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Tferita wenfufa o af=m

(Introduction to Three Dimensional Geometry)

** Mathematics is both the queen and the hand-maiden of
all sciences — E.T. BELL*®

11.1 95T (Introduction)

B WA €, T ferelt aor o feoa wen foig =61 fearfa ferfcor
% fau &9 39 7 ® 3 WER @a @ Hidesica st 9
Aifereh T T STerwahan eIt €1 37 Y@ret St Fdumer oIk
3 T Oifek SRAl w1 el o6 @y 39 fag o FRene
(coordinate) Ted T ATEIferR e § THN shelel Weh el
¥ feorg foigetl @ € Hoir T @ a1 1 SSTERO: SHafer
T Theh T T Tig &1 fafvy= a9g o feafq s1een e wom
¥ qW A qF 9H A GgAE BT TH /

fafyre wom o feafa anfe, &1 off ST 1 Sfewaehal gsdl 2| Leonhard Euler

‘ (1707-1783 A.D.)
TH YR Tk S 1 B ¥ Teohd g Th oed ded

1 ferelt ik St ©d o 9@ &1 w1 fearfa @1 fruRko w0 o foe g 37 fagaen
F1 Y WER od ARl @ At we @ vaia T R afen sq fog w1, wm ok w9
S, 1 ofl AEvIRd USdl B o%: €Y ohael & TEl sfeeh diF WER wifash aal |
e SRl Rl Fefua w3 o fore o gemsti #1 sravaeha e €, S fag
RO el SR @ A, a1 3 HIW B U SE I K Hidl &1 FH HI TWER
o <A qe SH &St 1 ® A WER idesied S ael qd 81 31 WER Siaesied
T ol del W ole A i o i Al i ged 39 g o i fdvne a
o @ Trdotier sead €1 39 YR 3Tafiel (space) ¥ o wh g o oA Fdenss
B §1 39 1o | e fafardia sfafte o sanfafa &1 gty Saheu et w1 stemee i)
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218 T
112 frfadia stafte § fEvner ofiw fdvnier-ae1 (Coordinate Axes and

Coordinate Planes in Three Dimensional Space)
fog O W yfi=sfed & ot T WER &d Tl

W1 HOTT HIST (3MHA 11.1)1 3 = qe X'
T@e X'0X, Y'OY #iR 202 R frssfad wwd
T o o x-3181, y-3181 3R z-378 Fed B
T TA: Ed § T A d el e o B ST AT

3= W GHeRITUTeR TE9TieR 1o/ ed €1 XOY, Y &—p- - Y

YOZ 3R ZOX, el i %H9: XY-ad, YZ-ad,
gl ZX-ad, Fed &l A I I FRvE aa VZal
FEA B 4

TH SIS o 9 I XOY T od 71 37 X W
7'0Z 3@ 1 qd XOY W oaad od g1 9 VA
FS ok dd w dfded: W @ Z2'0Z @ 3MeRfa 11,1

Fealtd: gt 21 XY-aad ¥ OZ 1 foen § 3w
HT 3R AR T A e 3R 0Z' T fgen ®§ A= T S At 7 3Rt womeren
Bt Bl Ik IEH YRR ZX-dd % e oY faen & A T At e 3R ZX
de o A¢ OY' &1 faen & At € gt womenss et €1 YZ-9a % geg@ OX fiem
ﬁﬂTﬁTT{é{ﬁ'ﬂTHdch*HWsH%%OX'aﬁﬁwﬁwTrgiﬁmmﬁ
g1 fag 0t e e o1 gt foig e €1 9 Fdensr 9o ofafier &1 eme 9t
A qied ®, 31 =Wl o 9™ XOYZ, X'OYZ, X'0Y'Z, X0Y'Z, XOYZ', X'0Y'Z,,
X'0Y'Z' 3k XOY'Z' &1 3R 5= www: LIL I, ..., VI g1 Tt

113 3iafier W sk faig o fdgner (Coordinates of a Point in Space)

fafer o fAfeea fdemedl, fdenier el 31k got foig wfea Frdenier ferm o =19 o awemq
fu fog o o =3 (x, y, z) i T4 & *1 oty qen foema: 7 gemnst & ffks
(Triplet) ST M W fale & ¥ &3 (x,y,z) ok

V4 P(x,y,2)

frufor & 1 fafa #t o9 &9 fomr @ =ren A
F B

sfafte o fau U fag P9 XY-T@ W PM &d ;
ied € e Tk M@ (eTehfa 11.2)1 @9 M ¥ R
x—318 T ML o @ife, S 58 LW fie §1 9 /0 ol
AT OL=x, LM =y 3R PM =z (x, y,2) &g £ ..... Poaun-n v
P frivie Feam #1398 vy, 2 FAW: fig P L Mo

& x-fasenew, p-fadens, deun -faderme X
e Bl STSfd 11.2 HEn @ B fSgP(x, y,z) =@ a{@ﬁ[]].z
XOYZ ¥ feord ®, o1d: x, y 3R z Gt ereden &
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fforta snfafa =1 9wfR=a 219

Ifg P ferelt o oreeiel ® @ dl x, y 3R z o g aegaR IRafdd e 9 €1 39 TR
siaie o feorg fordlt fog P o6l Wiam arfas wensti o wivd Bfesw (x, y, 2) ° v

ST B z
ﬁ?ﬁﬂﬁ:,wm(x,yz)aﬁﬁ{q AC
SM W g9 x o 9d x-318 W fug L fuifa A .

FW 21 [ XY-aa § fag M freffa =@ €, F & P
ST 59 e (x, y) §1 1 ffST fs LM '

AV S
‘ : >Y
AW x-3T W A T AT y-3T4 & THHR T 1B
21 fdfg MR e & 9o B8 XY-7d W A D
MP @d @ied €, THR fog P il 2z % TR 113

frefeor @ €1 39 weR fawif@ fag P &
e (v, y 2) B o1@: SfaRer ¥ feerg fogeti =1 amafas Gemsi & i Hifks
(x, y,z)@ﬂaam—m@ﬁ%l

faehedd:, ofafter # fom fog P 9 &w Fdenss el o gaiat €9 a1 di=d €, &
x-3eT, y-3181 3 z-3& H HEAW: A, B 9o C fageti W wioesfed wwd €
(3mepfa 11.3)1 A OA=x, OB=y @2 OC=z %l qi fag P =& Fewis r, y 3R e
%ﬁ'{%@%ﬂP(x,y,z,)&Wﬁﬁi@ﬁ%lﬁ?ﬁﬂﬂ:x,yﬁ?z&@ﬁﬁﬂ@ﬁﬁ@
W fag A, Baen C fuifa sd €1 65 A, Baen C 9 &0 Ha%: YZ-ad1, ZX-aa el
XY-dd & AR @ de1 @iwd €1 1 @i qell %1 ADPF, BDPE @@ CEPF
gﬁl@ﬁﬁém:P%,ﬁm—ﬁﬁ%(x,yZ)a?W%I
&H <@d § fo 9k sfafter § i &g P (v, 3, 2) ®, @ YZ, ZX A XY qell ¥ dare 3REr
HI: x, y AU 2B

fag O % R (0, 0, 0) ¥l x-3181 R feo foreft fog & Fdwnss
(x,0,0) R YZ a1 ® fee et fag o fdenies (0, , 2) 2@ €

femguit s fag o Freienl & fag S0 ererw 1 fuifa w2 foae fag feom g
21 Freferfaa aroflt enel srerel & Frdwnshl o fog <uifd 2
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220 TIfOTA

QRO 11.1
Qg\j«& I 11 11 v | v VI VII | v
X 4 = = 4 4 = = 4
y A A - - A A - -
z 4 4 4 4 - - - -

SETETOT 1 3Tepfa 11.3 °, 9fg P ok féwmar (2,4, 5) €@ F o fdunes o swifew)
gl fag Fop forg OY o erfeer =dt et < 9= ®1 em: Fok fdenas (2,0, 5) R
SETETOT 2 d I 6 Shitey e fog (-3, 1, 2) R (-3, 1, -2) fem €

T 9RO 11.1 |, fag (-3, 1, 2) S oT=iw | a1 f65 (-3, 1, -2) ®S oT=w |
feera €

[ sromreredt 11.1]

1. T fog x—31e1 W feord 21 s9ep y-Tadenes qen -Fdens & ©2
2. T fag XZ-aa § B| sEeh )-T1Sene o IR Y 91 e FWehd €2
3. 9 ersefell o A oAy, o frefefea fag feem )
(1,2,3), (4,-2,3),(4,-2,-5), (4,2,-5), (- 4,2,-5), (- 4,2,5), (-3,~1,6) (-2, 4,~7)
4. o AR
() x-318 AN y-31g <A T WY ¥ X TH a9 oOd ®, 59 q B

FEd B
(i) XY-a¢ o wh fag o Féune ®Y o B &
(i) frewner ae1 SFdrer i sty | fawfsa o €

11.4 =1 foigafi o sfwr st g3 (Distance between Two Points)

fgferdfa fdwmien e & &o < forgefl o ofter 1 < 1 e1eaem T 9o ) oMU o
T T 31 1 TR ffafa frem o forg +d 2

A ST, FEhIE Fe OX, OY 9@ OZ % W& ® a3 P(x,, y,, z,) a0
Q (3, 2) 1
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faforta snfafa =1 9= 221

P aen Q fogew ¥ fken® aal ok Z
TR a9 wifen, fSed ey T sy
fiyerar & oo fasoi PQ & (3fET
aTeRfd 11.4)

FTH /PAQ TH THHRIUI B
PQ? = PA? + AQ? e (1)
[ HfF LANQ = TH FHSHI, >Y
gafeel | ANQ H,
AQ? = AN? + NQ? . (2)
()R T Taem s, fF X T 114
PQ? = PA>+ AN? + NQ?
3d, PA=y27y1,AN=x27x13‘ﬁ'{NQ=zz—zl
3 THR, PQ? = (x, — x,)* + (1, fy1)2 +(z,—z)
Sk PQ = /(x,—3) +(1) Hzo 2,
78 T faget P(x,, y,,2,) SR Q(,, v,, 2,) F & #1 g PQ & faw g 2l
forerma: ﬂ'ﬁ{xl =y,=2,=0, s1rfq fag P, g@ fag O & @t
e =9 9o fag O iR fofelt 3 Q (x, v, 2,) o A T T T Bt 2
saretor 3 fageti P (1, -3, 4) &R Q (-4, 1,2) o o= 1 3O = HiferQ)
gel PQTagsti P (1,-3,4) 3R Q (-4, 1,2) o == &1 gt 21

PQ= /(=4 —1)%+ (1+3)*+ (2-4)’
= J25+16+4
= J45 = 3/5ThR
IETETOT 4 WY T P (-2,3,5),Q(1,2,3) 3R (7,0,-1) @ =
% 81 WA ¢ T 9@ fig, w & @ W fem B €

&

kil PQ = 1422+ (2-3)"+ (3-5)> =0 +1+4 =14
QR = \/(7_1)2+ (0-2)%+ (-1-3)> = /36 +4+16 = /56 =2/14
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222 TIfUTA

S PR = /(7+2)*+ (0-3)*+ (-1-5)* = 81+ 9+ 36 = 4/126 = 314
T THR PQ + QR = PR
aa: fsig P, Q 3IRR W@ 2|

FETET0T 5 4 65 A (3, 6, 9), B (10, 20, 30) 3R C (25,41, 5) Th GHHI 5197 o5
e &2

T -9 9 e U B @ fR
AB? = (10 — 312+ (20 — 6)> + (30 — 9)?
— 49+ 196 + 441 = 686
BC2= (25 — 107 + (— 41 — 20)* + (5 — 30)?
= 225+3721 +625=4571
CA? = (3257 + (6 +41)> + (9 — 57
= 484+ 2209 + 16 = 2709
&9 UM € TR CA’+ AB? = BC?
3d: AABC T Guahiol fiaet =& 21

SETET0T 6 T fage Aden B e e swuen: (3,4, 5) 3R (-1, 3, -7) €1 Tt
fog PoF 9y 1 WHIRI0T T SIfSC, SEfeh PA2+ PB2 = 242

WWW@%@PQ"W (x,»,2) 2l
37 PA? =(x — 3+ (y — 4P+ (z - 5)
PB> =(x + 1P+ (y -3+ (z+7)
feu U wfqery o SER, PA2 + PB2 =242, B Wiw @il 8:
(=3P Q=4 = S (6 1P =3P e TP =20
A 22+ 2)% + 222 — dx — 14y + 4z = 2> — 109.

[ wommaett 11.2]
1. fAfafed fag-g & o= & 30 99 Hiew:
() (2,3,5)3M(4,3,1) (i) (-3,7,2)3R(2,4,-1)

(i) (~1,3,-4)3R(1,-3,4) (v) (2,-1,3)3R(-2,1,3)
2. =wigy f fag (-2, 3,5) (1,2,3) R (7,0, -1) W@ 2l

2024-25



fforta wnfafa &1 9wfR=a 223

3. frfafead = wenfia sifea:
() (0,7,-10), (1, 6,—6) AR (4, 9, — 6) T HHfgaTg 9 o e €|
) (0,7,10), (-1, 6, 6) 3 (—4, 9, 6) T G0 F3yat = i )
i) (1,2, 1), (1,-2,5),(4,~7, 8) 3R (2, -3, 4) Th WA =ql o wid 2|
4. U9 fogel & UHeId w1 WHERU @ kitee s fag (1, 2, 3) @R
(3,2, -1) ¥ 9USEY T

5. feigati P @ o+ W= o1 Gl A Sifeg St fagei A (4,0, 0) 3R B
(-4, 0, 0) ¥ A =1 FrTHA 10 21

fafaer 3ergvur
SETETUT 7 =WiE g A (1,2,3), B(-1,-2,-1),C(2,3,2) 3R D (4,7, 6) TF
THiaR =S o ¥ € W Te Th T Tl 2

&1 7€ T o foIg o ABCD U THIqR =Iq4sl ©, e Teq@ soneil s TaH feam
1 AT B

AB = \/(—1—1)2+(—2—2)2+(—1—3)2 = J4+16+16=6
BC = \J2+1)+(3+2)°+2+1)> = 912549 = V43
CD = (427 -3 +(6-2) = V4+16+16 =6
DA = /(1-4)+(2-7)*+(3-6)> = 9+25+9 = /43
Fif% AB = CD 3R BC = AD, ST ABCD T THI® =g ¢

319 I fag +@ o fau fF ABCD a7 =&l 2, &9 fe@m @ foF s9eh faol AC
3R BD99H 961 ©, 89 U © :

AC = J2-1)+(3-2+2-3)>=V1+1+1=3
BD = \J(411)°+(7+ 2)>+(6.+ 1) =25 1 811 49=,/155 .

Fiifs AC #BD | 37d: ABCD T& 375d 7l 2

| oot | forsrot ACTen BD WER Tufzwifad F% €, % O H1 W Hh of
ABCD %! guiat wgs fag fran s gehar 21
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224 TI(UTA

Saretor 8 g PO o UHwud 1 HIeRIOT T HIFT S 9 YRR wordl © foh SHe
fageti A(3, 4, -5) a9 B(-2, 1, 4) ¥ 30 99H 2

&l W a5 P (x, y,z) 39 YR € T PA=PB

3 Jx=3+ =47+ (245 = J(x+2)+ (y = 1)+ (z-4)°
El (x=3) +(y=4)? +(z+5° = (x+2)* +(y=1)> +(z-4)’
a1 10X+ 6y — 18z —29=0.

SEET0T 9 U B ABC %1 s (1, 1, 1) 21 3K AR B o féuren waen:
(3,-5,7) @ (-1, 7, -6) 2| fag C o fduner @ wifsmw

T WM C ok TR (x, ,z) € A ohgew G & e (1, 1, 1) FRu 2

AT 3 =l,Mx=1
y=5+7
=1 T y=1
3 . Y
z+7-6
3 =1, q oz =2.

3d: C ok e (1, 1, 2) 2

e 11 u¥ fafasr gyraeit

1. EHER =gYs & @9 3 A(3, -1,2) B(1,2, -4) 9 C(-1, 1,2) 2| =i i
D & fRen® 7 it

2. TH IS ABC & 3wl & facenms ®"e: A0, 0, 6) B(0, 4, 0) den
C(6, 0, 0) B Brqs =1 wifeasm 1 @arg @ ity

3. A 519 PQR 1 ohseh et fog € iR wfid P(24, 2, 6), Q(-4, 3b-10) 3R
R(8, 14, 2¢) & dl a, b 3R ¢ AE T4 HIfSQ)

4. af% fag A 3R B ®w"9: (3, 4, 5) @ (-1, 3, -7) &1 =R fag p gr f4fifq
T ¥ Fafd el 91 FISC, el PA2+ PB?= & el k TR 2|
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fforta wnfafa &1 9wfR=a 225

qRTIT

¢ Tforia senfafd o Soekifore Fde feene e | Feene 31 /eR deeq
@ Bt B

o frdemieli o g, 9 qot feifa s € 5= féeer 90 XY -aa1, YZ-qt
ZX -7 Ed 2l

o < Trdenier 91 S i S AN H sied ® S oT=I9r wed &

o Tiferita senfuf o foet foig Pon Ficemisnl =t ©ea W& Bl (x, y,z) & &9
¥ foran S 21 W6l x, YZ-9d 9, , ZXqd ¥ 9 z, XY d 9 5 B

® () x-31a W T fag o Few® (x, 0,0) B
(i) y-@1e1 W Tt fag o fdema (0, y, 0) B
(i) z-3te7 W Freh fog & e (0,0,2) B

& T fagst P(x, v, 2,) T Q (x,,p,,2,) & o &1 T FA 2

PQ=4(x, — %) + (3, —3)> +(2, —2,)°

dfrgifires gy

1637 %o | aveiftieh SMH{G o Sk Rene' Descartes (1596—1650 A.D.) ¥ qeit
Sfafa o &F W Sca@dE S e, ek HeelfawhRes Piarre Fermat
(1601—1665 A.D.) 3R La Hire (1640—1718 A.D.) ¥ it =& &% ¥ & fepam|
Tafy & A o wmEl o g safafa o dey § gee ®, Wy fovg faeem
& 1 Descartes @i Ffadia ofditer ® fag o fdensht & fawa & SHer off
R 3=H 3 fosfaa ==& foman

1715 % ¥ J. Bernoulli (1667—1748 A.D.) ¥ Leibnitz %! fa@ o § =
fdunier el o1 U= Seeifad © 5 g9 3 9T X @ R

T 99 1700 3 § H= Q&@ﬂ EDl &I fhT T Antoinne Parent
(1666—1716 A.D.) o @ § o¥aifteh 39 SATTH(G o6 fovg o foreqa foae=m 2l

L. Euler, (1707—1783 A.D.) ¥ ¥ 1748 ¥ WehRTi¥Td ST0+ J&eh ‘S 1
IR=’ o TR E o R & 59 steam § fafondtw fadene senfafa @
YeHafted Ta ®wHds avH T&d fRa

ST TSt o Hed oF 918 & SAMH 1 a1 o SAfye A § faer
feen T, fS/eR @aiw® YA Einstein o GUe@] o fOgid § wH-99g
3TIhHUT (Space-Time Continuum) o e 2
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