one.

Also, each element of the range {7, 9, 11, 13} is the image of some element of {2, 3, 4, 5}.
Hence, h is also onto.

Thus, the function h has an inverse.

2. Question

Find f1if it exists for f: A - B where
(DA=1{0,-1,-3,2:B={-9-3,0,6} &f(x) = 3x
(i)A={1,3,5 7,9} B={0, 1,9, 25, 49, 81} & f(x) = ¥
Answer

(lA=1{0,-1,-3,2};B={-9-3,0,6} &f{x) = 3x

We have f: A— B and fix) = 3x.

= f= {{0, 3x0), (-1, 3x{-1)}, (-3, 3x(-3)), (2, 3x2)}
~f={(0, 0}, (-1, -3), (-3, -9), (2, 6]}

Recall that a function is invertible only when it is both one-one and onto.
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Here, observe that distinct elements of the domain {0, -1, -3, 2} are mapped to distinct ele...ciivo v ciie -
domain {0, -3, -9, 6}.

Hence, f is one-one.

Also, each element of the range {-9, -3, 0, 6} is the image of some element of {0, -1, -3, 2}.
Hence, f is also onto.

Thus, the function f has an inverse.

We have f1 = {{0, 0), (-3, -1}, (-9, -3), (6, 2)}

(iA={1,3,57 9% B=1{0,1,9, 25, 49, 81} & fix) =X

We have f: A — B and f(x) = x2.

=f={(1, 19, (3, 3%), (5, 5%), (7, 7%), (8, 99}

~f={(1, 1), (3, 9), (5, 25), (7, 49), (9, 81)}

Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {1, 3, 5, 7, 9} are mapped to distinct elements of the co-
domain {1, 9, 25, 49, 81}.

Hence, f is one-one.

However, the element O of the range {0, 1, 9, 25, 49, 81} is not the image of any element of {1, 3, 5, 7, 9}.
Hence, f is not onto.

Thus, the function f does not have an inverse.

3. Question

Consider f: {1, 2, 3} - {a, b. c} and g: {a. b, c} —= {apple, ball, cat} defined as f(1) = a, f{2) = b, f{3) = ¢,
g(a) = apple, gib) = ball and g(c) = cat. Show that f, g and gof are invertible. Find fl, g‘l, (gof,‘p'1 and show
that (gof)'l = flogt.

Answer

f:{1,2, 3}={a, b ctandf(l)=a f(2) =b,f(3)=c

=f={(1, a), (2, b), (3, c)}

Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {1, 2, 3} are mapped to distinct elements of the co-
domain {a, b, c}.

Hence, f is one-one.

Also, each element of the range {a, b, ¢} is the image of some element of {1, 2, 3}.
Hence, f is also onto.

Thus, the function f has an inverse.

We have f'1 = {{a, 1), (b, 2). (c, 3)}

g: {a, b, c} - {apple, ball, cat} and g{a) = apple, g{b) = ball, g{c) = cat
=g = {(a. apple). (b, ball), (c, cat)}

Similar to the function f, g is also one-one and onto.

Thus, the function g has an inverse.

We have g'1 = {{apple, a), (ball, b), (cat, )}

We know (gof)(x) = g(f(x))



Thus, gof: {1, 2, 3} - {apple, ball, cat} and
(gof)(1) = g{f(1)) = gla) = apple

(gof)(2) = g(f(2)) = g(b) = ball

(gof)(3) = g(f(3)) = gl¢) = cat

= gof = {(1, apple), (2, ball}, (3, cat)}

As the functions f and g, gof is also both one-one and onto.

Thus, the function gof has an inverse.

We have (gof)! = {(apple, 1), (ball, 2), (cat, 3)}
Now, let us consider f'log'L.

We know (f'log1)(x) = fl({gl(x))

Thus, flog! : {apple, ball, cat} -» {1, 2, 3} and
(flog M){apple) = f H{g (apple)) = fi(a) = 1
(Flog 1)(ball) = f1{g l(ball)) = f1(b) = 2
(Flogcat) = Figticat)) = Fi(c) = 3

= flogl = {{apple, 1), (ball, 2), (cat, 3)}
Therefore, we have (gof)'1 = f'log'l.

4. Question

CLASS24

LetA={1,2 3, 4};B={3,5 7,9}, C={7,23,47, 79} andf: A-B,g: B-Cbe definedas f(x) =2x + 1
and g{x) = x - 2. Express (gof)™! and flog! as the sets of ordered pairs and verify (gofit = flog™.

Answer

We havef:A-B&f(x)=2x + 1

=f={(1,2x1 + 1), (2, 2x2 + 1), (3, 2x3 + 1), (4, 2x4 + 1)}

A f={(1, 3), (2, 5), (3, 7), (4, 9)}

Function f is clearly one-one and onto.

Thus, 1 exists and f1 = {(3, 1), (5, 2), (7, 3), (9, 4)}
We haveg: B C&g(x) =x -2
>g=1{(332-2),(552-2),(7,72-2), (9,92 -2)}
g =1{(3,7), (5 23), (7, 47), (9, 79)}

Function g is clearly one-one and onto.

Thus, g1 exists and gt = {(7, 3), (23, 5), (47, 5), (79, 9)}
We know (gof)(x) = g(f(x))

Thus, gof: A= C and

(gof)(1) = g(f(1)) =g(3) =7

(gof)(2) = g(f(2)) = g(5) = 23

(gof)(3) = g(f(3)) = g(7) = 47

(gof)(4) = g(f(4)) =g(9) =79

= gof = {(1, 7), (2, 23), (3, 47), (4, 79)}
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Clearly, gof is also both one-one and onto.
Thus, the function gof has an inverse.

We have (gof)l = {(7, 1), (23, 2), (47, 3), (79, 4)}
Now, let us consider f1ogl.

We know (f'log1)(x) = Fl{gl(x))

Thus, flog!: C - A and

(Flag)(7) = FHgh(7) = F1(3) = 1
(Flog1)(23) = fFl{gl(23)) = F1(5) =2
(Flog)(47) = F{g(47) =fH{7) = 3
(Flog™1)(79) = Fl(g1(79)) = F1(9) = 4

= flogl = {(7,1), (23, 2), (47, 3), (79, 4)}
Therefore, we have (gof)! = flogl.

5. Question

Show that the function f: Q - Q defined by f(x) = 3x + 5 is invertible. Also, find fl,

Answer

We havef: Q - Q and f(x) = 3x + 5.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x1, x;€ Q (domain) such that f(x;) = f(x;)
=23%, +5=3x3+5

= 3X; = 3%

S X=X

So, we have f(x1) = f(}3) =2 X1 = X.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € Q {co-domain) such that f(x) = y

=23Xx+5=y
=23x=y-5
et
SX= 3

Clearly, for every y € Q, there exists x € Q (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

=3

But, wefound f(x) = y =y = %

Hence, f-1(y) = 3%“
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Thus, f(x) is invertible and f-1(x) = =
3

6. Question

Show that the function f: R =+ R defined by f(x) = 4x + 3 is invertible. Find the inverse of .
Answer

We havef: R—= R and f(x) = 4x + 3.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x;, x;€ R {domain) such that f(x;) = f{x;)

4% +3=4x+ 3

= 4xXq = 4%y

SXL=X

So, we have f(x1) = f(x;) =2 ¥ = X.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € R {co-domain) such that f(x) = v

=24x + 3=y
=4x=y-3
. o T
S X = 4

Clearly, for every y € R, there exists x ¢ R (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = f(y)

But, we found f(x) = y = x — Y=
4

Hence, f~1(y) = ?

x—3

Thus, f(x) is invertible and f2(x) = —

7. Question

Consider f: Rt [4, ©) given by f(x) = x2 + 4. Show that f is invertible with f1 of f given by f‘L (\) = Jx =4,
where R* is the set of all non-negative real numbers.

Answer

We have f : R*> [4, ») and f(x) = x + 4.

Recall that a function is invertible only when it is both one-one and onto.

First, we will prove that f is one-one.

Let x1, x;€ R {domain) such that f(x;) = f{x;)

=x2+4=x2+4

o %2 = %2
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S X = Xy (Xp#-X0as Xq, X3€ RY)

So, we have f(x) = f(x;) =2 % = x%.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € [4, @) (co-domain) such that f(x) =y

sx2+4d=y

A X = y—4

Clearly, for every y € [4, ), there exists x € Rt {(domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.

We have f{x) = y = x = fl(y)

But, wefound f(x) =y =x = fy—2

Hence, f-i(y) = [y —4

Thus, f(x) is invertible and fF-1(y) = [y — 4

8. Question

AES -
AX+3 - _ 2, show that (fof)(x) = x for all x —
6x—4 3

Iff(x)= . What is the inverse of f?

R

Answer

4x+3 2

X F
bx—4 3

We have f(x) =

We know (fof)(x) = f(f(x))

4x+3
= (fof)(x) = f(ﬁzi 4);
4x + 3
14— ' 1
= (fof) (x) = _(2%
6x — 4) -
4(4x+3) +3(6x—4)
= (foD(x) = 6(4x+3) — 4(6x—4)
16x+12 + 18x— 12
= (foN(x) =

24x+18 — 24x+ 16
34x

= (fo)(X) = g

= (fof) (x) = x

As (fof)(x) = x = |, (the identity function), f(x) = F1(x).

Thus, f-1(x) = :‘:i

9, Question

Consider f: R*— [-5, =) given by f(x) = 9x2 + 6x - 5. Show that f is invertible with £ (.\; )= VX+6-1 .
3



Answer

We have f: Rt= [-5, @) and f(x) = 9x? + 6x - 5.

Recall that a function is invertible only when it is both one-one and onto.

First, we will prove that f is one-one.
Let xq, xz€ Rt (domain) such that f(x;) = f{x)
= 9x12 + 6x1-5 =92 + 6x3 -5

= 9%12 + 6xy = 9%2 + 6%y

= 09%2 - 9%,2 4+ 6% -6X; =0
=9(x;12 - x2) + 6(x; - %) =0
=9(x; - X)X+ %) +6(x;-x)=0
= (X1~ %)[9(x; + %)+ 6]=0

= X; - X3 = 0 (as x;, X6 Rt)

SXL =X

So, we have f(x) = f(x;) =2 X = X.
Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € [-5, @) (co-domain) such that f(x) = vy
=>9x2 +6x-5=y

Adding 6 to both sides, we get

9x2 +6x-5+6=y +6

=29x? +6x+1=y+6

= (3x+1°=y+56
=3x+1=y+6

=3x= \,m -1

Jy+6—1

3
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Clearly, for every y € [4, »), there exists x € R* (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.
We havef(x)=y=x= f'l(y)

But, we found f(x) = y =y — Jy+e-1
)

Hence, ¢-1 (y) = [y+6-1
3

Thus, f(x) is invertible and §-1 (x) = V61
2

10. Question

If f: R = R be defined by f(x) = x3 - 3, then prove that f1 exists and find a formula for 1. Hence, find f1(24)



and f1(5).

Answer

We have f: R > Rand f(x) =x3 - 3.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let xq, x3€ R (domain) such that f(x;) = f(x3)

=sx>-3=x>-3

3 = x,3

= )(1
= (X1~ %) 02 + XX + %2) =0

= X; - X3 = 0 (@5 X1, X3¢ RT)

SXL=X

50, we have f(x) = f(x) =2 X1 = X.
Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € R {co-domain) such that f(x) = y
>x3-3=y

:>x3=y+3

ax=Y7¥3
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Clearly, for every y € R, there exists x € R (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.

We have f{x) = y = x = f'(y)

But, we found f{x) =y =2 x =3y + 3
Hence, f-1(y) = 3(y + 3

Thus, f(x) is invertible and f~1(y) = (X + 3
Hence, we have

) =V24+3=V27=3
f-15)=V5+3=3¥8=2

Thus, f1{24) = 3 and f1(5) = 2.

11. Question

A function f: R — Risdefined as fix) = x3 + 4. Is ita bijection or not? In case it is a bijection, find F1(3).

Answer

We have f: R » R and f(x) = x3 + 4.

Recall that a function is a bijection only if it is both one-one and onto.
First, we will check if f is one-one.

Let X1, x;€ R {(domain) such that f{x;) = f{x3)



ax3+d=x3+4

= %3 = %3

= (X - ) (x12 + xpx0 + %2) =0

As X1, X2€ R and the second factor has no real roots,
X1-% =0

SXL =X

50, we have f(x{) = f(x3) = %1 = x%.

Thus, function f is one-one.

Now, we will check if f is onto.

Let y € R (co-domain) such that f{x) = y

>x3+4=y
sxI=y-4
.'.X:ay—ti-
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Clearly, for every y € R, there exists x € R (domain) such that f(x) = y and hence, function f is anto.

Thus, the function f is a bijection and has an inverse.
We have f{x) = y = x = fl(y)

But, we found f(x) = y = x = 3fy —4

Hence, f1(y) = yﬁ

Thus, f(x) is invertible and f=* (x) = im

Hence, we have

13 ={3-4=¥-1=-1

Thus, f1(3) = -1.

12. Question

Iff:Q—+0Q,g:Q - Q are two functions defined by f(x) = 2x and g(x) = x + 2, show that f and g are bijective

maps. Verify that (gof)l = flogl.
Answer

We have f: Q - Q and f(x) = 2x.

Recall that a function is a bijection only if it is both one-one and onto.

First, we will prove that f is one-one.

Let x4, x;€ Q (domain) such that f{x;) = f(x)
= 2X1 = 2X3

SXL=X

50, we have f(x1) = f(x;) =2 x; = x.

Thus, function f is one-one.

Now, we will prove that f is onto.
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Let y € Q {co-domain) such that f(x) = vy

=22x=y

X ==
2

Clearly, for every y € Q, there exists x € Q {domain) such that f(x) = y and hence, function f is onto.
Thus, the function f is a bijection and has an inverse.
We have f{x) = y = x = fl(y)

But, we found f(x) =y = x = E’i

Hence, f (y) =§

Thus, £~ (x) =

Now, we haveg: Q - Q and g(x) = x + 2.
First, we will prove that g is one-one.

Let x4, x;€ Q {domain) such that g{x;) = g(x;)
22X +2=%+2

S X=X

5o, we have gix;) = g(xy) = X1 = X5.

Thus, function g is one-one.

Now, we will prove that g is onto.

Let y € Q {co-domain) such that g(x) = y
2X+2=y

LX=y-2

Clearly, for every y € Q, there exists x ¢ Q (domain) such that g(x) = y and hence, function g is onto.
Thus, the function g is a bijection and has an inverse.
We have g(x) =y = x = g'{y)

But, we found g{x) = y=2x=y-2
Hence,gliy) =y -2

Thus, glx) = x -2

We have (Flog)(x) = Fl(gl(x))

We found f~1(x) = E andglix)=x-2

= (Flog)(x) = f1(x - 2)

- (Flog (9 =22

We know (gof)(x) = g(f(x))and gof: Q- Q

= (gof)(x) = g(2x)
s {gof)(x) = 2% + 2

Clearly, gof is a bijection and has an inverse.
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Let y € Q {co-domain) such that (gof)(x) =y

22x+2=y
22Xx=y-2
cx=Y=2

LX = 2

We have (gof)(x) = y = x = (gof) 1(y)

But, we found (gof){(x) = y = x = ¥=2

Hence, (gof)~(y) = 2
Thus, (gof)=*(x) ==

So, it is verified that (gof)’! = flogl.

13. Question

r__"
LetA=R- {3} and B =R - {1}. Consider the function f : A— B defined by f(:.; ) :'\_'. Show that f is one-
x—3

one and onto and hence find f1.
Answer
We havef: A Bwhere A=R-{3}andB=R- {1}

x—2
X—3

f(x) =
First, we will prove that f is one-one.
Let xq, x;€ A (domain) such that f(x;) = f(x3)

X1—2 XZ—Z
x;—3 x,—3

=
= (X1 - 2){x - 3) = (xg - 3)}(xz - 2)

= XXy - 3X1 - 2X3 + 6 = X)X - 2% - 3%; + 6
= -3Xq - 2% = -2X; - 3X3

= -3Xq + 2X1 = 2X3 - 3%y

=X =X

SXL =X

So, we have f(x;) = f(x;) =2 % = x.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € B (co-domain) such that f(x) = y

x—2

x—3 7

(x—3)+1_
7T x—3 7Y



! = 1
“x-3 7
=Tl=.\_3

=34+ —
=X 71

Jy—2
LxX = y—1
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Clearly, for every y € B, there exists x ¢ A (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.

We havef(x) =y=x= f'l(y)

But, we found f(x) = y=x :35'—_12
-

Hence, f~(y) = :ay_—lz
o

3x-2

x—1

Thus, f(x) is invertible and f-1 (x) =

14. Question

Consider the function f: Rt— [-9, o) given by f(x) = 5x2 + 6x - 9. Prove that f is invertible with

f_l(v):,{54+5y -3

4

Answer

We have f : Rt [-9, ») and f(x) = 5x2 + 6x - 9.

Recall that a function is invertible only when it is both one-one and onto.

First, we will prove that f is one-one.

Let xq, x;€ R (domain) such that f(x;) = f(x;)
= 5x72 + 6x7 -9 = 5%32 + 6%, - 9

= 5%12 + 6xy = 5%,2 + 6%

= 5X12 - 5x532 + 6x -6%X5 =0

= 5(x1% - %2) + 6(x; - %x3) =0

= 5(x1 - X)Xy + X)) + 6{x;-%x3) =0

= (X1 - %)5(x; + %) +6]=0

= X, - X = 0 (@5 ¥y, X€ RY)

SXL =X

So, we have f(x) = f{x;) =2 %, = x%.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € [-9, ©) (co-domain) such that f(x) =y

=5x2 +6x-9 =y
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5(2+ 9)
=25|x"+=x—=| =
X X 3 y

9 vy

2, 2, 27

=2 X"+ =X ETE

6 y+9

2 et 7

=X +5. 3

Adding% to both sides, we get

9 y+9 9

2+6.-+ _
X TEXTE T T8 T2

(+3)2 (5y +45)+9
“\*75) T 25

3\2 By+54
=)(X+g) =

25
L3 [syess
XTSI 25
L3 _yvea
= =
XT3 5
 J5yi5% 3
R

) S5y +54—3

3 5
Clearly, for every y € [-9, ®), there exists x € R* (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.

We have f(x) = y = x = f1(y)

But, we found f(x) = y = 5 _ J[S¥¥54-3
5

Hence, f-1 (y) = Pl et
5

15. Question

Let f: N = N be a function defined as f(x) = 9x? + 6x - 5. Show thatf: N=S, where S is the range of f, is
invertible. Find the inverse of f and hence find £1(43) and f1(163).

Answer

We have f: N —» N and f(x) = 9x° + 6x - 5.

We need to prove f: N = S is invertible.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x4, X3¢ N {domain) such that f{x;) = f{x;)

=2 9%2 46X -5 =9x%2 +6% -5

= 9x12 + 6x1 = %7 + 6x;

= 9)(12 - 9)(22 + 6% -6%X =0
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= 9(x1:Z - x22) + 6(x;-x3) =10

=2 9(X] - X)X, + )+ 60 -x)=0
= (X1 - x)[9{x; + %)+ 6]=0

= X1 - X = 0 (a5 Xy, X3¢ RT)

S X=X

50, we have f(x;) = f(x;) =2 x; = X.
Thus, function f is cne-one.

Now, we will prove that f is onto.

Let y € S (co-domain) such thatf(x) =y
=9x2+6x-5=y

Adding 6 to both sides, we get

9x?2 +6x-5+6=y+6
>9x2+6x+1=y+6

=>(3x+12=y+6

=3x+1=,y+6

=3x=,/y+6—-1

Jyte—1

AX =
3

Clearly, for every y € 5, there exists x € N (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) = y = 5 — y¥#6-1
3

Hence, f-1(y) — ¥¥*671
£ () = 45
Thus, f(x) is invertible and §1(y) = Y2522
3

Hence, we have

f_1(43)=\f43+6—1=\/ﬁ—1=7—1=2
3 3 3
VIE3+6—-1 V169-1 13-1
f~2(163) = 2 == =4

Thus, 1{43) = 2 and f1(163) = 4.

16. Question

= range(f) is one-one

Letr: R/ 2| - R be afunction defined as f(x)= 4% Show thatf: R -]f_
3 3x+4 L

and onto. Hence, find f1,

| 4=
—

Answer
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We havef:R - [—z} s Randf(x) = ==

Ax+4
We need to prove f: R - {_5} - range(f) is invertible.
3
First, we will prove that f is one-one.
Let xq, x;€ A {(domain) such that f{>;) = f(x;)

4x, 4%,
= =
3x;,+4 3x,+4

= (4x1)(3%; + 4) = (3% + 4){dx3)

= 12x1%y + 16x1 = 12x1% + 16x3

= 16x1 = 16x3

S X=X

So, we have f(x;) = f(x;) =2 X = x.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € range(f) (co-domain) such that f(x) = v

4x
3x+4

= y

= 4x = 3xy + 4y
= 4dx - 3xy = 4y
= x(4 - 3y) = 4y

4y
T 4-3y

Clearly, for every y € range(f), there exists x € A (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = fi(y)

But, we found f{x) = y=x b,
4-3y

Hence, f~1(y) = —%

4—-3y
Thus, f(x) is invertible and f~1(x) = =
17. Question
X —X
If f: R (-1, 1) defined by f(x ) = & is invertible, find f1.
10* +107%

Answer

We have f: R » (-1, 1) and f(x) = 10%-107%

10%54+107%
Given that ! exists.
Let y e (-1, 1) such that f(x) = vy

10%—107%
=—=y
10%+ 10-%



CLASS24

1
0 10%
oL

10%

102&1_
BT TS R

10*
=

=102 - 1=y (102 + 1)
=102 -1=10"%y +y
=210%- 102y =1 +y

=210 (l-y)=1+y

1+
logy910%* =logy, (_1 _;V)
= 2xlog,,10 = log
= 2x = log,,

1
nx=§m;

We have

But, we fo
Hence, f1(y

Thus, 1 (x) ==

18. Question
If f: R > (0, 2) defined by

Answer

eXe X

We have f: R = (0, 2} and f(x) = +1

e¥pe™®
Given that f1 exists.
Let y e (0, 2) such that f(x) =y
EX_ e—)ﬁ
54 1=
extex ¥
eX—e ™+ (e¥+e™)
= =
e¥+e |
2e*
= =
e¥ +e~¥

y



2e*
= =y
1
Ex'%'ﬁ
2e2%
ezxr 1 Y

=2 =y (2 + 1)
=2eX=ely +y
2x _

=2 ey =y

e’ (2-y)=y

Taking In on both sides, we get

]nez"‘=1n( )
2-y

=>2x1ne=ln( J )
250

. y )
:Zh—lxz(z_y

oy
wx=30(355)

We have f(x) = y = x = f1(y)

=yox—sn(X
But, we found f(x) = y = x *2111(2-}-)

Hence, f~*(y) =§1u (15' )

L

Thus, £1(x) =2In(5%)

2-x

19. Question
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Letf: [-1, o) - [-1, «) is given by f(x) = (x + 1)2 - 1. Show that f is invertible. Also, find the set S = {x: f(x)

= fl(x)}

Answer

We have f:[-1, )= [-1, =) and f(x) = (x + 12 -1
Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x;, x3€ [-1, @) {domain) such that f{x;) = f(x;)

S+ 12-1=(x+12-1
= (x; + 12 = (% + 1)
=’X12+2X1+1=X22+2X2+1
=’X12 +2X1=X22+2X2

= x2 -2 + 2% -2%3 =0

= (%12 - x2) + 2(x1 - %) = 0



= (X - X)X + %)+ 2(x1-x3) =0

=2 (X1 -%)x; +% +2]=0

= X1 - X3 = 0 (@5 X1, X;€ RT)

SXp =X

50, we have f(x{) = f(x3) =2 x; = x%.

Thus, function f is one-one.

Now, we will prove that f is onto.

Lety € [-1, @) {co-domain) such that f(x) =y
S (x+12-1=y

s>(x+1)P2=y+1
=>x+1=Jy+1
~X=4y+1-1

CLASS24

Clearly, for every y € [-1, »), there exists x € [-1, ) (domain) such that f(x) = y and hence, function f is

onto.

Thus, the function f has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) =y =x = fy +1 -1
Hence, f3(y) = _JyTj S

Thus, f(x) is invertible and f~1(x) = x +1 1

Now, we need to find the values of x for which f(x) = fltx).

We have f(x) = f1(x)
=>E+1)2-1=x+1-1
=2E+1D)I=vx+1

We can write (x + 1)2 = (m)“
= (WF1) =VxF1

On substituting + = /x + 1. we get

th=t
=t -t=0
St(3-1)=0

St(t-10t2+t+1)=0

t2 +t + 1 = 0 because this equation has no real root t.

=2t=00rt-1=0
=2>t=0o0rt=1

Case-1:t=0
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LX=0
Thus, S = {0, -1}
20. Question

LetA={xeR|-1=x=1}andletf: A=A, g: A- A be two functions defined by f(x) = xZ and g(x) = sin
mx/2. Show that g'! exists but f-! does not exist. Also, find g

Answer

We havef: A-AwhereA={xeR|-1=x= 1} defined by f(x) =¥,
Recall that a function is invertible only when it is both one-one and onto.
First, we will check if f is one-one.

Let x1, x€ A (domain) such that f(x;) = f(x;)

o x;2 = %2

=x2-%2=0

= (X1 - %)X, +x)=0

=2x1-%X=00rx; +x,=0

NXp = £Xp

50, we have f(x1) = f(x3) = x; = £x5.

This means that two different elements of the domain are mapped to the same element by the function f.
For example, consider f(-1) and f(1).

We have f(-1) = (-1 =1and f(1) = 12 = 1 = f(-1)

Thus, fis not one-one and hence f*! doesn’t exist.

Now, let us consider g : A = A defined by g(x) = sin-‘?

First, we will prove that g is one-one.

Let x;, x;€ A (domain) such that g{x;) = g{x3)

. Ty . TX;
= sin— =sin
2 2
= % = % (in the given range)
S Xl = )(2

So, we have g(X;) = g{Xy) = X1 = X3.
Thus, function g is one-one.

Let y € A (co-domain) such that g(x) =y



m CLASS24
= sin?' =y

™o
= — = sin
2 y

= mx=2sin"ly

2

~x=—sin"t
h Y

¥

Clearly, for every y € A, there exists x € A (domain) such that g{x) = y and hence, function g is onto.
Thus, the function g has an inverse.

We have g(x) =y =x=g(y)

But, we found g(x) = y=x = Esin’ly

Hence, g'lfy) = %sin‘ly

Thus, g(x) is invertible and g=1(x) = Esm-lx

21. Question

Let f be a function from R to R such that f(x) = cos (x + 2). Is f invertible? Justify your answer.
Answer

We havef: R—- R and f(x) = cos (x + 2).

Recall that a function is invertible only when it is both one-one and onto.

First, we will check if f is one-one.

Let x1, x€ R {domain) such that f(x;) = f{x3)

= C0s (X1 + 2) = cos (x; + 2)

As the cosine function repeats itself with a period 2m, we have
Xp+2=x+20rx +2 =20+ (x; + 2)

LX =X 0rXy =2n+ X

50, we have f(x1) = f(x;) 2 X3 = X3 or 2m + X3

This means that two different elements of the domain are mapped to the same element by the function f.
For example, consider f{0) and f(2m).

We have f{0) = cos (0 + 2) = cos 2 and

f(2n) = cos(2n + 2) = cos 2 = f(0)

Thus, fis not one-one.

Hence, f is not invertible and f'1 does not exist.

22. Question

IfA={1 2,3, 4} and B = {a, b, ¢, d}, define any four bijections from A to B. Also, give their inverse
function.

Answer
Given A={1,2,3, 4} and B = {a, b, ¢, d}.

We need to define bijections fy, f3, f3 and f4 from A to B.
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Consider f; = {(1, a), (2, b), (3, ¢}, (4, d)}
(1) f; is one-one because no two elements of the domain are mapped to the same element.
fq is also onto because each element in the co-domain has a pre-image in the domain.

Thus, f; is a bijection from A to B.
We have f{l = {{a, 1), (b, 2). (c, 3), (d. 4)}

Using similar explanation, we also have the following bijections defined from A to B -

(2) f; = {{1, b), (2, ), (3, d), (4, &)}
We have f, 1 = {(b, 1), (c, 2), {d, 3), (a, 4)}
(3)f3 = {(1, ), (2. d), (3, @), (4, b)}
We have f31 = {(c, 1), (d, 2), (a, 3), (b, 4}
(4) fa = {(1,d), (2, 2), (3, b), (4 c)}
We have f4 1 = {{d, 1), {a, 2). (b, 3), {c, &}

23. Question

Let A and B be two sets each with finite number of elements. Assume that there is an injective map from A
to B and that there is an injective map from B to A. Prove that there is a bijection from A to B.

Answer

Given A and B are two finite sets. There are injective maps from both A to B and B to A.

Let f be the injective map defined from A to B.

Thus, we have fis one-one.

We also know that there is a one-one mapping from B to A.

This means that each element of B is mapped to a distinct element of A.

But, B is the co-domain of f and A is the domain of f.

So, every element of the co-domain of the function f has a pre-image in the domain of the function f.
Thus, f is also onto.

Therefore, fis a bijection as it is both one-one and onto.

Hence, there exists a bijection defined from A to B.

24. Question

Iff: A= Aandg:A—- A are two bijections, then prove that

(i) fog is an injection

(ii) fog is a surjection

Answer

Givenf: A—- Aandg: A - A are two bijections. 50, both f and g are one-one and onto functions.
We know (fog)(x) = flg(x))

Thus, fog is also defined from A to A.

(i) First, we will prove that fog is an interjection.

Let x1, x;€ A (domain) such that (fog)(xy) = (fog)(xz)
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= f(a{x1)) = flg{xz))

= g(x1) = g{xy) [since f is one-one]

" X1 = X% [since g is one-one]

So, we have (fog)(x;) = (fog)(x;) = x; = x;.

Thus, function fog is an interjection.

(i) Now, we will prove that fog is a surjection.

Let ze A, the co-domain of fog.

As fis onto, we have y € A (domain of f) such that fly) = z.

However, as g is also onto and y belongs to the co-domain of g, we have xe A (domain of g) such that g(x) =
Y.

Hence, (fog)ix) = flg(x)) = fly) = 2.

Here, x belongs to the domain of fog (A) and z belongs to the co-domain of fog (A).
Thus, function fog is a surjection.

Very short answer

1. Question

Which one of the following graphs represent a function?

Answer

{a) It have unique image therefore a function

(b) It have more than one image

2. Question

Which one of the following graphs represent a one-one function?

- - [

v

- al——
- a T 0 X
[
Y . ¥
(a} (b}
Answer
Formula:-

(i) A function f: A — B is one-one function or an injection if

f(x)=fly)
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=2 x=yforallx,y €A

or f{x)=fly)

= xXzey forallx, y EA

(a) It is not one-one function as it has same image on x axis

{b) It is one-one function s it have unique image

3. Question

IfA={1 2, 3} and B = {a, b}, write total number of functions from A to B.
Answer

Formula:-if A and B are two non-empty finite sets containing m and n

{i) Number of function from A to B = n™

n 13
(ii) Number of one-one function from A to B= [Cm' ml,ifn = m

0,ifn<m
{(iii} Number of one-one and onto function fram A to B— [11!,Iifm !
0.ifm = n

(iv) Number of onto function from A to B=y'2  (—1)2"C2 ™ if m > n
given: -

A={1,2 3} andB = {a, b}

n(A)=3, and n(B)=2

total number of functions=23=8

4. Question

IfA={a b c}andB={-2,-1, 0, 1, 2}, write total number of one-one functions from A to B.
Answer

Formula:-

{1)A function f: A - B is one-one function or an injection if

fix)=f(y)

=2 x=yforallx,y €A

or f(x)=fly)

= xzy forallx, yEA

(I)if A and B are two non-empty finite sets containing m and n

{i) Number of function from Ato B = n™

Ch-mbLifn=m

{(ii) Number of one-one function from A to B= { X
0,ifn<m

nLifm=n

{iii) Number of one-one and onto function from A to B=[
0,ifm #n

(iv) Number of onto function from Ato B=yn_ (—1)»TClr™ifm >n
Let f: A—B be one-one function
F{a)=3 and f(B)=5

Using formula
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C2.mlifn=m
0,ifn<m

Number of one-one function from A to B= [
= 3C5.5!=60

5. Question

Write total number of one-one functions fromset A = {1, 2, 3, 4} toset B = {a, b c}.
Answer

Formula:-

(I A function f. 4 — B is one-one function or an injection if

fx)=Ff(y)

=sx=yforallx, y EA

or f(x)=f(y)

= xzy forallx, y €A

(INif A and B are two non-empty finite sets containing m and n

{i) Number of function from A to B = n™

Ch-mbLifn=m

{(ii) Number of one-one function from A to B= [ ¥
0,ifn<m

{(iii) Number of one-one and onto function from A to B— {“!’_if I
0,ifm #n

(iv) Number of onto function from A to B=y"_ (—1)"" ¢l r™,ifm = n

F{A)=4 and f(B)=3

Using formula

Ch-mlifn=zm

Number of one-one function from A to B= { §
0,ifn<m

Number of one-one function from A to B=0

6. Question

If f: R= R is defined by f(x) = xZ, write f1(25).

Answer

Formula:-

(i)A function f: X - Y is defined to be invertible, if there exists a functiong: ¥ =X
such that gof =l, and fog = I,,. The function g is called the inverse of f and is denoted by Fl
f(x)=y

= Fly)=x

— x2=25

= x=-5,5

= F1(25) ={-5,5}

7. Question

If f: C = Cis defined by f(x) = x2, write f-1(-4). Here, C denotes the set of all complex numbers.
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Answer

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y =X

such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by fl
f(x)=y

= Fy)=x

= f({x)=-4

= X2=-4

= X=2i,-2i

8. Question

If f: R = R is given by f(x) = x3, write f-1(1).

Answer

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a function g : Y = X

such that gof =l and fog = I,,. The function g is called the inverse of f and is denoted by fl
fix)=y

= Fl{y)=x

= f1(1) =x

= fix)=1

= x’=1

= x3-1=0

= (x-1) (x2+x+1)=0

= X=1

9, Question

Let C denote the set of all complex numbers. A function f: C—- C is defined by f(x) = x3,
Write 1(1).

Answer

Formula:-

{(i)A function f: X - Y is defined to be invertible, if there exists a functiong: Y- X

such that gof =l, and fog = I,. The function g is called the inverse of f and is denoted by 1

f(x)=y
= Fly)=x
= (1) =x

= f(X)=1
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= x3=1

- x3-1=0

= (x-1) (x2+x+1)=0
= x=1, w,w?

10. Question

Let f be a function from C (set of all complex numbers) to itself given by f(x) = x3. Write f1(-1).
Answer

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y =X

such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by fl
fix)=y

= Fly)=x

= f(x)=-1

= Fl{-1)=x

— x3=-1

- X3+1=0

= (x+1){x%-x+1)=0

= x=-1,-w,-w?

11. Question

Let f: R = R be defined by f(x) = x*, write f-1(1).

Answer

Formula:-

{i)A function f: X = Y is defined to be invertible, if there exists a functiong:Y =X
such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by Fl
fix)=y

= fly)=x

= f(x)=1

= fl{1)=x

= x1=1

- x4-1=0

= X-1)(x*+1)=0

= x=-1,1

- FH)={-11}

12. Question
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If f: C - Cis defined by f(x) = x*, 1(1).

Answer

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y = X
such that gof =I, and fog = Iy .The function g is called the inverse of f and is denoted by fl
fix)=y

= fl{y)=x

- fx)=1

= FH{1)=x

= x1=1

= x41=0

= x-1)(x’+1)=0

- x=-1,1,i,-i

- FH1)={-1,-i,1,i}

13. Question

If f :R—R is defined by f(x) = x2, F1(-25).

Answer

Formula:-

{(i)A function f: X - Y is defined to be invertible, if there exists a functiong: Y - X
such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by Fl
fix)=y

= Fly)=x

= x?=-25

but x should be Real number

f2(—25)=0

14. Question

If f: C = Cis defined by f(x) = (x - 2)3, write f1{-1).

Answer

Formula:-

{i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y =X

such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by 1

fix)=y
Fl{y)=x
= (x-2P=-1

= X-2=-1,x-2=w and x-2=-w?
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= )(=1,-w+2,2-w2

= F1(25)={ 1,2-w,2-w?}

15. Question

If f :R—R is defined by f(x) = 10x -7, then write F1(x).

Answer

Formula:-

{i)A function f: X = Y is defined to be invertible, if there exists a functiong:Y - X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by i

fl{x)=y
= fly)=x
= 10y-7=x
X+7
= y=ﬁ
Xx+7
= fi(x)= —

16. Question

Let ;l —E_ E} — R be a function defined by f(x) = cos[x]. Write range (f).
79
Answer
Given:-
- T
(i) £: (H;’E)
(iyf(x)=cos[x]

Domain== —Z,
2

]

For f(x)= cos [x]

Range ={1,cosl,cos2}

17. Question

If f: R = R defined by f(x) = 3x - 4 is invertible then write f1(x).

Answer

Given:- (i)f: R—=R

{ii) f(x)=3x-4

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y = X
such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by fl
For fl(x)=y

= fly)=x

= 3y -4 =x
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x+4

= () =—

18. Question

Iff:R=R,g:R—=Rareqgiven by f(x) = (x + 1% and gix) = ¥2 + 1, then write the value of fog (-3).
Answer

Formula:-

{l)Let f: A=»B and g : B=»C be two functions.

Then, the composition of f andg, denoted by g of, is defined as the functiong o f: A-C
given by gof {x) = g (f (x))

Given:-

(if:R=>R

{ilg:R=R

(i) f(x) = (x + 1)2

(ivygx)=x2 +1

fog(-3)=Ff(g(-3))

= fog(-3)=f{(-3)?+1)

= fog(-3)=f(10)

= fog(-3)=(10+1)2

= fog({-3)=121

19. Question

c |
LetA={xcR:-4=x=x=4andx =0} and f: A- R be defined by f(x) :L Write the range of f.
3%

Answer
Given:-

(JA = [XxeR:-4 < x < x < 4andx = 0}

(inf:A-R
(i)f(x) = =

1=]
For f(x) = =

Range ={-1,1}

20. Question
T _ _ ) L .
Let f: l:—:_: 1 — A be defined by f(x) = sinx. If f is a bijection, write set A.

Answer

Formula:-
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(i)A function . 5 — B is a bijection if it is one-one as well as onto
(ii)A function f: 4 — B is onto function or surjection if

Range (f)=co-domain(f)

Given:-
(f: (—5.7)
(iyf(x)=sinx

(ii) T is bijection
For f(x)=sinx
Codomain =range

Set A=[-1,1]

21. Question

Letf: R— R* be defined b
Answer
Given:-
(iff :R—>R™

(if(x) = a*,

22. Question
Letf:R-{-1} >R -

Answer
Given:-
(if:R-{-1} =R -{1}

(if(x) = =

o XN+l
Fly)=x

- =X
y+1

— Y=xy+x

23. Question
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3 -
Letf:R - f—ll — R be a function defined as f(x) = ——
| 5] 5x+3
Answer
Formula:-

{i)A function f: X - Y is defined to be invertible, if there exists a functiong: Y = X
such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by i

Given:-

(i)f:Rf[fg}AR

L2
(D) =53
Fly)=x

2y -
Z 5x+3

= 2y-3x-5xy=0
3x
2 —bhx
3x
2—5x

24. Question

=y =

= f1(x)=

Letf: R+ R, g:R - R be two functions defined by f(x) = x2 + x + 1 and g(x) = 1 - . Write fog(-2).
Answer

Formula :- {l)Let f : A»B and g : B=C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f : A=C
given by gof {x) =g (f (x))

Given:-

(iffitR=R

(ijg: R >R

(iii) f(x) = x? + x + 1

(ivig(x) =1 - x*

Fog(-2)=Ff(g(-2))

= Fog(-2)=f(1-(-2)?)

= Fog(-2)=Ff(-3)

= Fog(-2)=(-3)?-3+1=7

25. Question

2x -3

Letf: R -R be defined as f(x) = _Write fof1(1).

Answer
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Formula:-
{i)A function f: X =Y is defined to be invertible, if there exists a functiong:Y = X
such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by fl
{IlLetf: A—»B and g : B—C be two functions.
Then, the composition of f and g, denoted by g o f, is defined as the functiongof: A»C
givenbygof(x) =g (f(x))
Given:-
(i)f: R =R
2x—3

(i) f(x) =

Fly)=x

Now

= fof (1) = f(;)

- 3
- Pf (== -1

26. Question

Let f be an invertible real function. Write (f-1 of) (1) + (f! of) (2) + ... +(f of}) (100).
Answer

Formula:-

{(i)A function f: X oY is defined to be invertible, if there exists a functiong: Y - X

such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by £l
{IlLetf: A-»B and g : B=C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A-C
given by g o f (x) =g (f(x))

Given:-

{(i)f be an invertible real function

(FLof) (1) + (FL of) (2) + ... +(F" of) (100)

=14243+......... +100

100(100 + 1)
- =

27. Question

= 5050

LetA={1,2, 3, 4} and B = {a, b} be two sets. Write total number of onto functions from A to B.

Answer



Formula:-

{I)A function f: A - B is onto function or surjection if

Range (f)=co-domain(f)

{1)if A and B are two non-empty finite sets containing m and n
(i) Number of function from A to B = n™

Ch-mLifn>m

{ii) Number of one-pne function from A to B= { )
0,ifn<m

nLifm=n

(iii) Number of one-one and onto function from A to B:{ ;
0,ifm = n

(iv) Number of onto function from A to B=yn_ (_1)2TCR ™ §fm = n
Given:-

(A ={1,2, 3, 4}=4

(ilB = {a, b}=2

Using formula (iv)

Number of onto function from A to B=y2  (—1)» 7 C2 r™ifm = n
Where m=4,n=2

D (-1 R = (-1)RCH (- )9 ()

r=1
=-2+16=14

28. Question

Write the domain of the real function f{y) = ix - [\]
Answer

f(x)=./x— [x] where x is for all real number

Then,

domain=R

129. Question

Write the domain of the real function f(x) = I‘[X} — 5

Answer

f(x) = f[.\:] — x where x is not for real number
Domain=g
30. Question

1

JX|-x

Write the domain of the real function f(x) =

Answer

1

Jxl—x

f(x) =
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When x<0 negative

1 1
\/le—xz\f—x—x

1
- —2x
When x>0

1 1
JE—x VE-x

Domain=(—ao, 0)

31. Question

Write whether f: R - R given by f(x)=x+ /\:l is one-one, many-one, onto or into.

Answer

(IJA function f. 5 — B is one-one function or an injection if

f(x)=Ffly)= x=y for all x,yeA

or f{x)#fly)= xzy for all x,yeA

(I} A function - A - B is onto function or surjection if

Range (f)=co-domain(f)

(I} A function f: A — B is not onto function, then
f: A — A is always an onto function

Given:-

(iff iR->R

(if(x) = x + Vx2

f(x)=x+ V’x_z
=X % X
=0, 2x

Now putting x=0
F(0)=0+402=0

Again putting x=-1

F(—-1)=-1 +J-12=0
Hence fis many one

32. Question

If f(x) = x + 7 and g(x) = x - 7, xe R, write fog(7).

Answer
Formula:-

(i)Let f: AwB and g : B=C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A-C
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given by g o f (x) = g (f (x))
Given:-

(ifx)=x+7

(ilg(x) =x-7, xe R
Fog(7)=f{g(7))

= Fog(7)=f(7-7)

= Fog(7)=f(0)

= Fog(7)=0+7

= Fog(7)=7

33. Question

What is the range of the function f(x) = Mﬁ
x-1
Answer
Jx—1]
f(x) = p—
=+1

Range of f={-1,1}

34. Question

If f: R > R be defined by f(x) = (3 - x*)/3, then find fof(x).

Answer
Formula:-

(i)Let f: A,B and g : B C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f : A=C

given by g o T {x) = g {f (x))
Given:-

()f:R=R

(D)%) = (3 —x3)3
Fof(x)=f({f(x))

= fof(x) =f((3— x?‘)%}
= fof(x) = (3 —(3 —xs))%

= fof(x) = (xg)% =x

35. Question

If f: R—= R is defined by f(x) = 3x + 2, find f(f (x)).
Answer

Given:-

(iff iR=R

CLASS24
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F(FO0)=F(3x+2)
= F(f(x))=3(3x+2)+2
= F(f(x))=9%x+8

36. Question

LetA={1,2, 3}, B={4,5 6, 7} and letf = {(1, 4), (2, 5), (3, 6)} be a function from A to B. State whether f
is one-one or not.

Answer

Given:-

(iyA=1{1, 2, 3}

(i)B=4{4,5,6,7}

(iiiy f = {(1, 4), (2, 5), (3, 6)}

each element has a unique image

hence ,f is one-one

37. Question

Iff: {5,6}—-{2,3}andg: {2, 3} {5. 6} are given by f = {(5, 2), (6, 3)} and g = {(2, 5), (3, 6)}, find fog.
Answer

Formula:-

(ijLetf: A5B and g : B,C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A-C
given by gof(x) = g (f (x))

Given:-

(iyf: {5, 6} = {2, 3}

(ing: {2, 3} - {5, 6}

(iv) f = {(5, 2), (6, 3)}

(v) g ={(2, 3). (3. 6)}

for fog(2)=f(g(2))

= fog(2)=Ff(5)

= fog(2)=2

38. Question

Let f: R = R be the function defined by f(x) = 4x - 3 for all xe R. Then write L
Answer

Formula:-

{i)A function f: X = Y is defined to be invertible, if there exists a functiong:Y - X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by i
Given:-

(Df:R=R

(ii) f(x) = 4x - 3 forall xe R,
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f(x)=y
= 4x-3=y
y+3
=2 X=—
=77

y+3

e =x="7—

x+3
4

39. Question

fx) =

Which one the following relations on A = {1, 2, 3} is a function?
f={(1.3),(2,3), (3, 2}, g = {(1, 2), (1, 3), (3, D}
Answer

Given:-

(iyA=1{1, 2, 3}

(inf = {(1, 3), (2, 3). (3, 2)}

(iiidg = {(1. 2), (1, 3). (3. 1)}.

In case of set A and f

Every element in A has a unique image in f

So, fis a function

In case of setAand g

Only one element has image in g

So, g is not a function

40. Question

5

Write the domain of the real function f defined by f(x)=4+252%

Answer

f(x) = /25 —x2

= 25-x2 =0

= -(x+5)(x-5)=0

= (x+5)(x-5)=0

= X=-50r5

Domain = [-5,5]

41. Question

LetA = {a, b, c,d} and f: A— A be given by f = {{a, b), (b, d), (c. a), (d, ¢)}. write L.
Answer

Formula:-

(i)A function f: X = Y is defined to be invertible, if there exists a functiong: Y = X

such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by fl
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(ii)A function f: A — B is onto function or surjection if
Range (f)=co-domain(f)

Given:-

(A ={a, b, ¢, d}

(i)f: A=A

(iii)f = {(a, b), (b, d). (c, a), (d, c}}

f is one-one since each element of A is assigned to distinct element of the set A. Also, f is onto since f (A) =
A,

1= {(b, @), (d, b}, (a, ¢), (c, d)}.

42. Question

Letf, g: R - R be defined by f(x) = 2x + 1 and g(x) = 2 - 2 for all x € R, respectively. Then, find gof.
Answer

Formula:-

{ijLet f: AB and g : B C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function go f : A-C
given by g o f (x) = g (f (x))

Given:-

(if,fg:R->R

(iifix) =2x + 1

(ivg(x) =x2 -2 forallxe R

gof{x)=g(f(x})

= gof(x)=g(2x+1)

= gof(x)=(2x+1)%-2

= gof(x)=4x2+4x-1

43. Question

If the mapping f: {1, 3,4}->{1,2, 5} andg: {1, 2,5} {1, 3}, given by
f={(1,2),(3,5), 4, 1)} and g = {(2, 3), (5, 1), (1, 3), write fog.

Answer

Formula:-

{i)Letf: AoB and g : B C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function go f: A»C
givenbygof(x) =g (fi(x))

Given:-

(i)f: {1, 3, 4} - {1, 2, 5}

{ig: {1,2,5} - {1, 3}

(iiiyf = {(1, 2), (3, 5), (4 1)}

(ivig = {(2, 3), (5, 1), (1, 3)
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fog(1)=rf({g(1))=f(3)=5

fog(2)=Ff(g(2))=f({3)=5

fog(5)=Ff(g(5))=f({1)=2

= fog={(1,5)(2,5)(5,2)}

44. Question

If afunction g = {(1, 1), (2, 3), (3, 5), (4, 7})} is described by g(x) = ax + B, find the values of a and B.
Answer

Given:-

(i)g={(1, 1), (2, 3), (3, 5), (4, 1)}

(ilg(x) =ax + B

For x=1and ax + B

g(1)=a(l)+ p=1

=a+ B=1

For x=2

g(2)=a(2)- =3

= 2a- B=3

Similarly with g(3) and g(4)

Using above value

a=2

B=1

45. Question

If f(x) = 4 - (x - 7)3, write f1(x).

Answer

Formula:-

{i)A function f: X - Y is defined to be invertible, if there exists a function g : Y —» X
such that gof =l, and fog = I, .The function g is called the inverse of f and is denoted by £l
Given:-

(i f(x)=4-(x-7)

Let f(x)=y
y=4 - (x-7)5"
x=7+34-y
fx)=7+{4 =x
MCQ

1. Question
Mark the correct alternative in each of the following:

LetA={xeR:-1=x=1}=BandC={xeR:X=0}andletS={({x,y)e AxB:x2+y2=1}and Sy =
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{(x,y)eAx C:x2+y2=1} Then
A. 5 defines a function from A to B
B. 54 defines a function from Ato C
C. 5¢ defines a function from A to B
D. S defines a function from Ato C
Answer

Given that
A={xeR:-1=x=1}=8B
C={xeR:X=0}

S={(x,y)e AxB:x+y=1}
So={ix, y)e AxCx2+y?=1}
x2 + y2 =1

=:y2=1-x2

oy =Ji-x
~yeB

Hence, S defines a function from A to B.
2. Question

Mark the correct alternative in each of the following:

f: R - R given by iD= \*\/\_w is

A. injective B. surjective

C. bijective D. none of these

Answer

Given function is f: R = R given

fx) = x + vx2

For this function if we take x = 2,

fix) =2+ v4

= f(x) =2

For this function if we take x = -2,

fix)=-2 + V4

=2f(x)=0

So, in general for every negative x, f(x) will be always 0. There is no x € R for which f(x) € {-x, 0).
Hence, it is neither injective nor surjective and so it is not bijective either.
3. Question

Mark the correct alternative in each of the following:

If f: A= B given by 3™ + 2X = 4 is a bijection, then

AA={xeR:-l<x<w},B={xeR:2<x<4}
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BA={xeR: 3<x<w} B={xeR:0<x<4}
CA={xeR:-2<x<w},B={xeR:0<x <4}
D. none of these

Answer

Given that f: A= B given by 3™%) + 2% = 4 is a bijection.
3fix) 4 2 x = g4

= 3 = 4. 2%

=24-2%=0

=4 =2

=2 =X

sxz=-2

50, x€ (-2, o)

But, for x =0, f(x) = 1.

Hence, the correct option is none of these.

4. Question

Mark the correct alternative in each of the following:
The function f: R - R defined by f(x) = 2% + 2/*lis
A. one-one and onto

B. many-one and onto

C. one-one and into

D. many-one and into

Answer

Given that f: R —» R where f(x) = 2 + 2/

Here, for each value of x we will get different value of f(x).
So, itis one-one.

Also, f(x) is always positive for x € R.

There is no x € R for which f(x) € (-, 0).

So, itis into.

Hence, the given function is one-one and into.

5. Question

Mark the correct alternative in each of the following:

X—-a

Let the function f: R - {-b} » R - {1} be defined by f(x)= .a =D, then

X+
A. fis one-one but not onto

B. f is onto but not one-one

C. fis both one-one and onto

D. none of these



CLASS24

Answer
Giventhatf: R- {-b} >R - {1} where

X+ a

f(x)=x+b

,a+bh.

Here, f(x) = f(y) only when x=y.

Hence, it is one-one.

Now, f(x) =y
XxX+a

= =
XxX+b y

=>X+a=y(x+bh)
=>X-yX=yb-a

_yb-—a
-3

= X V=1

So, xe R- {1}

Hence, itis onto.

6. Question

Mark the correct alternative in each of the following:

The function f : A - B defined by f(x) = -x2 + 6x - 8 is a bijection, if
A A= (- 5]and B = (-«, 1]

B.A=[-3 ®]and B = (-u, 1]

C.A=(-=, 3]land B =[1, =)

D.A=[3, w)and B = [1, »)

Answer

Given that f: A — B defined by f(x) = -x% + 6x - 8 is a bijection.
f(x) = -x? + 6x - 8

= f(x) = -(x2 - 6x + 8)

SHx)=-(x2-6x+8+1-1)

=f(x)=-(x2-6x+9-1)

= f(x) = - [(x - 3)> - 1]

Hence, x € (-, 5] and f(x) € (-=, 1]

7. Question

Mark the correct alternative in each of the following:

Let A= {xeR:-1=x=1} =B. Then, the mapping f: A— B given by f(x) = x |x] is
A. injective but not surjective

B. surjective but not injective

C. bijective

D. none of these

Answer
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Giventhat A= {xe R: -1 = x = 1} = B. Then, the mapping f: A— B given by f(x) = x |x|.
For x <0, f(x) <0

=y= -)(2

= X = v-y, which is not possible for x > 0.
Hence, f is one-one and onto.

~ the given function is bijective.

8. Question

Mark the correct alternative in each of the following:

Let f: R = R be given by f(x) = [x]2 + [x + 1]-3, where [x] denates the greatest integer less than or equal to
X. Then, f(x) is

A. many-one and onto

B. many-one and into

C. one-one and into

D. one-one and onto

Answer

Given that f: R = R be given by f(x) = [x12 +[x +1]-3

As [x] is the greatest integer so for different values of x, we will get same value of f(x).
[x]2 + [x + 1] will always be an integer.

So, fis many-one.

Similarly, in this function co domain is mapped with at most one element of domain because for every x € R,
f(x) e Z.

So, fis into.
9, Question
Mark the correct alternative in each of the following:

Let M be the set of all 2 X 2 matrices with entries from the set R of real numbers. Then the function f: M= R
defined by f{A) = |A| for every A e M, is

A. one-one and onto

B. neither one-one nor onto
C. one-one not one-one

D. onto but not one-one
Answer

Given that M is the set of all 2 x 2 matrices with entries from the set R of real numbers. Then the function f:
M - R defined by f(A) = |A| for every Ae M.

If f(a) =f(b)
= |a] = |b|

But this does not mean that a=b.
5o, fis not one-one.

As a # b but |a|=|b|

So, fis onto.
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10. Question .

Mark the correct alternative in each of the following:

The function f: [0, @) = R given by f(x) f(x)=_—"_is

x+1
A. one-one and onto
B. one-one but not onto
C. onto but not one-one
D. neither one-one nor onto

Answer

Given that f: [0, @) = R where f(x) = —“—1
X+

Let f(x) = f(y)
X y

= =
x+1 y+1

SXY+ X=Xy +Yy
sx=y

So, fis one-one.
Now, y = f(x)

X
Tx+1

=y
SXYy+y=X

=2y =X- Xy

=T 7 = X
Here, y=1lie. ye R

So, fis not onto.

11. Question

Mark the correct alternative in each of the following:
The range of the function f(x) = 7 *P, 3 is

A. {1, 2,3, 4,5}

B. {1, 2,3, 4,5, 6}

C. {1, 2 3, 4}

D. {1, 2, 3}

Answer

Given that f(x) = 77%P,_3

Here, 7-x = x-3

=10 = 2x

2>5=x

50, domain = {3, 4, 5}
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Range = {*Pg, 3Py, 2P5} = {1, 3, 2} S
12. Question
Mark the correct alternative in each of the following:

A function f from the set on natural numbers to integers defined by
n-1 .
{_}, when n is odd
gm)y=, -~ s
n .
-3- when nis even

A. neither one-one nor onto
B. one-one but not onto

C. onto but not one-one

D. one-one and onto both
Answer

Given that a function f from the set on natural numbers to integers where

n—1
,when n is odd
f(n) = —211
=i when n is even
For n is odd

Let f(n) = f(m)

n-1 m-—1
= =—

2 2

=2N=m
For n is even
Let f(n) = f(m)

—n —m
=—=—

2 2
=n=m
So, fis one-one.
Also, each element of y is associated with at least one element of x, so f is onto.
Hence, f is one-one and onto.
13. Question
Mark the correct alternative in each of the following:

Let f be an injective map with domain {x, y, z} and range {1, 2, 3} such that exactly one of the following
statements is correct and the remaining are false.

fix) =1, fly) = 1, f(z) = 2.
The value of f1(1) is

A x

B.y

C.z
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D. none of these I
Answer

Given that f is an injective map with domain {x, vy, z} and range {1, 2, 3}.
Case-1

Let us assume that f{x) =1 is true and f(y) = 1, f(z) = 2 is false.
Then f(x) = 1, fly) = 1 and f(z) = 2.

This violates the injectivity of f because it is one-one.

Case-2

Let us assume that f(y) #1 is true and f(x)= 1, f(z) = 2 is false.
Then f(x) = 1, fly) = 1 and f(z) = 2.

This means there is no pre image of 1 which contradicts the fact that the range of fis {1, 2, 3}.
Case-3

Let us assume that f(z) =2 is true and f(x)= 1, f(y) = 1 is false.
Then f(z) = 2, f(y) = 1 and f(x) =1.

i1 =y

14. Question

Mark the correct alternative in each of the following:

Which of the following functions from Z to itself are bijections?
A, fix) = x3

B. fix) =x+ 2

Cfix)=2x+1

D. f(x) = x2 + x

Answer

a. fix) = %

= Forno value of x ¢ Z, f{x}) = 2.

Hence, it is not bijection.

b. f{x) =x+ 2

If f(x) = fly)

2X+2=y+2

SX=Y

5o, fis one-one.

Also,y=x+ 2

=2x=y-2¢Z

5o, fis onto.

Hence, this function is bijection.

c.fix)=2x+1

If f{x) = fly)
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S2x+1=2y+1 - —
SXx=y

So, fis one-one.

Also,y =2x+1

=22x=y-1

2 X="——
2

So, fis into because x can never be odd for any value of y.

d. fix) =x2 + x

For this function if we take x = 2,

fix)=4+ 2

=>f(x)=6

For this function if we take x = -2,

fix)=4-2

=f(x) =2

So, in general for every negative X, f(x) will be always 0. There is no x € R for which f(x) € (-», 0).
It is not bijection.

15. Question

Mark the correct alternative in each of the following:

Which of the following functions from A = {x: -1 = x = 1} to itself are bijections?

12 | 4

B. g(x) =sin(3)

C. hix) = |¥|
D. k{x) = x?
Answer

Giventhat A={x:-1=x=1}

a.f(x) =7

It is one-one but not onto.

b.g(x) = sin(?)

It is bijective as it is one-one and onto with range [-1, 1].
c. hix) = |x|

It is not one-one because h{-1)=1 and h(1)=1.

d. k(x) = X2

It is not one-one because k{-1)=1 and k(1)=1.

16. Question

Mark the correct alternative in each of the following:
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LetA={x:-1=x =1} and f: A—> A such that f(x) = x |x|, then fis R ——
A. a bijection

B. injective but not surjective

C. surjective but not injective

D. neither injective nor surjective

Answer

Giventhat A = {x: -1 = x = 1} and f: A— A such that f(x) = x |x|.
For x <0, f{x) <0

Sy = -x2

= X = v-y, which is not possible for x > 0.

Hence, f is one-one and onto.

~ the given function is bijective.

17. Question

Mark the correct alternative in each of the following:

-

If the function f: R = A given by f(x)= TN surjection, then A =

=

Xx-+1

AR

B. [0, 1]
C. (0, 1]
D. [0, 1)

Answer

Given that f: R= A such that fy) = _* _is a surjection.
x= +1

fix) =y
xz
R AT
sy(x2 +1) =x2
SyxZ+y=x2
= yx?-x?=-y

=x2=—"—

1-y

=>X=

v

1-y

Here, - >0
1-y

So,ye [0, 1)
18. Question

Mark the correct alternative in each of the following:
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If afunction f: [2, «) - B defined by f{x) = x2-4x+5isa bijection, then B = -
AR

B. [1, =)

C. [4, w)

D. [5, =)

Answer

Given that a function f : [2, ) - B defined by f(x) = xZ - 4x + 5 is a bijection.
Put x = 2 in f(x),

fix) =22-4x 245

> f(x=2)=4-8+5

=f(x=2)=1

S0,Be [1, =)

19. Question

Mark the correct alternative in each of the following:

The function f: R = R defined by f{x) = (x - 1) (x - 2) (x - 3) is
A. one-one but not onto

B. onto but not cne-one

C. both one and onto

D. neither one-one nor onto

Answer

Given that function f: R - R where f(x) = (x - 1) (x- 2) (x - 3)
If f(x) = fly)

Then

x-1)x-2)(x-3)=(y-1)(y-2) (y - 3)
=f(1)=f(2)=1f(3) =0

So, fis not one-one.

y = fix)

" xeRalsoye Rsofis onto.

20. Question

Mark the correct alternative in each of the following:

The function f: [-1/2, 1/2] = [n/2, n/2] defined by f(x) = sin"! (3x - 4x3) is
A. bijection

B. injection but not a surjection

C. surjection but not an injection

D. neither an injection nor a surjection

Answer

Given that f: [-1/2, 1/2] = [/2, /2] where f(x) = sin ! (3x - 4x3)
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Put x = sind in f{x) = sin"! (3x - 4x3) e
= f(x=sinB) = sin"! (3sind - 4sin®3)

= f(x) = sin"! (sin36)

= f(x) = 30

= f(x) = 3 sin x

If f(x) = fly)

Then

3sinlx = 3sinly

sXx=y

5o, fis one-one.

y = 3simlx

= X = sin%

v xeRalsoye Rsofis onto.

Hence, f is bijection.

21. Question

Mark the correct alternative in each of the following:

X =X
i_e_‘Then,
e® ~ X

Letf: R— R be a function defined by f () =

A. fis a bijection

B. fis an injection only

C. fis surjection on only

D. f is neither an injection nor a surjection
Answer

Given that f: R— R is a function defined as

el¥l — g%

ex + a=x

f(x) =

Here, el*l is always positive whether x is negative or positive. 5o, we will get same values of f(x) for different
values of x.

Hence, it is not one-one and onto.
~ T is neither an injection nor a surjection
22. Question

Mark the correct alternative in each of the following:

Xx—m

Letf: R -{n} — R be a function defined by f(x)= _.where m = n. Then,

X—1
A. fis one-one onto
B. fis ane-one into

C. fis many one onto
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D. f is many one into [ —
Answer

Giventhatf: R -{n} - R where

X —

{— 1
f(x) = ,suchthatm = n
X—n
Let f(x) = f{y)
X—m y—m
= =
X—-n y-n

= (x-m){y-n)=(x-n)(y-m)
= Xy - XN - my + mn = Xy - Xm - ny + mn
2X=Y

So, fis one-one.

X—m
f(x) =
x) X—n
X—m
= v =
Y=%x—n

= y(x-n)=(x-m)
S XY -Ny =X-m
=2xX(y-1)=ny-m

nyzm .,
D X=—"7,
X v vy

Fory =1, no X is defined.
So, fis into.
23. Question

Mark the correct alternative in each of the following:

Letf: R - R be a function defined by f(x)= \‘ X Then, fis
S 2.

A. one-one but not onto

B. one-one and onto

C. onto but not one-one

D. neither one-one nor onto

Answer

Given that f: R = R be a function where

x?—-8
=32
Here, we can see that for negative as well as positive x we will get same value.
So, it is not one-cne.
y = fi(x)

x2—8
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=>y(x2 4+2) = (x2-8) B

= x2(y-1)=- 2y - 8

2y + 8

=2X= |/—/———
1-y

Fory =1, no x is defined.

5o, fis not onto.

24. Question

Mark the correct alternative in each of the following:

X —X

f: R - Ris defined by f(x) = lis

A. one-one but not onto

B. one-one and onto

C. onto but not one-one

D. neither one-one nor onto

Answer

Given that f: R = R where
e¥ —p %

)= o

Here, we can see that for negative as well as positive x we will get same value.

So, it is not one-one.

fix)=y

By definition of onto, each element of v is not mapped to at least one element of x.

So, itis not onto.

25. Question

Mark the correct alternative in each of the following:

The function f: R =R, f(x) = x? is

A. injective but not surjective

B. surjective but not injective

C. injective as well as surjective

D. neither injective nor surjective

Answer

Given that f: R+ R, f(x) = x2

Let f(x)=y(x)

=X =ty

So, itis not one-one.
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fix)=y .
=5X2=y
=X =xVy

But co domain is R.

Hence, T is neither injective nor surjective.

26. Question

Mark the correct alternative in each of the following:

A function f from the set of natural, numbers to the set of integers defined by

{HT_l when nis odd
f(n) =4

n o
-5 when nis even

A. neither one-one nor onto
B. one-one but not onto

C. onto but not one-one

D. one-one and onto both
Answer

Given that a function f from the set on natural numbers to integers where

n—1
,when n is odd
f(n) = _%
T.WhE‘I‘l nis even
For n is odd

Let f(n) = f(m)

n—l_m—l

2 2

=

=n=m
For n is even

Let f(n) = f(m)

-1 —In

2 T2

=n=m

So, fis one-one.

Also, each element of y is associated with at least one element of x, so f is onto.
Hence, f is one-one and onto.

27. Question

Mark the correct alternative in each of the following:

Which of the following functions from A = {xe R: -1 = x = 1} to itself are bijections?

A. f(x) = |x|
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. X S
B. f(x)=sin—

o f(x)=r’sinE
1

D. none of these
Answer
GiventhatA={x:-1=x=1}
a. f(x)=|x|
It is not one-one because f{-1)=1 and f(1)=1.
b. f(x) = sin("—:)
It is bijective as it is one-one and onto with range [-1, 1].
28. Question
Mark the correct alternative in each of the following:
"x .
Let f: Z » Z be given by f(x) =" E if xis ﬁ-eu.Then, fis
l‘ 0. if xisodd
A. onto but not one-one
B. one-one but not onto
C. one-one and onto
D. neither one-one nor onto
Answer
Given function f: Z - Z defined as

f(x) = [%.whenx is even}

0,whenx is odd
Forx=3,f(x)=0
Forx=5f(x)=0
But3 =5
So, fis not one-one.
Y=f(x)
“XeR=yeR
- Domain = Range
Hence, f is not one-one but onto.
29. Question
Mark the correct alternative in each of the following:
The function f: R - R defined by f(x) = 6% + 6/%| is
A. one-one and onto

B. many one and onto
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C. one-one and into S
D. many one and into

Answer

Given that function f: R » R defined by f(x) = 6% + 6

Let f(x) = f(y)

= 6% + 6/*XI=6Y + @Y

Only whenx =y

So, fis one-one.

Now for y=Ff(x)

y can never be negative which means for no x € R y is negative.

So, fis not onto but into.

30. Question

Mark the correct alternative in each of the following:

Let f(x) = x2 and g(x) = 2%. Then the solution set of the equation fog(x) = gof (x) is

AR

B. {0}

C. {0, 2}

D. none of these

Answer

Given that f(x) = x? and g(x) = 2%

Also, fog(x) = gof (x)

= f(2¥)=g(x?)

= 22% _ %%

- 2x = x?

= x2 - 2x=0

= X(x-2)=0
2>2x=00rx=2
31. Question

Mark the correct alternative in each of the following:
If f: R = R is given by f(x) = 3x - 5, then f‘l(x)

1

3x-5

A. is given by

X=+2
3

B. is given by

C. does not exist because f is not one-one
D. does not exist because f is not onto

Answer
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Given thatf: R— R is given by f(x) = 3x -5 I —
To find f1(x):

y =f(x)

=2y=3x-5

>y +5=3x

_yts
T3

X+ 5
3

32. Question

= X

= f1(x)=

Mark the correct alternative in each of the following:
If g(f(x)) = |sin x| and f {g(x)) = (Sm&)‘, then

A. f(x) = sin’x, g(x) = vx

B. f(x) = sin x, g(x) = ||

C. f{x) = x2, g(x) = sin vx

D. f and g cannot be determined

Answer

Given that g(f(x})) = |sin x| andf(g(x” = (sinVx)?
a. For f(x) = sin%x, g{x) = v

flg(x))=f(Vx)= (sinvx)?

glfix))=g(sinZx)= v sin?x= |sinx]|

Correct

b. For f(x) = sin x, g{x) = |x|

flg(x)) = f(|x|) = sin |X|

g(f(x) = g{sin x) = |sin x|

Incorrect

c. fix) = x2, g(x) = sin vx

flg(x)) = f(sin vx) = (sin Vx)?

g(f(x)) = g(x’) = sin |x|

Incorrect

33. Question

Mark the correct alternative in each of the following:

X -X
The inverse of the function f: R—[x € R : x < 1] given by f(x) = l_is
X, -X
[l =

1+x

A llog
2 T1-x
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1, 2+x -
Qg

2 T 2-x

1 1-x
C. _log_

2 1+x
D. none of these

Answer

Giventhat f: R—= [x € R: x = 1] defined by

X _ A~ X
0= e
Puty = f(x)

e _ a=x
ad Aabarare-

e —1
A

S y(eX + 1)=e2%X-1

»e?X(y-1)=-y

34. Questio
Mark the corre

LetA={xeR:x=

X|x-1)
A [lj
2

8. {1+ Ji=3Tog, %)
c. %{l—../l+4logzx}

D. not defined

Answer

Given that A = {x e R: x = 1}. The function f: A— A given by f(x) = 2X(x-1)
Puty = f(x)

-y = XD

=log,y=x(x—1)

=log,y=x%2—-x



CLASS24

1 1 N

= log,y + —=x*—x + z

L

1 1,
=logyy + 2 =(x-3)

4log,y + 1+1
= |————— + — =13
% 2~ ¥

1+ Jf4log,y + 1

= =X

2

+ J4log,x + 1

f~1{x) =1 >

35. Question
Mark the correct alternative in each of the following:

LetA = {xeR:x =1} and f: A- Agiven by f(x) = x(2 - x).Then, f 1{x) is
A lsl-x

B.1-VI-x

¢ icx

D.1+J1-x

Answer

Giventhat A= {xeR:x=1} andf: A- A given by f(x) = x(2 - x).
y = fi(x)

=y =Xx(2-X)

=y=2x-x

2y-1=2x-x2-1

Sy-1=-0+1-2x)

S(x-12=1-y

= x=1- \flTy
i) =1—-v1—x
36. Question
Mark the correct alternative in each of the following:
Let f(x) = L.Then, {fo(fof)} {x)
1-x
A. xforall xe R
B. x forall xe R - {1}
C.xforallxe R-{0, 1}
D. none of these

Answer
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Given that f(x) = ;L e
—-x

fof(x) = f(l%!), for x=1

1

= fof = T
T ix
1-x

= fof = =1

x—1

= fof =

fofof(x) = f(x;l). for x=0

= fofof = —

= fofof= ———
x—x+ 1

= fofof = x for all xe R -{0, 1}
37. Question
Mark the correct alternative in each of the following:

If the function f: R = R be such that f(x) = x - [x], where [x] denotes the greatest integer less than or equal to
x, then 1 (x) is

x—[x]
B. [x] -x
C. not defined
D. none of these
Answer
Given that f: R = R be such that f(x) = x - [x], where [x] denotes the greatest integer less than or equal to x
We will have same value of f for different values of x.
So, the function is not one-one.
v is not bijective
-~ f does not have inverse.
38. Question

Mark the correct alternative in each of the following:

If F: [1, =) = [2, @) is given by f(x) :x—i.then fL(x) equals.
X
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2
Dopoxt—4-

Answer

Given that F: [1, ) = [2, =) defined as
1
f(x)=x+ -

y = f(x)

Mark the correct a

Let g(x) = 1 + x - [x] and s the greatest integer less than or equal to x.

Then for all x, f (g(x)) is equal t
A x

B.1

C. f{x)

D. g{x)

Answer

Given that g(x) = 1 + x - [x] and

—-1,x<0
f(x)=¢0,x=0 }
1,x>0

where [x] denotes the greatest integer less than or equal to x.

(i)-1=<x<0



g(x)=1+x-[x]

=2gx)=1+x+1{ [x]=-1}
=g(X)=2+x

flg(x))=f(2 + x)

= flg{x))=1 + 2 + x-[2 + x]

=>fgx)) =3 +x-2-x

=flgkg) =1

(iyx=0

flg(x)) = f(l + x-[x])
=>flgx))=1+1+x-[x]-[1+x+[x]]
=flg(x))=2+0-1
=flalx)) =1

(iiiy x > 1

flg(x)) = f(1 + x-[x])
= f(g(x)) = f(x>0

A V2
B. -v2
cC.1
D.-1

Answer
Given that (x) =£ , X#-

[10:4
=>f( =X
X+ 1

ax

x+1

+1

ax =X

x+1

a®x ox L
=>x+1_xgz+1+ )

=»a2x=x(cxx+x+1)

sal=ax+x+1
sa’-ox=x+1
On comparing - ax with x,

Wegeta=-1

CLASS24

= = e
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41. Question I
Mark the correct alternative in each of the following:
The distinct linear functions which map [-1, 1] onto [0, 2] are
Afx)=x+1gx)=-x+1
B.fix)=x-1,gx)=x+1
Cfix)=-=x-1g{x)=x-1

D. none of these

Answer

a.f(x)=x+1lgx)=-x+1

f-1)=-1+1=0

f(l)=1+1=2

Also,gl-l)=1+1=2

gll)=-1+1=0

These functions map [-1, 1] onto [0, 2].
b.f(x)=x-1,gx)=x+1

fi-l)=-1-1=-2

fill)=11=0

Also, g(-1)=-1+1=0

g(l)=1+1=2

These functions do not map [-1, 1] onto [0, 2].
c.fix)=-x-1g(x)=x-1

f-1)=1-1=0

f(l)=-1-1=-2

Also, gl-1)=-1-1=-2

g(l)=1-1=0

These functions do not map [-1, 1] onto [0, 2].

42, Question

Mark the correct alternative in each of the following:
Letf: [2, w) = X be defined by f(x) = 4x - x2. Then, fis invertible, if X =
A. [2, »)

B. (-, 2]

C. {-w, 4]

D. [4, »)

Answer

Given that f: [2, o) —= X be defined by

f(x) = 4x - x?

Let y = f(x)
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=y =4x-x2 S—
Sy+4d=4-4x+ %

s4-y=(x-2F

=x-2=Ji"y

>x=2+ . Jt—y

S0, f1(x) =2 + VA=<

where x < 4

50, x€ (-w, 4]

43. Question

Mark the correct alternative in e

Iff:R- (-1, 1)is defined L

D. none of
Answer
Giventhat f: F

—X|x|
f(x) =—
&) 1+ x2
Here for mod function we
For x< 0

x2

1+ x2
syl +x)=x

y

>x2(1-y)=y

¥y

Also, checking on x>0 and x = 0 we find that



CLASS24

Iyl T
f71(x) = —sgn(x) |———,
® =M
44. Question

Mark the correct alternative in each of the following:
Let [x] denote the greatest integer less than or equal to x. If f{x) = sim! x, g{x) = [x?] and

1 1
hi(x)=2x. - £x £ —=.then
il ~

A. fogoh (x) =1/2
B. fogoh {(x}) =m

C. hofog = hogof
D. hofog = hogof

Answer

Given that f(x) = sin"! x, g{x) = [x?] and h(x) = zxé <x< ii
a. goh(x) = g(2x)

= goh(x) = [4x?]

fogoh(x) = f([4x2])

= fogoh(x) = sin! [4x?]

Hence, given option is incorrect.

b. Similarly, this option is also incorrect.

c. fog(x) = f([x?])
= fog(x) = sim  [x2]
hofog(x) = h(sin'® [x2])
= hofog(x) = 2(sin L [x2])
gof(x) = g(sin'1 x)
= gof{x) = [{sin! x)?]

hogof(x) = h{[(sin"1 x)2])

= hogof(x) = 2[(sin! x)?]

Hence, hogof(x) = hofog(x)

45. Question

Mark the correct alternative in each of the following:

If g{x) = X +x-2and lgof (x) = 2x? - 5x + 2, then f(x) is equal to
ks ]

-

A 2x-3

B. 2x + 3
C.2x2 +3x+1

D2x2-3x-1
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Answer O —
Given that g(x) = x2 + x - 2 and

1

Egof(x) = 2x%2-5x + 2

a. Lletf(x) =2x-3

gof{x) = g(2x - 3)

> gof(x) = (2x - 3)2 +2x-3-2

> gof(x) =4x2-12x + 9 + 2x -5

= gof(x) = 4x2 - 10x + 4

4x2—10x + 4
2

~ gof ()=
1

= Egaf{x) =2x%2-5x + 2

Hence, this option is the required value of f(x).

b. Let f(x) = 2x + 3

gof(x) = g(2x + 3)

= gof(x) = (2x + 3)2 + 2x + 3- 2

= gof(x) = 4x% + 12x + 9 + 2x + 1

= gof(x) = 4x2 + 14x + 10

4x%? + 14x + 10
2

el

gof (x) =

1
zigof(x)zzf + 7x + 10

Hence, this option is not the required value of f(x).
¢ and d option are incorrect because their degree is more than 1. So, the degree of gof will be more than 2.
46. Question

Mark the correct alternative in each of the following:

If fix) = sin? x and the composite function g(f(x)) = |sin x|, then g(x) is equal to

A KT
B. J5

¢ ka1
0. &

Answer
Given that f(x) = sin? x and the compaosite function g(f(x)) = |sin x|.
g(f(x)) = g(sin? x)

aIfg(x) =vx—1

g(f(x)) = Vsinzx— 1
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Hence, given option is incorrect. .
b. If g{x) =vx

g(f(x)) = sin2x

= g{f(x)) = |sin x|

Hence, given option is correct.

ClIfg(x) =vx + 1

g(f(x)) = m

Hence, given option is incorrect.

d. If g{x) =-vx

g(f(x) = —/sin?x

= g(f(x)) = - sin x

Hence, given option is incorrect.

47. Question

Mark the correct alternative in each of the following:
If f: R - R is given by f(x) = x3 + 3, then f X(x) is equal to
A xH3 -3

B. x/3 + 3

C.(x - 3)1/3

D.x + 3113

Answer

Given that f: R =R is given by f{x) = x3 + 3

Then f1(x):

y = f(x)

sy=x3+3

=y-3=x

=>x=3y-3

S0, f1(x) =Yx -3

48. Question

Mark the correct alternative in each of the following:
Let fix) = x> be a function with domain {0, 1, 2, 3}. Then domain of f1 is
A {3,210}

B. {0, -1, -2, -3}

C. {0,1, 8,27}

D. {0, -1, -8, -27}

Answer
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Given that f(x) = x3 be a function with domain {0, 1, 2, 3}. et
Then range = {0, 1, 8, 27}

f can be written as {(0, 0), (1, 1), (2, 8), (3, 27)}

f1 can be written as {(0, 0}, (1, 1), (8, 2), (27, 3)}

So, the domain of f 1 is {0, 1, 8, 27}

49. Question

Mark the correct alternative in each of the following:

Letf: R — R be given by f{x) = x2 - 3. Then, f ! is given by

A T3
C.x =43

D. none of these

Answer

Given that f: R = R defined by f(x) = x? - 3

For f1;

y = f(x)

>y=x2-3

= X = im

f2x)=1Vx +3

50. Question

Mark the correct alternative in each of the following:

Let f: R - R be given by f(x) = tan x. Then, f1(1) is

A,

1A

-

-
nt+—:nelz

o

C. does not exist

B. .

D. none of these

Answer

Given that f: R— R be given by f(x) = tan x
For f 1

y = f(x)

=y =tan x

- x =tan! Y

fl=tanlx
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L - = e
= f(x)=nm + 7nE yA

51. Question

Mark the correct alternative in each of the following:

[ 2x.ifx =3

Letf: R - R be defined as f(x) =1 x".if 1< x < 3.
l Ixiif x =1

Then, find f(-1) + f(2) + f(4)

A.9

B. 14

C.5

D. none of these
Answer
Given that f: R— R be defined as

2x,ifx>3
f(x)z[xz,ifl <x< 3]
3xifx=1

For f(-1):

f(x) = 3x

= f(-1) = -3

For f(2):

f(x) = x?

=f(2)=4

For f(4):

f(x) = 2x

= f(4) =8

fl-1) + f(2) +f(d)=-3+4 +8

= f(-1) + f(2) + f(4) = 9

52. Question

Mark the correct alternative in each of the following:
LetA={1,2, ... n} and B = {a, b}. Then the number of subjections from A into B is
A. NP,

B.2"-2

C.o

D. none of these

Answer

Giventhat A= {1, 2, ..., n} and B = {a, b}

The number of functions from a set with n number of elements into a set of 2 number of elements = 2
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But two functions can be many-one into functions. R —
Hence, answer is 2" - 2,

53. Question

Mark the correct alternative in each of the following:

If the set A contains 5 elements and the set B contains 6 elements, then the number of one-one and onto
mappings from Ato B is

A, 720

B. 120

C.0

D. none of these

Answer

Given that set A contains 5 elements and set B contains 6 elements.
Number of one-one and onto mappings from A to B means bijections from A to B.
Number of bijections are possible only when n{B) < n(A).

But here, n{A) < n(B)

So, the number of one-one and onto mappings from A to B is 0.

54. Question

Mark the correct alternative in each of the following:

If the set A contains 7 elements and the set B contains 10 elements, then the number one-one functions
from A to B is

A 10c,

B. 19C, x 7!

c. 710

D. 107

Answer

Given that set A contains 7 elements and set B contains 10 elements.
The number one-one functions from A to B is 10C; x 7!.

55. Question

Mark the correct alternative in each of the following:

[3] : . 3x+2
Letf:R—:l— — R be defined by f(x) = .Then,
|5 5x -3
A Flx) =x
B. f1{x) = -f(x)
C. fof (x) = x

1
D. fl(x)=—f(x)
19

Answer



3x+2
Given that i R — E} - Rdefined as f(x) = -
For fﬁl:
3x + 2
Y=T5x—3

=y(5x-3)=3x+2
>x(5y-3)=2+ 3y

2 +3y
T 5y-3

=X

So, f1(x) = %_:__?

3x+2)
Bx—3

3n+2

fof(x) = f(

S5x-3 +2
= fOf(K) :W

CLASS24

= = e
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