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(5= v (Binomial Theorem) )

** Mathematics is a most exact science and its conclusions are capable
of absolute proofs. — C.P. STEINMETZ %*

7.1 4Rt (Introduction)

froelt weanell & 'w den € fe fhg W g+ baen
a—b S8 fgusl &1 o 9 74 @ B S A GA B gE
FTeh &9 G o ol & T 1 WM 6 B Hhd 2 o
98)>= [(100 — 2)1%, (999)*= [(1000 — 1)*], et |
e off, erferer =Ta Al e S (98)5, (101)° e i
TOMI, SiHh UGS N Sifue wfed @ Wt 21 3|
Sfeetar 1 fgu w9 g0 ke =

20 B (g + by o TER H AEE fafy o et @
Wl STl 1 U YU A1 9T TE 21 59 oA H 'n

N . Blaise Pascal
chofel o YUkl o fefe fgus wHa &1 steme ) (1623-1662 A.D.)

7.2 o9 guTienl o faT fgug w9 (Binomial Theorem for Positive Integral

Indices)
3T g # i T frfafaa gaafest | g0 foem &l
(@a+b)=1;, atb £0
(@a+b)=a+b
(a + b)* = a*+ 2ab + b?
(a + by =a®+ 3a’b + 3ab*+ b?
(@ + by =(a+b) (a+b)=a"+4a’b + 6a°b* + 4ab* + b*
A JaR | 79 €
() WER ® & I el WA, Wi W 1 AUk €1 SIEE: (a+ by o WEAR |
(a+ b)? 1 W@ 2 & Wefeh YR H el U 1 G&AT 3 B
(i) WHR o ST UG H YW ¢ 1 U4 Tk o %A W WS W ® weeh fgdia qf¥
heH! U TH o FHH 4 9¢ @ B
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(i) TER o YdH UE § o qU1 H H! WM H1 AN WAM € W a + b H A oh
ERE
319 BH a + b oF ST forar | fafer= 9gi o6 ToNeRi &1 7 TR sFafeerd s

g (eTepfa 7.1)

HTdich TR
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1

3TTeRfa 7.1
1 &4 3@ RN | STelt uer feras o forg fondll wiaey w1 sraciisn id €7 &1 98
<@ S Fehal € Tob o 1 1 i o for@ 1 3R 1 %1 40 S 2 %1 o o ferg 2 e
21 UG 21 G | fer@ 1 3 29 2 3K 1 51 9N STa 3 1 dfed o ferg 3 @R 3
1 ® SR M ot SE YR 1 G Y ufekd oF YR 9 37 o feerd €1 =W wiwA
et ot sfesa o 9% o fau fomar s 9o B
&0 eehfa 7.2 0 fRu T yiawy ®i g AR i for@e e ser wehd 2

T oTieh

0 1

1 lvl

2 1v2v1

3 1v3v3v1
4 1 4 6 4 1

TR 7.2 Urehel A
LIS ERER ]
arepfa 7.2 ® < T WRON 1 AT B o AR fRe ot wd qo o@r wehd Bl e
FE Tk U S 1 aE @t @ fores 3 w1 feran @ @i 9 fRet 9e A=
1 3R o1 @ €| Geme %1 =g WiHiE M Blaise Pascal o 8 W qRehel 1w
o T ¥ g 21 39 fUTel o Hewet o AW @ off S S @)
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T fgug 1 S=9 Sl 1 TER ff R & IS o WA g §9d §1 SRy
T URehel IS 1 WA Y % (2x+3y)° Wl fORAR K| W 5 w1 ufe ®:
1 5 10 10 5 1
70 dfert o1, 3R TAR Wl (i), (i), (iii), ST FET Hd g €9 U € TR
(2x+3y)° = (2x)" + 5(2x)* (3y) + 10(2x)* (3y)* +10 (2x)* (3¥)* + 5(2x)(3y)* + (3y)’
= 32x% + 240x%y + 720x3y? + 1080x%)° + 810xy* + 2435,

319 AR &9 (2x+3y)'2, 1 TIR FIA HIAT 918 dl 9eel &6 =1d 12 1 dfed F1d hAt
AT 38 Ukt TSt i dfexal i =Td 12 a1 9t fear for@ e ure fhan s
Tohdl 21 TE AiSl W e fafy 21 Stwn R o9 dEd © TR o ot s=u wmal @ faear
W & fou fafy v stfues wfeT & S

37d: B Teh UE1 oM gad 1 9ae i © TEd uehd e w1 tfese dfwm
Y Tgcdl &1 9 dfekal & fa@ foam €1, fgug o fordt off = o1 fosar 9@ i weh|

Toen foT &0 Yed Ug ok ‘HWud' o WAl 1 WA ok, URehd s o foret
gemel 1 ;- forad €1 g9 9d © f

. n! ‘
r:r'(n—r)' ,0< 7 <n W& pFROR PIF 21 "C, =1="C,
e URehe IS i UA: 39 YR fora wehd € (8mepfa 7.3)
Hrd TR
0 ’c,
=1
1 1
1 C C
s
2 2Co 2Cl 2Cz
=1) (=2) =1
3 ‘c, ‘¢, ¢, c
=) =) =) D
4 ‘e, ‘¢, ¢, ¢ e
=) =4 (=6) = =D
5 c, ¢ °¢, ‘¢ ‘¢, ‘c
=1) =) =100 =100 =5 =1)
TRt 7.3 Urkeher Tyt

ST YdEY (pattern) i I@HT, T4 dfekdl &l fa@ o 39 aena s &t
fopelt off =ma o fo dfe w1 for@ wehd €1 S<EYUM: S 7 o faw dfe g
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7C0 7(:1 7(:2 7(:3 7(:4 7(:5 7(:6 7(:7
TH YR, 39 dfek 3R U (i), (i) & (iii), T FEN Hh €H U €,
(at+b) = 'C a’+ 'Ca’b + 'C,a’b* + 'C.a*b’ + 7C a’b* + 'C.a’bh® + 'C .ab® + 'C b’
T &I 1 SUART hich Teh 1595 o foRdll /UK quiieh n o foT yom f@mn
S Gkl 1 376 BH U T5uR o FRE ot (U quiier) s o WHR Wi fered w1
tereen § 2
7.2.1 fgug w09 fdt &7 9:”77%”_ n @ 1@ (Binomial theorem for any positive
integer n)
(@ + by'="Ca" + "Ca"'b + "C,a’ b* + ..+ "C_a.b™" + "C b
Ut 39 Y9 1 Suufd T e fagia g w1 ST 2l
F ST ®em P(n) Frefafed 2:
P(n) : (a + by = "C,a" + "C,a"'b + "C,ah* + ..+ "C, a.b + "C b"
n=1%1 |W
P(l):(a+b)=Ca +'Ch =a+b
ad: P (1) 9 2l
A ST R P (k), fRElt e quife & o forg g @, stefq
(a+b)t = 'C @k + *C b + *Cakb? + .+ C b (1)
&a fag w81 & P(k+]) ot o 7 areiq,
(a+b)k+l o k+lcoak+l + k+lclakb + k+1C2ak-lb2 + + k+lck+1bk+l
3,
(atb)! = (at+b) (atb)*
= (at+b) (‘C,@* + C @b + 'C a*b>+... HC,_ab + *C,p%)  [(1) 9]
= kC @ + C b + "C@ B +..+ AC,_ @b + *C,abk +4C atb
+5C @ + FCd b .+ FC, abt + FC P [STE TR O 5]
= kC @l + (FC HC )ath + (*CHC )b + ...
+(*CHC, ) abt + *Cp (FHM YRl o FHE dHY)
— k+lcoak+l + k+lclakb + k+1C2 ak—le + + k+lckabk+ kHCkJrl bk+1

(kHCO: 1, kcr_i_ kCr-IZkHCr 3:'ﬁ—{ kck = 1= k+1ck+1 T gI q,;{a;)
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7o fiag g @ T afE P(k) ot o © A1 P (k+1) Tcd =1 gHfery, it e fagid
SN, Y% o YU p o foIT P(n) 9T 21
T @ WHA I (x +2)° o TER I ISR el FHIA &
(x+2)° = SCx® + Cx°.2 + °Cx*2*> + ‘Cx’.2° + Cx>.2* + °Cx.2° + °C 20
=x%+ 12x° +60x* + 160x*+240x> + 192x + 64
39 TN, (x+2)° = x° + 12x° +60x* + 160x° +240x> + 192x + 64.

TeuT
n, nj,0 n, n-171 n, n—rfr n, n-n jyn % 0 — — nn
1. "Ca'd® +"Ca™'b' + ..+ "Ca""b" + .. +'C a""b", S&l b°=1=a

n

w1 wEE D, Cra D

k=0
37d: T TN & 39 YHR off fom g

(a+b)”=zn:”Ck a"*pt
k=0

2. fooe W o o At e C Rt fgg O wed B

3. (at+by o WHR ® U K1 W& (n+1) 7 AU SmErw ¥ 1 et B

4. JER o SR UG W, ¢ 1 UK Th o %A W e W T T8 U T H p, T
wH (n-1) 3R R gt g offem 1= & g @1 ik St YR b S T
o %H U 9g W T, Teed T H I W YE e, T S W | iR R 5 geR
fem 98 § W FEE Bt 2

5. (at+by, s YOR ®, ¢ A T HGI 1 AN, WA T H n+0=pn TR W]
(n—1)+1=n 3R T FHR A0 98 & 0+ n=n Tl 3¥d: F8 @ W Tehall &
o THR o Yo% US| o q91 b1 STl T AN 4R

7.2.2 (a+b) & JEN @t F faforee fReerferar (Some special cases)
() a=xq b=y, WL TH A T;
=y =k+E)I
= 1C e+ 1C () + AP+ IC () e 1C, ()
="Cx" —"Cx"y + "Cx"2? — "Cx"y* + .. + (=1)" "C y"
T YRR (x—y) ="Cx" = "Cx"'y +"Cx"2 y* + ... + (=1) "C "
SHhT JAN ik B9 UM €,
(x—2y)’ =°Cx° = *Cx*(2y) + °Cx* (2%
SC () +C,x(2) - C )
= x> —10x%y + 40x%72 — 80x%)° + 80x)* — 32)°
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(i) a=1 1 b=x, I B9 U B oh,
(1+x)r1 — nCO(l)n + ncl(l)n-lx + r1C2(1)r1-2x2 + ...+ ncnxn

— nCO + nclx + r1C2x2 + r1c3x3 +
H TR, (I+x)' ="C, +"Cx +"Cx* + "Cx’ +

faeioa x =1, % fae &0 o 2,

n—n n n
21 =1C, +"C, +C, + .

n
L+C,

(i) a =1 @M b =—x, T B9 T 2,

(17 x)n [ nCO _

fereid x =1, forw &9 W ¥,
0 — nCO _ nCl + nC2 — . + (71)71 ncn

fgue w7

n, n
.+ C x
+ nC X"
n

nclx + nCZxZ — .+ (71)71 ncnxn

4
3
IETEAT 1 [x2+;j ,x#0 %1 JEX @ HISC:

o1 TEUg Ui &1 W e oW W e ®,

3\ 3 3 3\
(8] oo (3 o (3 2]

3
=x8+4x0. —+o6x*. Z+4x 3+ %
x x X ox

108

27

81

=x4+12x° + 54x> + —+—
X x

FETETUT 2 (98) <! TUMAT HIfSTU|

81

X

3)4

139

T TH 98 Wi 3 @S % AN A1 AR § I HW ¢ (R = T FA IA &
fr feug v99 &1 999 4 B
98 &l 100 — 2 forem |,

(98)°

(100 — 2’

SC, (100)° — C, (100)*.2 + 5C, (10022 — 5C, (100)* (2)?
+5C, (100) (2)* - °C, (2)°
10000000000 — 5 x 100000000 x 2 + 10 x 1000000 x 4 — 10 x10000

x8+5x100x16—-32

10040008000 — 1000800032

9039207968
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FETETOT 3 (1.01)1%%0 X 10,000 § ¥ &M & Hea o€t 2?2

1 1.0l < TR § oI Hioh 598 Y9 o U &9 Al i forEel g9 U ©

(1‘01)10000002 (1 + 0‘01)1000000
= IOOOOOOC0 + IOOOOOOCI(O.OI) + 3 YHIHh q’g\r

=1+1000000 % 0.01 + &= ¥Hb U
=1+ 10000 + 37 ¥cHd I
>10000

a7 (1.01)19%00%0 > 10000

3aE0T 4 fgus vHT 1 9T ek fag wifee f 6"—5n i w19 25 | T fgan wg
q HeE 1 99 F=l B

ol < qEART o 9 b o fou Aft B9 W@ g qen U Y Heh dlieh a = bg + -
Al &H e Wohd © T a1 bW 9N B W g ISHHS a9 0% U Bl 1 g
TR 7€ 9 ok fAQ foh 67571 25 W 9N e W 1 99 =@l €, W 9GS 2
6'—5n = 25k+1 Tl k T rehd TEAT B

T S B (1 +a) ="C,+"Ca+"Ca + ... +"Ca'
a=5,a"f\€1’Q%ﬁW€*?ﬂ%,

(1 + 5y ="C,+"C5+C,5* + ... + "C 5"

(6)' = 1+5n + 52/C,+ $'C, + .. + 5

6" — Sn= 1452 ("C,+"C,5 + ... + 5'2)

6" — 5n=1+25 ("C,+ 5 "C, + ... + 5"2)

6" — 5n=25k+1 &1 k="C,+ 5."C, + ... + 5"2.

g <0l € Toh ST 67— Sphl 25 © 9T fepan <l € o 99 | s 2

gyt 7.1
YT 1 9 5 % Y% AN ] YHR HIfeU: 5.

44449

2 xY
1. (1-2x)° 2. [—Ej 3. 2x-3)°
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fgue g9 &1 W@ w¥en fEfafad w1 7 9| i

6.
10.
11.

12.

13.

14.

1.

(96)° 7. (102) 8. (101)* 9. (99y

f5U= 999 1 WA I g ST hiA-H G w9t (1.1)19071 1000.
(a+b)'— (a—b)* 1 TIEIR HIFAT THHT YA HToh (\/5 +\/§)4f (ﬁ —ﬁ)4aﬂ
T A1 it

(1) + (x-1)° 31 AF [ HIST| THRT TN Hleh 21 3=l (/3 +1)6 + (/2 —1)°
%1 AF F1G FifSTl

fe@my & 91— 8n—9, 64 W o € W&l n T oM gl 2l

ﬁq@aﬁmﬁﬁ z3rncr:4n
r=0

T 7 T fafag gyracit

g o 3R b fo-fam quis &, af fag ST & (@0 - b)) F1 & e
(a—b), Sl n Tk o YUl 2l

[ Ferd a" = (a — b + by fa@ax @R =ifeml]

2.

W

N

)]

=)

(«/§+x/5)6 —(\/§—x/5)6 T T @ RIS
(a2 +\/ﬁ)4 +(a2 —\/ﬂr 1 HF 14 il

(0.99)° % FER o TS i Tl T YANT FId GU SHHT ehedd OH 1 i)
ﬁ+§—%§ x# 0% fgug U9 ) YOR 1 Hifeu)
(3x2 = 2ax + 3a?)* 1 fgUg YOI @ YOR 14 Hifrul

qrIST

o T fguR #1 Rt ot o quifer o forw woR fgug wog g/ foRan S 2

TH UHT ok STTER
(a s b)n = ncoan RS nclan—lb RS nczan—ZbZ + .+ ncn_la‘bn—l RS ncnbn

¢ TOR % & o TN 1 AAId H YRehel IYS hEddl B
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feriaes geyfiy

T AR TS (eby), 0 <7 <7, o FER H T0Nhi b1 ST 911 $61 gof o Ty
H forer 7 1o gRieh B WA (2008 o) H T ki 1 Th e, 9 #ewe
#hed €, o ®9 H a1 @1l 1303% § =it Tk Chu-shi-kie o %@ § ft 78 FiysieR
ORI 9T TR 1544 ok TRISHT ST TS Michael Stipel (1486-1567%) = Tdgem
‘fgug TR’ 91X i URY TR Bombelli (1572%) 7 oft, n=1,2, ..., 7 % fore qen
Oughtred (1631 %)% n=1,2,..., 10 AT, (¢ + b)" o JAR | T[UNhI ! Tl
TUTTeT oF HEWE oF HHM offe URe oh @1l foren gaTl st 19SSt ureenet
f59qs1 o T ¥ yeferd €, Faf Sgd o1g ¥ Wi ga % e Blaise Pascal
(16231662 %) 7 M 3= 598 THR ok [Uiehl sl FhTer oh foaw Bt &1
I R

noF qUTeh Tl o T fg9= THT 1 IqHM ey IR g fafed I&s
Trate du triange arithmetic ® T&d T3 S 1665 H IThl TG o %
EEQIN I
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