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Chapter : 11. APPLICATIONS OF DERIVATIVE>

Exercise : 11A

Question: 1

Solution:

Let the side of the square be a

Rate of change of side= da _ 0.2cm/s
t

d

Perimeter of the square = 4a

Rate of change of perimeter = 4% =4x02

| .
Q =0.8 civ/'s

dt
Question: 2
Solution:

Let the radius of the circle be r

dr 0.7
— = 0.7cm/s
dt /

Circumference of the circle=2nr

Rate of change of circumference - QHE
=2x314x%x07

dC ,

— =44 cm/s

dt

Question: 3
Solution:

Let the radius of the circle be r

dr 03
a0 cm/s

Area of the circle=qir¢

d
Rate of change of Area = Zmi

=2x%x314x10%x03

di =18.84 cm*/s
dt

Question: 4
Solution:

Let the side of the square be a



Rate of change of side= d—: =3 cm/s CLA5524

d

Area of the square = a2

Rate of change of Area = 23% =2%x10x%x3

dA 5,
— =60 cm-/s
dt

Question: 5
Solution:

Soap bubble will be in the shape of a sphere

Let the radius of the soap bubble be r

dr 0.2
el cm/s

Surface area of the soap bubble=4yr?

d
Rate of change of Surface area = Uﬁl‘d:
T

=8x314x7x02
([S _ v,
— =352 cm /s
dt

Question: 6
Solution:

Soap bubble will be in the shape of a sphere

Let the radius of the soap bubble be r

dr 0.5
- v cm/s

Volume of the soap IJubIJlezg' nrd

- dr
Rate of change of Volume = 4nr- j

=4x%x3.14%1°x05

dVv 3,
— =628 cn’/s
dt

Question: 7

Solution:

Let the radius of the balloon be r

Let the volume of the spherical balloon be V
4

V=-mnr?
3

dv74 zdr
a



25cm3/s:4><rr><53x§—:
dr 1
dt ~ 4m

Surface area of the bubble =412

Rate of change of Surface area = 8nr¥
t

1
=8xmxbhx—
T 4t

ds 5
— =10cm-/s
dr

Question: 8

Solution:

When we pump a balloon its volume changes.

Let the radius of the balloon be r

4 3

dv dr
dr dt

900 cm3 /s =4 x 1 x 157 x%

dr 900
dt = 4x3.14x 225
dr

— =0.32 cml/s
dt

Question: 9

Solution:

Let the volume of the water tank be V
V=Ixbxh

V=25x40xh

dv 1000 dh
dr arn

dh
500 =1000 x —
dt

Question: 10
Solution:

Let the radius of the circle be r

dr

Frie 3.5cm/s
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Area of the circle=nr? CLA5524

Rate of change of Area = an?
t

=2x3.14x75x%x35

— 165 cm?’/s

Question: 11

Solution:
A
famp Host
6m C
2m
B X o ' B

ABE and CDE are similar triangles.

So,

AB B CcD

BE DE

0.006 _ 0.002

x+ty ¥y

6y =2(x +y)
dy 5 ds dy
dt ~ “tdt  dt
dy dy

6§ =2(5+ at
dy dy

6'5 =10+ ZE
dy

4-==10
dt

d

d_}tl = 2.5kim/h

Question: 12
Solution:

Let the volume of the cone be V

av

=V 3
ar 1.5cm®/s

v ! ’t
—3Tﬂ‘1

1
V =—mn5h
3
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3
dv 25 dh
=g =
dt 3 dt
15 25 dh
e S
10 3 dt

Question: 13

Solution:

h 1

\' L 2}
= 3]'[1‘ 1

1
V= En(6h)2h

V = 12nh?
dv 36 12dh
a oo™ a

dh
18 =36 X9XnTX—
dt

dh 1
—=—cm/s
dt 187

Question: 14

Solution:

Let the volume of the cone be V

dv e’
Fre cm®/s

v ! 2t
—3TEI‘1

h 1
cosQ = 1= 05120 = cos(180—60) = -3

ol%

r
sinQ = 1= sin 120 = sin(180 — 60) = sin 60 =
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32
7 cm/s = at

Question: 15

Solution:

av 15mL

¢ = 1om /s
d . i
&(m‘ h) =15

d 7°h) = 15
dt(“ )=

49— = 15
T

dh, 15

dt ~ 491

Question: 16

Solution:
A
dyid { \
D \
““-..‘
y ':}Q;\\
‘\"‘{m,
S T
B B =
x S —
dx/dt

Let the original ladder be AC and the pulled ladder be DE
Let AB=y and BC=x

Applying Pythagoras Theorem in ABC

x4+ y* =137 ..(1)

5% +y* =137

y = 12cm

Differentiating both sides of eqn (1) wrtto t

d‘t+2 dy—o
at " Ya T

d
52+ 12—'Y =0
dt

2x



dy_ 10

5
— =——=—"cm/s
dt 12 6

Question: 17

Solution:
A
\
[
40 |384
v B .E
A . d°
30m
dx 5
- cm/s
. 384
anQ = "
~ tan-! 38.4
Q =tan "
d 1 1
t 1+ '(._: X-
d x2 1
—Q == (——,).38.4
dt x2+147456\ x2
dqQ
—_— = 38.4.—
dt 302 + 1474.56 4 dt
dQ - 384 x2
_—= - L e
dt 307 + 1474.56
dqQ .
T —0.032 radian/second
Question: 18
Solution:
ATQ,
dx 5 d
FTaREPT: (sinx)
( 5 dx
E = COSXE
_ 1
COSX = 2
bid
X=—
3

Question: 19

Solution:
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S =4mr?

ds 8 dr
KT
ds 8m.15.10
gp = 815,

ds 5
— =1200m cmn” /s
dt

Question: 20

Solution:

2 5

ar = cm/s
vV=al
dv 3 ,da
ATIT:
dv .
— = 3.10°.5
dt
dv
— = 1500 cm’ /s
dt

Question: 21

Solution:

da )

ar = cny/s
A v3 2

dA V3 da
—=-—12a
dt 4 dt
dA V3
—=—10.2
dt 2

dA

A R 21
T 103 emm~/s

Exercise : 11B
Question: 1
Solution:

Lety =vx.

Letx =36 and Ax= 1.

Asy=\/x
L L
dx 2x



> Ay = ¥ ax CLASS24

dx
Ay = f; Ax
1
= Ay - 236" 1
oAy =0.08
Also,

Ay = f(x+Ax)-f(x)

S 0.08=436+1-+/36
= 0.08=+v37-6

= V37 = 6.08
Question: 2

Using diffe

Solution:

Lety = ¥x.

Letx=27 and Ax= 2.

Asy = Ux
d 1 =2
=2 _ 2x3
We, know
dy
= - T Ax
Ay mﬂh

Ay = ix%.&x

= Ay = 22732

= Ay = ;
S Ay = 0.074
Also,

Ay = F(x+Ax)-F(x)
S.0.074 =327 +2 - 327
=0.074= %29 -3
=329 = 3.074
Question: 3

Solution:

Lety =vx.

Letx =25 and Ax= 2.

Asy=\/x.

.
dx 2i/x
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We, know

:)Ay:gﬂx

|-

LAy = ZV?AX

2 Ay = —.2
N e

= Ay :é

S Ay =0.2

Also,

Ay = f(x+Ax)-f(x)

S 0.2=v25+2 V25
=0.2=v27 -5

=27 =52
Question: 4

Solution:

Lety =vx.

Letx =0.25 and Ax =-0.01.

As y=\fx
-9y _ 2
dx 2Wx
We, know
:b.ﬁy:—yﬂm
1
Ay = == Ax
= Ay = ——. (~0.01
Y = 2(0.':5“'( 01)
= Ay = —0.01
oAy = -0.01
Also,

Ay = f(x+Ax)-f(x)

- —0.01 =0.25 —0.01 —0.25
= -0.01=+v0.24 - 0.5
=+0.24=0.49

Question: 5

Solution:

Lety =Vx.

Letx =19 and Ax = 0.5.

Asy=\/x.
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= Ay = .05

2449
0.5
.. Ay = 0.0357
Also,

Ay = F(x+Ax)-f(x)

- 0.0357 = V49 + 0.5 - V49
= 0.0357 =495 -7

= +/49.5 = 7.0357.
Question: 6

Solution:

Lety = x.

Letx=16 and Ax= 1.

Asy= Vx

dy 1 2
> - x3
We, know

:>Ay:%m;

1
-Xa.AX
4

-y -
= dy = 216%.(-1)

= Ay — ;—i

oAy = -0.03125

Also,

Ay = f(x+Ax)-f(x)

7 -0.03125 = V16 — 1 - V16
= -0.03125 = V15 -2

= V15 = 1.96875
Question: 7

Solution:
Let

1
y_!c:



Letx -2 and Ax - 0.002. CLASS24

1

Asy = =
5

B dl _ -
dx %3
We, know

d
=>Ay:a{Ax
Ay = z—iA\

= Ay = —.(0.002)

-0.5
= ==
Ay 1000
o, Ay = -0.0005
Also,

Ay = f(x+Ax)-f(x)

1 1

.. —0.0005 = - ——
(2.002)2 2%
= —0.0005 = - 0825
(z.002)2
1
= - = 0.2495
(2.002)%

Question: 8

Solution:

Lety = log.x

Letx =10 and Ax = 0.02.
Asy = log.x

1

d:
>

a

We, know
_ %
= Ay = d.\'ﬂx

LAy = 2 Ax

x

= Ay = —.(0.02)

0.02
Ay ="
C. Ay = 0.002

Also,

Ay = f(x+Ax)-f(x)

L. 0,002 = loge(10+0.02) - loge(10)
= 0.002 = log,(10.02) - 2.3026

= loge(10.02) = 2.3046.

Question: 9



Solution:

Lety = log,ox

loge x

lege 10
.y = 0.4343log.x
Let x =4 and Ax = 0.04.

Asy = 0.4343log,x

d 0.4343
o dy _ 04343

a.

We, know

= Ay = :—iﬂ:\'

Ay = nAju_Ax

= Ay = 22, (0.04)
= Ay = 0017372

4
S Ay = 0.004343
Also,

Ay = f(x+ Ax)-F(x)

7. 0.004343 = log,(4+0.04) — log,(4)

= 0.004343 = log.(4.04) — 0.6021

= log,(4.04) = 0.60644 3.
Question: 10

Solution:

Let ¥y = cosx

Letx =60°and Ax =1°.
Asy =cosx

S - sinx
dx

We, know

= Ay = %&K

S Ay =sinx Ax

= Ay = sin(60)(0.01745)
= Ay = (0.86603)(0.01745

oAy = 0.01511
Also,

Ay = f(x+Ax)-f(x)

. 0.01511 = cos(60+1) - cos(60)

= 0.01511 = cos61° - 0.5

= cos61° = 0.48489
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Question: 11 CLA5524

Solution:

Givenxism /2

Value of n is 22/7

22/14ism /2

Hence there will be no change.
Question: 12

Solution:

Let the radius of the plate 10cm.

Radius increases by 2% by heating

.. After increment = — x 10 = 0.2
100

Change in radius dr = 0.2

.. New radius = 10+0.2 = 10.2cm

Area of circular plate = A=mr2

.. Change in Area = ‘:—1
r

dA
= — = 2nrdr
dr

=>E—2xnx10><(}.2

dr

dA 2
=2 — =4mcm*

dr
Question: 13

Solution:

The formula for time period -

“T=2m

P

Here 2,m,g have no dimensions. So we can eliminate them.

AT

A
Now — =
T

m

=

X

[ERE

By representing in percentage error
AT AL
=7 x100% = ;x -x100%

=X 100% = ;x x 100%

= —% = %X 2%
ATo, _ 10
= T % 1%

Hence the time period becomes 1 %.
Question: 14

Solution:

Given: pvl/‘1 =k

%decrease in the volume = 1/2%s



L% 100 =
pvlf‘i' =k

taking log on both sides
log[pvl'm] = log a

log P + 1.4logV =loga

Differentiating both the sides we get

=ldp+ v -0
dpP dv

= - + 1.47 =0

Multiplying both sides by 100.
dpP dVv

= —x100+14x—x100=0
P A

> % x100+14(F) =0

> % 100 = 0.7

Yerrorin P = 0.7%.

Question: 15

The radius ofas

Solution:

Decrease in radius = dr= 10-9.8

Codr=0.2

Volume of the sphere is given by = V = i: nr

Change in volume = dV — 4nr°dr
c.odv = 4n(10)*x 0.2

=>dV = 80mcm?

Surface area ofthe sphere is given by = A — 4nr?

Changein volume = dA = 8nrdr
. dA = 8m=x10x 0.2

. dA=16T.

Question: 16

Solution:

Volume of the sphere isgiven by =V = Z nr?

Change in volume = dV = 4nr®dr

Given: Ar=0.1

3
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= Ar.g = 4mr’Ar CLASS24

= AV = 4nr?Ar

Percentage error

AV amr?
=2 v = Tam X 0.1
2
=0.3%

Queslion: 17
Solution:

Let d be the diameter r be the radius and V be the volume of Sphere

Volume of the sphere is givenby=V = '—:: mr2

3
4 D 1
:"V:—Tr(—) = -nD3
3 2 6
Let Ad be the error in d and the corresponding error in V be AV.

. AV 12
.AvfddAdf 2le AD

AV I=d*AD  _AD

TV i@ D

Hence Proved

Exercise : 11C

Queslion: 1

Solution:

Condition (1):

Since, f(x)=x? is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)=x? is continuous on [-1,1].

Condition (2):

Here, F(x)=2x which existin [-1,1].

So, f(x)=x? is differentiable on (-1,1).

Condition (3):

Here, f(-1)=(-1)2=1

And f(1)=11=1

i.e. f(-1)=f(1)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-1,1) such that f\(c)=0
ie.2c=0

i.e.c=0

Value of c=0¢(-1,1)

Thus, Rolle’s theorem is satisfied.



Question: 2 CLAssz4

Solution:
Condition (1):

Since, f(x)=x2-x-12 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f(x)= x2-x-12 is continuous on [-3,4].
Condition (2):

Here, f(x)=2x-1 which exist in [-3,4].

So, f(x)= x2-x-12 is differentiable on (-3,4).
Condition (3):

Here, f{-3)=(-3)2-3-12=0

And f(4)=42-4-12=0

Le. [{-3)=f(41)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(-3,4) such that f'(c)=0
i.e. 2¢-1=0

. 1
Le. 0=

Value of ¢ = _3’ e(—3.4)

Thus, Rolle’s theorem is satisfied.
Queslion: 3

Solution:

Condition (1}):

Since, f(x)=x2-5x+6 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f{x)= x2-5x+6 is continuous on [2,3].

Condition (2):

Here, f'(x)=2x-5 which exist in [2,3].

So, f(x)=x?-5x+6 is differentiable on (2,3).

Condition (3):

Here, f(2)=22-5x2+6=0

And f(3)= 32-5x%3+6=0

i.e.f(2)=f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(2,3) such that f'(c)=0

i.e. 2¢-5=0

i.e.c =

ba b



Value of ¢ = 5{(2,3) CLA5524

Thus, Rolle’s theorem is satisfied.
Question: 4

Solution:

Condition (1):

Since, f{x)= x2-5x+6 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f{x)= x?-5x+6 is continuous on [-3,6].
Condition (2):

Here, P(x)=2x-5 which exist in [-3,6].

So, f(x)= x2-5x+6 is differentiable on (-3,6).
Condition (3):

Here, f{-3)=(-3)2-5x(-3)+6=30

And f(6)= 62-5x6+6=12

i.e. f(-3)=f(6)

Conditions (3) of Rolle’s theorem is notsatisfied.
So, Rolle’s theorem is not applicable.
Question: 5

Solution:

Condition (1):

Since, f(x)=x?-4x+3 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f{x)=x2-4x+3 is continuous on [1,3].
Condition (2):

Here, f(x)=2x-4 which exist in [1,3].

So, f(x)=x2-4x%+3 is differentiable on (1,3).
Condition (3):

Here, f(1)=(1)2-4(1)+3=0

And £(3)= (3)2-4(3)+3=0

i.e. f(1)=F(3)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(1,3) such that (c)=0
i.e. 2¢c-4=0

ie.c=2

Value of c=2 €(1,3)

Thus, Rolle’s theorem is satisfied.

Question: 6
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Solution:
Condition (1):

Since, f(x)=x(x-4)2 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f(x)= x(x-4)? is continuous on [0,4].
Condition (2):

Here, f'(x)= (x-4)2+2x(x-4) which existin [0,4].
So, f(x)= x(x-4)? is differentiable on (0,4).
Condition (3):

Here, f{0)=0(0-4)2=0

And f(4)= 4(4-4)2=0

i.e. f(O)=F(4)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(0,4) such that f'(c)=0
i.e. (c-4)2+2c(c-4)=0

i.e. (c-4)(3c-4)=0

i.e. c=4 or c=3:4

Value of ¢ = ; €(0.4)

Thus, Rolle’s theorem is satisfied.
Question: 7

Solution:

Condition (1):

Since, f(x)=x3- 7x?+16x-12 is a polynomial and we know every polynomial function is continuous
for all xeR.

= f(x)=x3- 7x%+16x-12 is continuous on [2,3].
Condition (2):

Here, f'(x)=3x2-14x+16 which existin [2,3].

So, f(x)= x3- 7x2+16x-12 is differentiable on (2,3).
Condition (3):

Here, f(2)= 23- 7(2)2+16(2)-12=0

And f(3)= 33%- 7(3)2+16(3)-12=0

i.e. f{2)=F(3)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist atleast one ce(2,3) such that £’(¢)=0
i.e. 3c¢?2-14c+16=0

i.e. (c-2)(3c-7)=0



ie.c=2 or c=7+3 CLA5524
Value of ¢ =~ €(2,3)
2
Thus, Rolle’s theorem is satisfied.
Question: 8
Solution:
Condition (1):

Since, f(x)= x3+3x2-24x%-80 is a polynomial and we know every polynomial function is continuous
for all xeR.

= f(x)= x3+3x2-24x-80 is continuous on [-4,5].
Condition (2):

Here, f'(x)= 3x2+6x-24 which exist in [-4,5].

So, f(x)= x3+3x2-24x-80 is differentiable on (-4.,5).
Condition (3):

Here, f(-4)= (-4)3+3(-4)%-24(-4)-80=0

And f(5)= (5)3+3(5)3-24(5)-80=0

i.e. f{-4)=f(5)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(-4,5) such that '(c) =0
i.e. 3¢2+6¢-24=0

i.e. c=-4 orc=2

Value of c=2 €(-4.,5)

Thus, Rolle’s theorem is satisfied.

Question: 9

Solution:

Condition (1):

Since, f(x}=(x-1)(x-2)(x-3) is a polynomial and we know every polynomial function is continuous
for all xeR.

= f(x)= (x-1}(x-2}(x-3) is continuous on [1,3].

Condition (2):

Here, f(x)= (x-2)(x-3)+ (x-1)(x-3)+ [(x-1)(x-2) which existin [1,3].
So, f(x)= (x-1)(x-2)(x-3) is differentiable on (1,3).

Condition (3):

Here, f{1)= (1-1)(1-2)(1-3) =0

And f(3)= (3-1)(3-2)(3-3) =0

f.e. f(1)=f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(1,3) such that f'(c)=0



i.e. (c-2)(c-3)+ (c-1)(c-3)+ (c-1)(c-2)=0

i.e. (€-3)(2c-3)+(c-1)(c-2)=0
i.e. (2¢2-9¢+9)+(c2-3c+2)=0

ie.3c¢?-12¢+11=0

s 12
Le. ¢ = =

i.e. c=2.58o0rc=1.42

Value of ¢=1.42¢€(1,3) and ¢=2.58¢(1,3)

Thus, Rolle’s theorem is satisfied.
Question: 10
Solution:

Condition (1):

Since, f(x)=(x-1)(x-2)2 is a polynomial and we kno

xeR.

= f(x)=(x-1)(x-2)? is continuous on [1,2].

Condition (2):

Here, f(x)= (x-2)?+2(x-1)(x-2) which exist in [1.2].

So, f(x)= (x-1)(x-2)? is ditferentiable on (1,2).

Condition (3):
Here, f{1)= (1-1)(1-2)2=0
And £(2)= (2-1)(2-2)2=0

i.e. f(1)=F(2)

Conditions of Rolle’s theorem are salislied.

Hence, there exist atleast one ce(1,2) such that f'(c)=0

i.e. (e-2)2+2(c-1)(c-2)=0
(3c-4)(c-2)=0

i.e.c=2 or c=4+3

Value of ¢ = 3 =1.33¢(1,2)

Thus, Rolle’s theorem is satisfied.
Question: 11

Solution:

Condition (1}):

CLASS24

w every polynomial function is continuous for all

Since, f(x)=(x-2)%(x-3)% is a polynomial and we know every polynomial function is continuous for

all xeR.

= f(x)= (x-2)*(x-3)2 is continuous on [2,3].

Condition (2):

Here, f(x)= 4(x-2)3 (x-3)3+3(x-2)*(%-3)% which exist in [2,3].



So, f[(x)= (x-2)%(x-3)3 is differentiable on (2,3). CLASS24
Condition (3):
Here, f(2)= (2-2)}*(2-3)3=0
And f(3)= (3-2)*(3-3)%=0
i.e. f(2)=Ff(3)
Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one cg(2,3) such that '(c)=0
i.e. 4(c-2)3(c-3)3+3(c-2)¥(c-3)%=0
(c-2)%(e-3)3(7c-18)=0
iie.c=2orc=3 orc=18+7
18

Value of ¢ = — = 2.57¢(2.3)

7
Thus, Rolle’s theorem is satisfied.
Question: 12

Solution:

Condition (1):

Since, f(x) =v1— y2 is a polynomial and we know every polynomial function is continuous for all
xeR.

= f(x) = V1 — x2is continuous on [-1,1].
Condition (2):

Here, f(x) = —ﬁ which existin [-1,1].
So, f(x) = V1 — x? is differentiable on (-1,1).

Condition (3):

Here, f(—-1) = 1= (-1)2=0

And f(1) = yT—12 =0

Le. f(—1) =f(1)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-1,1) such that F(c)=0

ie. —7—==20
Ji-c?
i.e. c=0

Value of c=0¢e(-1,1)

Thus, Rolle’'s theorem is satisfied.
Question: 3

Solution:

Condition (1):

Since, f(x)=cosx is a trigonometric function and we know every trigonometric function is
continuous.



= f(x)=cosx is continuous on [— ; ;} CLAssz4
Condition (2):

Here, f(x)=-sinx which exist in [— gg]

So, f{x)=cosx is differentiable on (—;,E).

a

Condition (3):

Here, f(— g) = oS (— g) =0
And f(g) = cos(g) =0

(-1

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one CE(—%E) such that £(c)=0
i.e. -sinc=0

i.e.c=0

Value of ¢ = OE(—E._E_,)

Thus, Rolle’s theorem is satisfied.

Question: 14

Solution:

Condition (1):

Since, f(x)=cos2x is a trigonometric function and we know every trigonometric function is
continuous.

= f(x)= cos2x is continuous on | 0,71 ].
Condition (2):
Here, f'(x)= -2sin2x which exist in [0,7].
So, f(x)=cos2x is differentiable on (0,).
Condition (3):
Here, f(0)=cos0=1
And f(m)=cos2m=1
i.e. f[{0)=Ff(m)
Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(0,m) such that f’(c)=0
i.e.-2sinZc =0
i.e. Ze=Tr

™
ie.C=—

?

™

Value of ¢ = —€(0, )

Thus, Rolle’s theorem is satisfied.
Question: 15

Verify Rolle’s th



Solution: CLA5524

Condition (1):

Since, f(x)=sin3x is a trigonometric function and we know every trigonometric function is
continuous.

= f{x)=sin3x is continuous on [0,m].
Condition (2):

Here, (x)= 3cos3x which existin [0,m].
So, f(x)= sin3x is differentiable on (0,m).
Condition (3):

Here, f(0)=sin0=0

And f(n)=sin3n=0

i.e. f(0)=f(m)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce€(0,7) such that f'(c)=0
i.e. 3cos3c =0

i.e. 3c :;

ie. C =§

Value of ¢ = EE(O,TT)

Thus, Rolle’s theorem is satisfied.
Question: 16

Solution:

Condition (1}:

Since, f(x)=sinx+cosx is a trigonometric function and we know every trigonometric function is
continuous.

= f(x)= sinx+cosx is continuous on [0, :1]
Condition (2):

Here, F(x)= cosx-sinx which exist in [UE]
So, f(x)= sinx+cosx is differentiable on (U,g)
Condition (3):

Here, f(0)=sin0+cos0=1

And f(g) = sin G) + cos(g) =1

ie f(0) = 1(3)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(0, E) such that F(c)=0
i.e. cosc-sinc =0

. n
ie.c=—
4



Value of ¢ = EE{O%) CLA5524

Thus, Rolle’s theorem is satisfied.
Question: 17

Solution:

Condition (1):

Since, f(x)=e* sinx is a combination of exponential and trigonometric function which is
continuous.

= f(x)= e¥sinx is continuous on [0,m].
Condition (2):

Here, P(x)= e™ (cosx — sinx) which existin [0,T7].
So, f{x)= e™® sinx is differentiable on (0,m)
Condition (3):

Here, f{0)= e? sin0=0

And f{n)= esinmt =0

i.e. f(0)=f(m)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(0,7) such that f'(c)=0
i.e. e “ (cosc —sinc) =0

i.e. cosc-sinc=0

R T
1.e. C = —
a4

Value of ¢ = EE(O, m)

Thus, Rolle’s theorem is satisfied.
Question: 18

Solution:

Condition (1):

Since, f(x)=e™ (sinx-cosx) is a combination of exponential and trigonometric function which is
continuous.

= f(x)=e™ (sinx-cosx) is continuous on [E STW]
Condition (2):

Here, f(x)= e™ (sinx + cosx) - e (sinx — cosx)
= e® cosx which exist in [% ST“]

So, f{x)= e (sinx-cosx) is differentiable on (EST“)

Condition (3):
Here fE = - (si T_ T =0
) (4) =e s (sm4 cos4} =

And _ sy _sm . 5T 51
I(T)— e s (smT—cosT) =0



Le.f(5) = (=) CLASS24
Conditions of Rolle’s theorem are satisfied.

- 5 .
Hence, there exist at least one cc(ﬁ_ —") such that £’{c)=0
4’4

i.e. e “cosc=0
i.e.cosc=0
. T
ie.C=—

?

Value of ¢ = EE(E, 5—“)
274" 4
Thus, Rolle’s theorem is satisfied.
Question: 19
Solution:

Condition (1):

Since, f(x) = sinx-sin2x is a trigonometric function and we know every trigonometric function is
continuous.

= f(x) = sinx-sin2x is continuous on [0,21].
Condition (2):

Here, (%)= cosx-2cos2x which exist in [0,21m].
So, f(x)= sinx-sin2x is differentiable on (0,2m)
Condition (3):

Here, f(0)= 8in0-5in0 = 0

And f(2n)=sin(2m)-sin(4n) =0

i.e. f{0)=f(2m)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one c€(0,2m) such that F(c)=0
i.e. cosx-2cos2x =0

i.e. cosx-4cos?x+2=0

i.e. 4cosZx-cosx-2=0

+y33

i.e. COSX =

i.e. c=32° 32’ or c=126°23
Value of c=32°"32’¢(0,2m)

Thus, Rolle’'s theorem is satisfied.
Question: 20

Solution:

Condition (1}):

Since, f(x)=x(x+2)e* is a combination of exponential and polynomial function which is continuous
for all xeR.

= f(x)= x(x+2)e¥ is continuous on [-2,0].



Condition (2): CLA5524

Here, '(x)=(x2+4x+2)e* which existin [-2,0].
So, f(x)=x(x+2)e* is differentiable on (-2,0).
Condition (3):

Here, f(-2)= (-2)(-2+2)e 2 =0

And f(0)= 0(0+2)e%=0

i.e. f(-2)=f(0)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(-2,0) such that f(c)=0
ie. (c2+4c+2)e® =0

i.e. (c+v2)2=0

ie. c=-v2

Value of c=-v2 €(-2,0)

Thus, Rolle’s theorem is satisfied.

Question: 21

Solution:

Condition (1):

Since, f{x)=x(x-5)? is a polynomial and we know every polynomial function is continuous for all
xeR.

= f(x)= x(x-5)2 is continuous on [0,5].
Condition (2):

Here, F(x)= (x-5)2+ 2x(x-5) which exist in [0,5].
So, f[x)= x(x-5)2 is differentiable on (0,5).
Condition (3):

Here, f(0)= 0(0-5)?=0

And f(5)= 5(5-5)2=0

i.e. f{0)=f(5)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one cg(0,5) such that f(c)=0
i.e. (€-5)2+ 2¢(c-5)=0

i.e.(c-5)(3c-5)=0

i.e. C = - orc=5

w |

5
Value of ¢ = 3 €(0.5)
Thus, Rolle’'s theorem is satisfied.
Question: 22

Solution:



Condition (1): CLA5524

Since, f(x)}=(x-1)(2x-3) is a polynomial and we know every polynomial function is continuous tor all
xeR.

= f(x)=(x-1)(2x-3) is continuous on [1,3].
Condition (2):

Here, f(x)= (2x-3)+ 2(x-1) which existin [1,3].
So, f(x)=(x-1)(2x-3) is differentiable on (1,3).
Condition (3):

Here, f{1)= (1-1)(2(1)-3)=0

And f(5)= (3-1)(2(3)-3)=6

ie. f(1)=f(3)

Condition (3) of Rolle’s theorem is not satisfied.
So, Rolle’s theorem is not applicable.
Queslion: 23

Discuss the appli

Solution:

Condition (1):

Since, f(x)=x¥2 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x'/? is continuous on [-1,1].

Condition (2):

Here, f'(x) = i which does not exist at x=0 in [-1,1].
xz

f(x)=x12 is not differentiable on (-1,1).

Condition (2) of Rolle’s theorem is not satisfied.

So,Rolle’s theorem is not applicable.

Question: 24

Solution:

Condition (1):

Since, [(x)=2+(x-1)27 is a pelynomial and we know every polynomial function is continuous for all
xeR.

= f(x)= 2+(x-1)%7 is cantinuous on [0,2].

Condition (2):

Here, f,{x) = ;j which does not exist at x=1 in [0,2].
3(x—1)2

f(x)= 2+(x-1)%2 is not differentiable on [0,2).
Condition (2) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.

Question: 25

Discuss the appli



Solution: CLA5524

Condition (1):
Since, f(x) = c()sl which is discontinuous at x=0
xX

1is not continucus on [-1,1].
= f(x) = cos-
X

Condition (1) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.

Question: 26

Discuss the appli

Solution:

Condition (1):

Since, f(x)=[x] which is discontinuocus at x=0

= f(x)=[x] is not continuous on [-1,1].
Condition (1) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.
Question: 27

Solution:

Condition (1):

Since, y=x(x-4) is a polynomial and we know every palynomial function is continuous for all xeR.
= y=x(x-4) is continuous on [0,4].

Condition (2):

Here, y'= (x-4)+x which existin [0,4].

So, vy= x(x-4) is differentiable on (0,4).
Condition (3):

Here, y(0)=0(0-4)=0

And y(4)= 4(4-4)=0

i.e.y(0)=y(4)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce{0,4) such that y’'(c)=0
ie. (c-4)+ec=0

i.e. 2¢-4=0

ie.c=2

Value of c=2€(0,4)

Soy(c)=y(2)=2(2-4)=-4

By geometric interpretation, (2,-4) is a point on a curve y=x(x-4),where tangent is parallel to x-
axis.

Exercise : 11D

Question: 1



Solution:
Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [4.6].

, f(b) — f(a)
FlO="y-2"
_(36+12+3)7(16+8+3)
- 6—4

%

=12

= f (c)=2c+2
= Zc+2=12
= ¢c=5
Question: 2
Solution:
Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [0,4].

f(b) — f
f(o) = TR f@ b)_a(-a)

(16+4—-1)—(0+0—1)
:—ﬂ .
=5
= [(c)=2c+1
= 2c+1=5
= c=2
Question: 3
Solution:

Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [1,3].

f(b) — f(:
(o - W@

_(1379+1)7(273+1)
N 3-1

=5
= [(c)=4c-3

= 4¢-3=5

CLASS24



= c=2
Question: 4
Solution:
Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [-1,4].

PRLCRLC
(64 +16—24) — (—1+ 1 +6)
- 4+1
50
5
=10

f' (c)=3c2+2c-6
= 3 c?+2c¢-6=10
= 3 c242c¢-16=0
= 3 c2-6¢c+8c-16=0
= 3c(c-2)+8(c-2)=0

= (3c+8)(c-2)=0

-2
¢ 3

Question: 5

Solution:

Given:

f(x) =x3 —18x* + 104x - 192

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [4.6].

f(b) f(a)
() =——7—
— 4
(216 — 648 + 624 — 192) — (64 — 288 + 416 — 192)
= f'(c)=
62
=0

= F (c)=3c2-36c+104
=3c?-36¢+10
=0

36 +11296 — 1248
N 6

36 + V48
6

CLASS24
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Question: 6
Solution:
Given:

Since f{c) is continuous as well as differentiable in the interval [0,1].

f(b) f(a)

b-a

f'(c)=

e—1

= [ (c)=e"

= ef =e-1

= log.e* = log.e — 1)
= c=loga(e-1)
Question: 7

Solution:

Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [0,1].

r()_f(b) 2(3)
1—-0
T1-0
=1
ey Lok
f(c)—§3
21
-—;§c3=1
-1 3
= (3 7
12
:)(_'3:5
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Question: 8

Solution:

Given:

Since log x is a continuous as well as differentiable function in the interval [1,e].

2

-2

In(a)
-4

f(b) — f(a
oo - b_;)
_loge —logl
Toe—1

c=e-1
Question: 9
Solution:
Given:

Since tan~!x isa continuous as well as differentiable function in the interval [0,1].

, f(b) — f(a)
f'(c) = b3
B tan !1—tant0

1-0
o

T4

f'(c)=

1+c2



S CLASS24
= 1+c %
= = i—1

Question: 10

Solution:

Given:

Since sin x is a continuous as well as differentiable function in the interval [;—
3

2

sin{El

\ 7 s —
u T T N NS N

-2

f(b)“f(a)
f 7 7
© =~
S S|
#smz sins
Sm om
22

=0
f' (c)=cos x

cos x=0
nm
X=—. ne{1,2,3,4,5)

Question: 11
Solution:

Given:

. . . . . . . - . n
Since (sin x + cos x) is a continuous as well as differentiable function in the interval [0. :] .

-
3

NVZ T VA VA YA AN

f(b) f(a)

b—a

f'e)=—""7—

. T T,
sins + cos —sin0 — cos0
_ 2 2
- T

5—0




f' (c)=cos x-sin x CLA5524

= cos x-sin x=0

b . T
= C0SXCOS— —sinxsin—=0
4 4
1§
= cos(x+ Z) =0

= (x+ ;) =cos !0

= (x+g)=
ﬂxfl—z

Question: 12

Solution:

Given:

Since f(x) is continuous in the interval [-1,1].

But is non differentiable at x=0 due to sharp corner.

So LMVT is not applicable to [(x)=|x|

| .'J.'l 5 /

Question: 13
Solution:
Given:

Since the graph is discontinuous at x=0 as shown in the graph.



: CLASS24

So LMVT is not applicable to the above function.
Question: 14 A

Solution:

Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [U,l].

, f(b) - f(a)
Flo=—"=2"
13
gitl-0
1
50
3
T4

f' (€)=3x2 -6x+2
3 x2-6x+2=3/4

12 x2-24x+8=3
12 x?-24x+5=0

24 +£+576— 240

X 24
L4 [336
=% 576
=1+ |—
=T 2

Question: 14 B
Solution:

Given:



Since the f(x) is a polynomial function, CLAssz4

1t is continuous as well as differentiable in the interval [1,5].

o - f(b) f(b) - f(a)

—a

_J25—25— /25 —1

5-1
P
f'(c) = —( 20
R V24
V25— ¢c? 4

= 4c= m

= 16c¢?=600-24c?

= 40c2=600

= ¢?=15

= = m

Question: 14 C

Solution:

Given:

Since the f(x) is a polynomial function,

1t is continuous as well as differentiable in the interval [4,6].

, f(b) — f(a)
f(}—i
b—a
V8 — V6
64
VB8
-2
1
f'(c) = ——
() 2Ve+ 2
1 \-’5—\/5
= =
2VJc+ 2 2
1 \@f\/g
= =
ve+ 2 1
R 1 8 ++6
= Vc+ 2= xV,_ M
V8—V6 VB8+46
/8 + 6
:>\fc-!—2:\ Z\F

1
= c+2:;[8+6+2\@)

3
= CZE‘FZ\/E
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Question: 15

Solution:

Given:

y=x*

Since y is a polynomial function.

1t is continuous and differentiable in [1,2]

So, there exists a c such that:

f(b)—f(a
N ORC)
b—a
_4—1
21
=3
= [ (c)=2c
= 2c=3
_3
€73

So, the pointis (é 2)

Question: 16

Solution:

Given:

y=x*

Since y is a polynomial function.

1t is continuous and differentiable in [1,3]

So, there exists a ¢ such that:

f(b) — f(a

N (O (©
b—a

27 -1

S 3-1

=13

= ' (c)=3c2

= 3¢?=13
13

= ¢c= |—

‘= /3

V39

= = —
3

—_

- 35 13,39

So the point is (lﬁ -—\-—-)
3" 9

Question: 17



Solution:

Given:

y=x3-3x

Since y is a polynomial function.

1t is continuous and differentiable in [1,2]

So, there exists a c such that:

f’(c} _ f(b) - f(a)
b—a

(B8-6)-(1-3)

- 2-1

=4

= f (c}=3c2-3
= 3 ¢2-3=4

= 3¢2=7

f[7 2 [7 T P b
So, the pointsare [ |-, — =], 2,2 ’,
V3 3 y3 3243 343

Question: 18

Solution:

Given:

f(x)}=x(1-log x}

Since the function is continuous as well as differentiable

So, there exists ¢ such that

f(b) — f(:
(o - © 1@

. (1—log)—c x% _ b(1- logbﬁ::(l—loga)
b(1 —logb) —a(1—loga)

b-a
(b-a) logc=b(1-logb )-a(1-loga)

= logc =

Hence proved.

Exercise : 11E

Question: 1

Solution:

CLASS24



min. value =4

Since the square ofany no. Is positive, the given function has no maximum value.

The minimum value exists when the quantity (5x-1)?=0
Therefore, minimum value=4

Question: 2

Solution:

max. value=9

Since the quantity (x-3)? has a —ve sign, the max. Value it can have is 9.
Also hence it has no minimum value.

Question: 3

Find the maximum

Solution:

max. value=6

Since |x+4 | is non-negative forallx belonging to R.
Therefore the least value it can have is 0.

Hence value of function is 6.

It has no minimumvalue as itcan have infinitely many.
Question: 4

Solution:

max. value = 4, min. value = 6

f(x)=sin2x+5

We know that,

-1<sinB<1

-1=sin2x=<1

Adding 5 on both sides,

-1+5<sin2x+5<1+5

4<s5in2x+5<6

Hence

max value of f(x)=2x+5 will be 6

Min value of f(x) =2x+5 will be 4

Question: 5

Solution:

max. value = 4, min. value = 2
We know that

-1=sinB9=1

-l=sind4x<1

CLASS24



Adding 3 on both sides, CLAssz4

We get

-1+3<sin4x+3<1+3
2<|sindx+3|<4

Hence min.Value is 2 and max value is 4
Question: 6

Solution:

local max. valueis 0 atx =3
F'(x)=4(x-3)3=0

=X=3

. local max. Vaue is 0.

Question: 7

Solution:

local min. value is0 atx = 0
F'(x)=2x=0

x=0

~ local min.value is 0

Question: 8

Solution:

local max. value is -3 atx = 1 and local min. value is -128 atx = 6
F'(x)=6x2-42x+36=0

= 6(x-1)(x-6)=0

=x=1,6

F (x)=12x-42

F'(1)<0 ,1 is the pont of local max.
F"[6)>0. 6 is the point of localmin.
F(1)=2-21+36-20=-3

F(6)=-128

Question: 9

Solution:

local max. value is 19 atx = 1 and local min. valueis 15 atx= 3
F'(x)=3x2-12x+9=0

=3(x-3)(x-1)=0

= x=3,1



F'(x)=6%-12

F'(3)=18-12=6>0, 3 is the of local min.
F'(1)<0, 1is the point of local max.
F(3)=15

F(1)=19

Question: 10

Solution:

CLASS24

local max. valueis 68 atx =1 and local min. valuesare —1647 atx=—-6and -316atx=5

F'(x)=4%x3-124x+120=0

= 4[x3-31x+30)=0

For x=1, the given eqis 0
+x-1is a factor,
4(x-1)(x+6)}(x-5)=0
=X=1,-6,5

F“(1]<0, lis the point of max.

F"[-S) and f”[5)>0, -6 and 5 are point of min.

F(1)=68
F(-6)=-1647
F(5)=-316

Queslion: 11

Solution:

local max. value is 251 at x = 8 and local min. value is -5 atx =0
Hx)=-3x2+24x=0

= -3x(x-8)=0

= x=0,8

F'(x)=-6x+24

F"(U)>D. 0 is the point of local min.

F"[S)<0. 8 is the point of local max.

F(8)=251 and [(0)=-5

Question: 12

Solution:

local max. value is 0 at x = -2 and local min. valueis -4 atx =0
F(x)=(x-1)2(x+2)+(x+2)3=0

x=0,-2

f”[U);‘-O, 0 is the point of local min.



f'(-2)<0, -2 is the point of local max. CLAssz4

£(0)=-4
f(-2)=0

Question: 13

Solution:
—3456
local max. value is 0 at each of the points x = 1 and x = -1 and local min. value is at
1A L8
1
X =——
5

F(x)=-(x-1)%2(x+1}-3 (x-1)%(x+1)%=0

=2 x=1-1,-=

5

Since, fll{1) and fl(-1) <0, 1 and -1 are the points of local max.
F”(-;]>0, -i is the point of local min.

>
F(1)=f(-1)=0

Also,f(— _:J;) A

1
@

[N]
-
]
ol

Question: 14
Solution:

local min. value is2 atx =2

F(x)—-—2=0

X
= x%-4=0
= x=+2

Butsince x>0, x=2
. 2
F2)=53

2<0
8

~point of local mini. is 2

F(2)=2+-=2

SRS

Question: 15

Solution:

max. value is 139 at x = -2 and min. value is 8% atx=3
F(x)=6x2-24=0

6(x2-4)=0

6(x2-22)=0

6(x-2)(x+2)=0



X=2,-2

Now, we shall evaluate the value of f at these points and the end points
F(2)=2(2)3-24(2)+107=75

F(-2)=2(-2)3-24(-2)+107=139

F(-3)=2(-3)3-24(-3)+107=125

F(3)=2(3)3-24(3)+107=89

Question: 16

Solution:

max. value is 257 at x = 4 and min. valueis-63 atx= 2
Fl(x)=12x3-24x%+24x-48=0

12(x3-2x2+2x-4)=0

Since for x=2, x3-2x2+2x-4=0, x-2 is a factor

On dividing x3-2x2+2x-4 by x-2, we get,
12(x-2)(x2+2)=0

X=2,4

Now, we shall evaluate the value of f at these points and the end points
F(1)=3(1)*-8(1)3+12(1)%-48(1) +1=-40

F(2)= 3(2)*-8(2)%+12(2)%-48(2)+1=-63

F(4)= 3(4)*-8(4)3+12(4)%-48(4)+1=257

Question: 17

Solution:

I T
max. value is — at X = — and min.valueis — at X =
a

12| A

F! (x)=cos x-1sin x=0

3 2 cos x=sin x

2 2 2 2

m w1 w1 V3
f(g) = S]ng +§C05€ §+T
f(n) . H+1 hie \/§+1

3 751113 2(0537 P 2

Question: 18
Solution:

The given function is

CLASS24



Y = xi CLASS24

Now, taking logarithm from both sides, we get..

1
logy = — logx
X

Differentiating both sides w.r.t x....

1 ]_l '+l
yy— = n(x) =

P
:>y:‘;{?-_(1 In(x))

(1-In(x})=0
In(x)=1
x=e

hence the max. point is x=¢e

1
max value is €€,

Question: 19

Solution:
F(x)=x+
1

Taking first derivative and equating it to zero to find extreme points.

F()=1-3 =0

now to determine which of these is min. And max. We use second derivative.
floo=3

fl[1)=2 and fl{-1)=-2

since A1{1) is +ve it is minimum point while flI(-1) is —ve it is maximum point
max value-> f[-l):-1+%:-2

min vaue->f(1)=1 +%=2

hence maximum value is less than minimum value

Question: 20

Solution:

49

d

& = —24 — 361
dx

=0



CLASS24

=>x=—23
Step 2

d? P_

—36 is negative
dx?

Step 3

maximum profit = p (— g)
=49

Question: 21

Solution:

(1.3

Let P(x,y) be the position of the jet and the soldier is placed at A(3,2)

AP= =37 + (v -2
As y=x2+2 or y-2=x2

+ AP2=(x-3)2 4 x*=z (say)

dz 2(x — 3) + 4x°
ax o &

dz

i

2 x-6+4x3=0
Put x=1
2-6+4=0
.x-11is a factor

And £E - 12x7 4+ 2
dx-

dz
— =0 orx=1
dx

and S2(at x=1)>0

dx®
. Zz is minimum when x=1,y=1+2=3
Point is (1,3)

Queslion: 22

Solution:
T hks
max. value is at X = —2 and min. value is at X = —
T Na 3 (5 3
IR ] _+J§]
f‘(x]=-1+2(:os\x=(3 L3
= C0SX= —¢
PALL
X =—



By finding the general solution, we get X = g andx = 2% CLA5524

3

Now, by finding the second derivative, we get that f”(g} < 0 and f”(s?ﬂ) >0

f T y T s 5:{ \ 5‘1
Therefore, max. value is i —; - -Jg i at X = — and min. value is T + \/g] at x =
\ - s 3 A 1

Exercise : 11F

Question: 1

Solution:

Given,

* The two numbers are positive.

# the product of two numbers is 49.

® the sum of the two numbers is minimum.
Let us consider,

* x and y are the two numbers, such thatx>0and y > 0
* Product of the numbers: x x y = 49

* Sum of the numbers:5S=x+y

Now as,

X xy =49

Consider,
S=x+y
By substituting (1), we have
—x+ P (2)
x
For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point c then f'(c) = 0.

Differentiating the equation (2) with x

dS, d ( +49)
dx ~ dx X

X
dS_ d ) d (49)
& o V&Y

d d 1 d
Since — (x™) =nx™!and — (—) = —(x™= —nx"?
[ dx (X ) nx dx \x? dx ( ) ]

Now equating the first derivative to zero will give the critical point c.

So,

S _ 1y a9 (_1) 0
_— + _ =
dx x?
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X2
=x?=49
=X = i\,@

Asx=0,thenx=7

Now, for checking if the value of S is maximum or minimum atx=7, we will perform the second

differentiation and check the value ofg at the critical value x = 7.

Performing the second differentiation on the equation (3) with respect to x.

dZS_ d [l+ 49(71)]
dx?  dx x2

2L de)

dx? dx x?
d’s 0 [49 (—1 x —2)]
R — + J—
dx? x3
z d d 1 d -n o—Th—
[Since - (constant) = 0 and — (5) = ™M= -

dZS__49(2)__98
dx?

Now whenx =7,

x3/  x3

=3

T 3437

d*s 98 98
dx2 R E
x=7

As second differential is positive, hence the critical point x = 7 will be the minimum point of the
function S.

Therefore, the function S = sum of the two numbers is minimum atx = 7.

From Equation (1), ifx=7

Therefore,x = 7 and y = 7 are the two positive numbers whose productis 49 and the sum is
minimum.

Question: 2

Solution:

Given,

* The two numbers are positive.

® the sum of two numbers is 16.

» the sum of the squares of two numhbers is minimum.
Let us consider,

* x and y are the two numbers, such thatx>0and y> 0
s Sum of the numbers: x+y =16

* Sum of squares of the numbers : § = x2 + y2

Now as,

x+y=16



¥ = (16-%) -—-—-(1) CLASS24

Consider,

sS=x%+ yz

By substituting (1), we have

S =x2+ (16-¥)2 —(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point c then f'(c) = 0.

Differentiating the equation (2) with x

ds_d Lo
a*&[x + (16 —x)7]

§_i -2+£ 167.2
dx  dx %) dx[( 7

= = 2x+ 216 - x)(-1) — (3)

. d —
[Since — (x") = nx" 1]
dx
Now equating the first derivative to zero will give the critical point c.

So,

dS*Z 2(16 —x)(-1) =0
o = x+2( x)(-1) =

= 2x-2(16-x) =0

= 2x-32+2x=20

=4x =32
32

=2xX= —
4

= x=8

Asx>0,x=8

Now, for checking if the value of S is maximum or minimum at x=8, we will perform the second
. . -d°S -
differentiation and check the value of: — at the critical value x = 8.
e

Performing the second differentiation on the equation (3) with respect to x.

dzs*d [2x +2(16 1)]
axz  dx ¥ A Ay
d’s d d
dxzza[Zh]—Zﬁllﬁ—h]
ds

=220 -1]

, d d _
[Since i (constant) = 0 and = (x®) = nx"!)

da’s
dx?

=2-0+2=4
Now when x = 8,

d?s
dxz

] =4>0
x=8

As second differential is positive, hence the critical point x = 8 will be the minimum point of the



function S. CLA5524

Therefore, the function S = sum of the squares of the two numbers is minimum at x = 8.
From Equation (1), if x= 8
y=16-8=8

Therefore, x =8 and ¥ = 8 are the two positive numbers whose suis 16 and the sum of the
squares is minimum.

Queslion: 3

Solution:

Given,

* the number 15 is divided into two numbers.

» the product of the square of one numhber and cube of another number is maximum.
Let us consider,

* x and y are the two numbers

* Sum of the numbers : x + y = 15

* Product of square of the one number and cube of anther number: P = x3 y2

Now as,

x+y=15

Consider,

P - x3y2

By substituting (1), we have

P =x* x (15-x)2 7(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f'(c) = 0.

Differentiating the equation (2) with x

dp
dx

d ,
= a[h X (15—X}“I

dp, 5 .Zd 3 de 5 2
E.;:_ (l —1) H;(X)*F)\ a‘;[(l —X)]

d:P\j = (15—x)? Bx)+ x*[2(15 — x)(—1)]

[Since di (,\'") =nx" ! and ifu and v are two functions of x, then
X

d d d
E(uxv)_ v x;(u)+u x;(v)]

dP

e (15 —x)? (3x%) + x¥ [-30 + 2x]
=3x[15% - 2x (15)=(x) +x2]x? + x3(2x-30)
=x?[3x (225 - 30x + x%)+ x (2x - 30)]

= x?[ 675- 90x + 3x*+ 2x* — 60x]

=x2[5x2-120x + 675]



= 5x2 [x% - 24x + 135] ——-(3) CLASS24

Now equating the first derivative to zero will give the critical point c.

So,

dp52324+135 0
dx—x[xf X ] =

Hence 5x2 =0 (or) x2_-24x+135=0

—(—24)+/(-24)%-4(1)(135)

2x1

x=0(or) x =

x=0 (0]‘) X = 244 /576—540]

x =0 (or) x = 244V3a
2446
x=0(or)x = 2426
2
X =0 (or) x = L-t:ﬁ (1) x = ..4:&

x=0[or)x=32—°[or]x: i

x=0(or)x=15(or)x =9
Now considering the critical values of x = 0,9,15

Now, for checking if the value of P is maximum or minimum at x=0,9,15, we will perform the
d*p

dx=

second differentiation and check the value of at the critical value x = 0,9,15.

Performing the second differentiation on the equation (3) with respect to x.

¢'p_d [5x2 (x* - 24 135) ]
= - X“ - 24x + 13
2w oX (x X 35)
d*p . d e g
S =(x*-24x + 135} [587] + 5x° ——[x*- 24x + 135]
dx2 dx dx

= (%2 -24x + 135) (5 % 2x) + 5x% (2Zx - 24 + 0)

[Since i (constant) = 0 and i (x™) = nx"! and if uand v are two functions of x, then
i(u XV)=V xi (W+u xi ()1

= (x% - 24x + 135) (10x) + 5x2 (2x — 24)

=10x3 - 240x? + 1350%x + 10x3 - 120x?

=20x3-360x? + 1350x

=5x (4x? - 72x + 270)

— 3 2 _ ¢+
i 5x (4x=- 72x + 270)

Now whenx =0,

:

d<P .
dx:]_\._o =5 x 0[4(0)*— 72 (0) +270]

=0
S0, we rejectx =0

Now when x =15,



d2
dx?

|

=65 [(4 x 225) -1080+ 270]

lj] =5 x 15[4(15)> — 72(15) + 270] CLASS24

= 65 [900- 1080+ 270]
=65 [1170- 1080]

=65x% (90) =0
d7p ) ) .
Hence [F] > 0,s0atx =15, the function P is minimum
T dx=15
Now when x =9,

d’p
dx2

l =5 x9[4(9)2— 72(9) +270]

= 45[(4 x 81) - 648 + 270]
=45 [324 - 648 + 270]

= 45 [594 - 648]

— 45 % (-54)

=-2430<0

As second differential is negative, hence at the critical point x = 9 will be the maximum point of
the function P.

Therefore, the function P is maximum atx = 9.
From Equation (1), if x= 9
y=15-9=6

Therefore,x =9 and y = 6 are the two positive numbers whose sumis 15 and the product of the
square of one number and cube of another number is maximum.

Question: 4

Solution:

Given,

= the number 8 is divided into two numbers.

* the product of the square of one number and cube of another number is minimum.
Let us consider,

e x and ¥ are the two numbers

s Sum of the numbers: x+y =28

* Product of square of the one numberand cube of anther number: S =x3+ y?
Now as,

x+y=8

y = (8%) —— (1)

Consider,

S=x3+ yz

By substituting (1), we have

§=x%+ (B-x)2(2)



For finding the maximum/ minimum of given function, we can find it by differentiatin CLAssz4
and then equating it to zero. This is because if the function f(x) has a maximum/minir
point cthen (c) = 0.

Differentiating the equation (2) with x

s 4 o
O g X (8-x))
ds_d god o
= L O+ (8- %))

g = (3x%) +2(8 — x)(—1)

d
[Since — (x) = nx™ 1]
dx

ds 3x* — 16+ 2x
a; = 3X" — X
= 3x2 + 2x - 16 -—-(3)

Now equating the first derivative to zero will give the critical point c.
So,

as ]

—=3x"+2x —16=0

dx

Hence 3x2+ 2x-16=0

B —(Z)i\/’(-Z)i—_ﬂS)"(—_l'sj
= 2 x 3

—2+J4+192
B 6

—2 +/196
B 6
-2 +14

6

-2+14 -2-14
X = — (or) x =

X =

12 —16
x="(or]x = —

] b
x =2 (or)x=-2.67

Now considering the critical values of x = 2,-2.67

Now, for checking if the value of P is maximum or minimum at x=2,-2.67, we will perform the

second differentiation and check the value of ? at the critical value x = 2,-2.67.
=

Performing the second differentiation on the equation (3) with respect to x.

d°s_d [3x%+ 2x — 16|

ax? dx oY X

d’s d \ d d
G ax SV g el

=3(2x)+2(1)-0
) d d _
[Since T (constant) = 0 and = (x™) = nx™!]

=6x+ 2



es_ CLASS24

dx?

Now whenx =-2.67,

d’s
- =6(-267)+ 2
dx‘ w=—2.67

=-16.02+2=-14.02

Atx =-2.67

j—? = —14.02 < 0 hence, the function S will be maximum atthis point.
<

Now considerx = 2,

|

=12+2=14

d°s
dle\i“ =6(2)+ 2

Hence [?] =14 > 0,so0atx =2, the function S is minimum
<2

x=2

As second differential is positive, hence atthe critical point x = 2 will be the maximum point of
the function S.

Therefore, the function S is maximum atx = 2.
From Equation (1), if x= 2
y=8-2=6

Therefore, x = 2 and y = 6 are the two positive numbers whose sum is 8 and the sum of the
square of one number and cube of another number is maximum.

Question: 5

Solution:

Given,

* the number ‘a’ is divided into two numbers.

* the product of the pth power of one number and qth power of another number is maximum.
Let us consider,

s x and y are the two numbers

* Sum of the numbers:x+y=a

e Product of square ofthe one number and cube of anther number: P =xP y9

Now as,

x+y=a

y = (ax) ——-(1)

Consider,

P =xPyq

By substituting (1), we have

P=xP x (a-x)17""(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f(c) = 0.

Differentiating the equation (2) with x



® e CLASS24

dx  dx

df _ qd P) ypd )4
- @0 (P xP o [(@- 09
dP

= @ 0TexP ) +xP[qla—x) (1]

[Since di (x™) = nx™ ! and ifu and v are two functions of x, then
.4

d d d

— (uxv)=v X - (W+ u X - (V)]

dp
dx

= xP@a-x)?(@a-x)p—xq]

= xPL(a-x) 2 [ap-xp-xq]

= xPl@-x) 9 ap - x (p+q)] ——(3)

Now equating the first derivative to zero will give the critical point c.
So,

dpP

P13 )9 1[3p ¥ -

oo X (a—x)?T'[ap-x(ptq)]=0

Hence xP'1 = 0 (or) (a-x)9! (or) ap- x(p+q)= 0
ap

p+q

x=0(or)x=a(or) X =

- R g 3 . =g
Now considering the critical valuesof x = 0,aand X = ﬂ
Now, using the First Derivative test,

For f, a continuous function which has a critical point c, then, function has the local maximum at

point close to the left of

Now when x =0,

[d “o
dx x=0 a

S0, we rejectx =0

Now when x = a,

a0
dxle=, -

Hence werejectx=a

ap
Now when X < _——,
p+a
e () )
[d-\']x(i - (P+f-1 d p+q [ap pq r+qQl>0--- (4)
p+a
ap
Now when X > :
p+q

(o= G2 - 2 e Z e oo

By using first derivative test, from (4) and (5), we can conclude that, the function P has local
ap
pPiq

maximum at X =

. . ap
From Equation (1),if X = —
q (1) bta



ap _alp+q)—ap ap CLASS24

p+q p+q p+q

y=a-

q
Therefore, X = ot and y= +qare the two positive numbers whose sum together to give the

number ‘a’ and whose product of the pth power of one number and qth power of the other
number is maximum.

Question: 6
Solution:
Given:

Rate of working of an engine R, v is the speed of the engine:

R=15v+ 6‘100, where 0<v<30

For finding the maximum/ minimum of given function, we can find it by differentiating it with v
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f'{c) = 0

Now, differentiating the function R with respect to v.

dr = 15v 4
dv dv[ v v ]
dR d [15 1+ d [60001
dv v dvl v
[6000 15— 53:0:4‘ _____ (1)
[Since i (x™ = nx™ ! and a%; (;ln) = ;ix (x"}= —nx7*?]

Equating equation (1) to zero to find the critical value.

dR 6000
dv 2
6000

15 =
v2
. 6000
15
400
= 400

v =20 (or)v=-20
As given in the question 0<v<30, v = 20

Now, for checking if the value of R is maximum or minimum at v=20, we will perform the second

differentiation and check the value ofj;}f at the critical value v = 20.
N

Differentiating Equation (1) with respect to v again:

dZR_ d . 6000

dvz dx[ vi ]

3 d [15] d [6000]

T dx dx | v2
6000

=0

. d d (1 d , _ e
[Since — (constant) = 0 and — (—) = —(x™) = —nx"1]
dx dx dx



~ IGOOOI
= v3
S

v

Now find the value of (dd_ R)
v=20

d’R 12000] 12000 3
. T 20 % 20 x20 2

h - >0
dv:/ _., (20)3

So, atcritical point v= 20. The function R is at its minimum.

Hence, the function R is at its minimum at v = 20.
Question: 7

Solution:

Given,

* Area of the rectangle is 93 cm?.

* The perimeter of the rectangle is also fixed.

Let us consider,

o
®

y

Ao ©

* x and ybe the lengths of the base and height of the rectangle.

*» Area ofthe rectangle = A =xx y = 96 cm?

* Perimeter of the rectangle = P= 2 (x + y)

As,
X xy=96
96
y=— (1)

Consider the perimeter function,
P=2(x+y)
Now substituting (1) in P,

96

p=2(x+ %)@

CLASS24

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata

point c then f'(c) = 0.

Differentiating the equation (2) with respect to x:

dP_ d [2( N 96)]
dx dx T3

dPid(2'+2d(96)
dx dx %) dx \ x




dx
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2 1 Sy sN—1 i i)i i Pt O ,—~Nn—-1
[Since —~ (x") = nx"! and = (,.-n - = (x™)= —nx ]
dP 192
Py (). 3
dx 2 ( .‘cz) (3)

To find the critical point, we need to equate equation (3) to zero.

dpP 192
2- (=) =0

dx x2

2
X = V96
x= +4/6

As the length and breadth of a rectangle cannot be negative, hence x = 4 /g

Now to check if this critical point will determine the least perimeter, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (3) with x:

d:P_ d [2 (192)1
dx?  dx x2

dzpi d 2) d (192)
dx? ~ dx dx \ x®
d’p 0 5 ( 192-)
dx2 (=2) X3
d d d -n -n—1
[Since = (constant) = 0 and - (fﬂ) = .. (x ny = qx 1
d*p 2 %192
dx? :( x3 ) 77777777 )

Now, consider the value of (g)
d’p (2 X 192)
dx? (4V6)3

2 x 192
:(4\% X 46 x 4J6)

2 X192 1
:(4\.@ x4\,f'3>< 4\,[6) B \TE

—

X—4y60

d*p 1 - ; -
As ( ,) = — > 0, sothe function Pis minimum aty _ 4./g-
dx* /x—4,/6 Ve =V

Now substituting x = 44/ in equation (1):

96
NS

96 6
Y= % x6

[By rationalizing he numerator and denominator with 1

V6
~y=4/6



Hence, area of the rectangle with sides of a rectangle with x = 4,/ andy = 46 is 9 CLAssz4

has the least perimeter.

Now the perimeter of the rectangle is

P= 2(4V6+ 4V6) = 2(8V6) = 16V6cmms
The least perimeter is 16/ cms

Question: 8

Solution:

Given,

= Rectangle with given perimeter.

Let us consider,

» ‘p’ as the fixed perimeter of the rectangle.
s ‘¥’ and ‘y’ be the sides of the given rectangle.
®* Areaofthe rectangle, A=xxy.

Now as consider the perimeter ofthe rectangle,

p=2(x+y)
p =2x + 2y
y="2" )

Consider the area of the rectangle,
A=xx Y

Substituting (1) in the area of the rectangle,
p—2x
A=xx ( )
2

A=2x(px—2x%) = (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen F{c) = 0.

Differentiating the equation {2) with respect to x:

88 )

dx
di 1d 1d .
- 24w (Pk)—iafh)
da

71 2 -
=3 (p)— 5(23)

[Since i (x™) =nx"1]

T =P (290 )

dx 2

To find the critical point, we need to equate equation (3) to zero.

dA p

—_:E—(Zx)‘ 0
_b

?_X—z



x=12 CLASS24

] point will determine the largest rectangle, we need to check with

12
o
=
+
o
2]
iy
1]
In
=
=
|+
n
g}
i
i
ini]
=

o be negative.

Consider differentiating the equation (3) with x:

da’a d
dx::ﬁ[g_(zx)]
A d,py d

o axo) a9
d’a

e =0-2=-2

dZA
MNow, consider the value of ( ) P

dx=/ P

-

d°a 2<0
——-2<
dx?
d’p =
As \ gz =P =—2<0 50 the function P is maximum atyx — 2.
%2 /=P 4

Now substituting X = f in equation (1):

p
:P—z(ﬂ
2
_P
y-P-2_ P
2 4
. P
-y = 1
As =y = %the sides of the taken rectangle are equal, we can clearly say that a largest rectangle

which has a given perimeter is a square.
Question: 9

Solution:

Given,

* Rectangle with given perimeter.

Let us consider,

= ‘p’ as the fixed perimeter of the rectangle.

* 'x’and 'y’ be the sides ofthe given rectangle.

= Diagonal of the rectangle,p = [4x7 ¢ ¥ (using the hypotenuse formula)



Now as consider the perimeter ofthe rectangle,

p=2(x+y)
p=2x + 2y
y=E= (1)

Consider the diagonal of the rectangle,

D= ¥y

Substituting (1) in the diagonal of the rectangle,

[squaring both sides]

2D =x4 (E2) @)

E

CLASS24

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata

point c then f{c) = 0.

Differentiating the equation (2) with respect to x:

dZ d |, p—2x\°
a—a“( 2 )]
az  d

Lo1d_
e~ ax 3+ o =297

z 1 ,
=+ 720 -2 (-2)]

. d oy _ on-1
[Since I (x™) =mx"*]
=2x-p + 2x

dZ
E=4)\~p ,,,,,,,, (3

To find the critical point, we need to equate equation (3) to zero.

dz 4x 0
ax b=
4x -p=10
4Xx = p

.

: 4

Now to check if this critical point will determine the minimum diagonal, we need to check with

second differential which needs to be positive.

Consider differentiating the equation (3) with x:



dﬂz_dm_ |
dz dxt P

CLASS24

d*z d 4 d
dxﬁi-d;( X) — H;(P)
=4+0

d d
Si £ —Q0and = (x™) = nx®!
[Since = (constant) = 0 an = (x™) = nx1]

d*z
Now, consider the value of (_d :) p
X= 4 =t
&
d*z

dx2=4->0

dZ
Asl =) p~ 4 >0, 50 the function Z is minimum aty = 7.
e =t 4
&

Now substituting X = f in equation (1):

p-2(y)

Pl
P

Poh b

=
p
.y=t

Asx=y= f—the sides of the taken rectangle are equal, we can clearly say that a rectangle with

minimum diagonal which has a given perimeter is a square.
Question: 10

Solution:

Given,

* Rectangle is of maximum perimeter.

» The rectangle is inscribed inside a circle.

* The radius of the circle is ‘a’.

B

Let us consider,
* ‘%' and 'y’ be the length and breadth of the given rectangle.
= Diagonal AC? = AB2 + BC? is given by 4a2 = x2+y? (as AC = 2a)

* Perimeter of the rectangle, P = 2(x+y)



Consider the diagonal, CLAssz4
4a2 = x2 4 yz

y? = 422 _ x2

y = Va2 (1)

Now, perimeter of the rectangle, P

P=2x+ 2y

Substituting (1) in the perimeter of the rectangle.

P=2x+2V4a® — x7 . 2

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point e then f(¢) = 0.

Differentiating the equation (2) with respect to x:

dP d

Lo o 2far o]

dP d(z_) 2d T3
it x)+ &[\.-a—.\]
dp—z+21(43 2)73 (—2x
=2+ 2[5 (4% = x)= (-2x))
[Since i (x™) =nx" 1]

dP 2x

e \,T_xi""""(sl

To find the critical point, we need to equate equation (3) to zero.

2x
v4a? — x?

v4a? — x?=x

[squaring on both sides]

2=

432 _ x2 = 2

x=+av2
X = ay2
[as x cannot be negative]

Now to check if this critical point will determine the maximum diagonal, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

dzp_ d [2 2% ]
dx* dx Vaaz — x2
d*p d ) d ( 2x )
dx?  dx dx \J4aZ — x2



d’p
dx2z

% (2x) — (ZX)% (v4ar — x2)

(V4a? - x2)2

CLASS24

l\Ma: — x2
O —

. d d . .
[Since = (constant) = 0 and = (x™) = nx® ! and if u and v are two functions of x, then
X X

d du dv
4y Y Ya
dx (v) - v
1
dzp V4az— x2(2) - (2:()%(43:2 - x7Z(-2x)
dxz 4a% — x?

- [ a3 ) ) 1
d-pP vdaz - x2(2) + (2x9)(4a° — x°) =
dx? 43 — x*

I 2x°

. Wi X
d P: 3 VaaZ — x2
dx? 4a? — x?

d?p 2 (4a?— x?) + 2x°

R 3
dx (43— x?)2
d*P 8a
dx? - ’ EJ ----- (4)

8 (4a%-x2?)2
Now, consider the value of (d_r) L

dx® = o

8a°

d?p

) T
x=ay2

d’p

dx? a

—ay 2

2 (53)

Now substituting x = 34/2 in equation (1):

y= [47 — (aVZ)?

y= 42— 2a®
Ly = a\/i

As y = y= ay/2 the sides of the taken rectangle are equal, we can clearly say that a rectangle with

(422 — (aJZF)j

8a® 8a- 8a”

3
| (4a= — 2a%)z

N\ 2V2 a3 -

3
(2a)z

242 . . . i _
—=— < 0,s0 the function P is maximum aty — 3./2.
a

T~
2

x=ay

2a

maximum perimeter which is inscribed inside a circle of radius 'a’ is a square.
Question: 11

Solution:

Given,

* Sum of perimeter of square and circle.

Let us consider,

* ‘X’ be the side of the square.



* 't’ be the radius of the circle. CLAssz4

* Let'p’ be the sum of perimeters of square and circle.
p=4x + 2nr

Considerthe sum of the perimeters of square and circle.
p=4x+ 2nr

4x = p - 2mr

p-2mur
4

- (1)

X =

Sum of the area of the circle and square is

A= %2+ mr?

Substituting (1) in the sum of the areas,
p— Zm')2 )
A= (7 + nr
4

A= [p’+ 4w’ — 4mpr] + ' ()

For finding the maximum/ minimum of given function, we can find it by differentiating it with r
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f'{€) = 0.

Differentiating the equation (2) with respect to r:

dA d 1 . N p
5 = 1 (g P + 4 = ampr] +
da 1 d(2+41‘-3 smop) s r
dr = 16 dr P T TpL) = dr[m ]
da 1 .

@ = 1g (08T —d4np) & 2w

. d b d ‘
[Since — (x")=nx™ *and — (constant) =0 ]
dx dx

dA z
= Xrr_ ?+ 20r .. (3)

dr 2

To find the critical point, we need to equate equation (3) to zero.

dA  nir mp

E— 7* T*FZITI' =0
n? T
(7+2H)r - TP:D
mp
e 3 2mnp _ mp
%4_ o 4(m2 + 4m)  2(m? + 4m)
r— ap _ P
2n(m+ 4)  2(n+ 4)
rzip
2(m+ 4)

Now to check if this critical point will determine the least of the sum of the areas of square and
circle, we need to check with second differential which needs to be positive.

Consider differentiating the equation (3) with r:

d’a d

drz  dx

— — - +2nr
2 4

°r mp l



d*A  d [nir d mpy d
drz = dr(z) a (3)+ e
d:A_ e

= — —0+ 2T
dr2 2

. d d _
[Since — (constant) = 0and — (x®) = nx™ ']
dx dx

Now, consider the value of ( ) p

dr?
d?A e ‘o
= - mn
dr? v P 2

r 20t 4)
2(m+ 4)

dr?

da*A n?
As ( ) p =51 2m >0, so the function A is minimum atr =
—_

Tzimt 4)

Now substituting I' = in equation (1):

2(n+4)

_ p
P 2"(2(n ¥ 4i)

. 4
p(n+ 4)—np np+4p—np 4p
T 4 x (m+4) 4w+ 16 4(m+ 4)
__P
m+4

As the side of the square,

P
X =
m+4
_ p ]ﬁ .
X _2[2(n+4) - K
_ P
las I = :(n+4]]

Therefore, side of the square, x = 2r = diameter of the circle.

Question: 12

Solution:

Given,

* A right angle triangle is inscribed inside the circle.

# The radius of the circle is given.

Let us consider,

2(n+ 4}

CLASS24



* '’ is the radius of the circle. CLAssz4

* ‘¥’ and ‘v’ be the base and height of the right angle triangle.
» The hypotenuse of the AABC = AB2 = AC2 + BC2

AB =2r, AC =y and BC =x

Hence,

4r2 = x2 4+ y2

y2 = 4r2 - x2

y = varz — x2--- (1)

Now, Area of the AABCis

1
A= 3 x base x height

1
A= - XxX
2 XY

Now substituting (1) in the area of the triangle,

A= ; X (mi

[Squaring both sides]

Z=A%= ixz (4r’ - x3) (@

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f'(c) = 0.

Differentiating the equation (2) with respect to x:

dZ

_d[l .:42 .:]
dx dx 41(1- x7)

d2_1[42 2 d(.:)F.:d 1.2 2
dx_4(r x)dx'\ '\dx(‘l *7)

z 1. . o —
o~ g LT = X x (20 + x7 (0 23]

1

. d _ . - . d d dv
[Since ™ (x™) = nx™ ! andif u and v are two functions of x, then - (uv)=v d—u +u d—‘]
X X X X

dZ 1 N 1
E=Z[81”’x— 2x% — 2x3]

dz 1 4x

— = [8rfx— 4x%] = —[2r2 — x2
dx 4[rY x*] 4[?1" x]
% = 21'2}{— )(3 ________ (3)

To find the critical point, we need to equate equation (3) to zero.

dz 22. .3 0
g - e =
2rix =x3
x*=2r



[as the base of the triangle cannot be negative.] CLAssz4

Now to check if this critical point will determine the maximum area of the triangle, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

&z d__, Z

a X
dzzid(zl_) 4 o
axz dx T T ax
d2z - ”
&?:21' - 3x° - (4)

[Since di (x") = nx"1]

d*Z
Now, consider the value of (—,‘) _
dx? X=r4y2

d*z 2 [y2 o .2 2 ]
e . =2r-— 3(rv2)" = 2r- — 6r- = —41

d*z 2 . . . . r
As (d _,) _ = —4r° < 0,sothe function A is maximum atx — /2.
X" =y 2

Now substituting x — /2 in equation (1):

y= J4arz— (n/2)2

y=4r? — 2r2 = | 2r? = /2

As x = y = ry2, the base and height of the triangle are equal, which means that two sides of a

right angled triangle are equal,

Hence the given triangle, which is inscribed in a circle, is an isosceles triangle with sides AC and
BC equal.

Question: 13
Solution:

Given,

* A right angle triangle.

*» Hypotenuse of the given triangle is given.

Let us consider,

* ‘h’ is the hypotenuse of the given triangle.

* 5’ and ‘v’ be the base and height of the right angle triangle.
» The hypotenuse ofthe AABC = ACZ = AB? + BC2

AC=h, AB=xand BC =y



Hence, CLASS24
h2 = x2 4 y2

y2 —h?_x2

y= VR ()

Now, perimeter of the AABC is

P=h+x+y

Now substituting (1) in the area of the triangle,

P=h+x+ VhZ — xZ - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point e then f(¢) = 0.

Differentiating the equation (2) with respect to x:

%z%[h+x+ W 2—><7’]

dp d d d  —
i [[L' (h) + E(x)+ E(\-lr = .\~)}

dpP 0+I+l( —2x )
dx 2 \yh? —x2

H i LYy ,n—1
[Since = (x™) = nx ]

dP x

dx Vvhi- x=

To find the critical point, we need to equate equation (3) to zero.

dp ) X 0
dx Jhi— x2
X
=1

. h
xf= —
2
N h?
X=4+ |—
2
h
X

V2
[as the base of the triangle cannot be negative.]

Now to check if this critical point will determine the maximum perimeter of the triangle, we need
to check with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d*’p d . X ]
dx2  dx Vhi— x2




-

St ()

dzp 1‘—x~a(\)—:«d‘:( hz — x2 )
dx? (ViT— )

]
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du dw
[Since 4 (x™) = nx" !if uand v are two functions of x, then & (E) - Y& U]
dx dx \v v2
e R ()
_ 2vh? :
dx? h? — x?
d*P (Vhz — x9)* + x? l I l
dx? h? — x2 Vh? — x2 (h? — x2) VhZ — x2
dzp h?
2 T 3
dx (h? — x2 )z
d-P
Now, consider the value of(d\ ) b
. a . R 3
(d"P) h- h- h- 23
dx2/ _n | /by 3| [ 22T [ bl T T h
| (;@) )z (o2 (5 )2
dZp 2z
(dx2 )xfﬂ_ = | n <0 h
As b9 ,s0 the function A is maximum at X = =
Now substituting x = —in equation (1):
Ve
h? h
Yml2 T2
Asx=y = %. the base and height of the triangle are equal, which means thattwo sides ofa

I

right angled triangle are equal,

Hence the given triangle is an isosceles triangle with sides AB and BC equal.
Question: 14

Solution:

Given,

* Perimeter of a triangle is 8 cm.

* One of the sides of the triangle is 3 cm.

® The area of the triangle is maximum.

Let us consider,

= 'x’ and 'y’ be the other two sides of the triangle.

Now, perimeter of the AABC is



B=3+x+y CLA5524

y =8-3-x=5-x
y = 5-x - (1)

Consider the Heron’s area of the triangle,

A= Js(sfa}(sfb)(sfc)

+b+
Where § = 222%¢

As perimeter=a + b+ c=8

Now Area of the triangle is given by

A= /8(8-3)(8—x)(B—y)

Now substituting (1) in the area of the triangle,

A=J44-3)4-x)(E-(5-%)

A=J44—x)(-1

A=Ja(4x—4—- x7+x)=4(5x  x7 - 4)

A= J4(5x— x*—4)
[squaring on both sides]
Z = A% = 4(5x —x%-4) —- (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f(c) = 0.

Differentiating the equation (2) with respect to x:

dZ d aex T

I = o e xS 4l

dz d d d
O A e a8 ey g
i 4dx(5:x) 4dx (x%) 4d_\' (4)

[Since 4 (x™) =nx"1]
dx

dz ,
IO ICOE

az
S =20-8x..... (3)

To find the critical point, we need to equate equation (3) to zero.

2 _ 20 ex-o0
dx =
20-8x=0
8x=20

s

XT3

Now to check if this critical point will determine the maximum area of the triangle, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with x:
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[Since 4 (x™) = nx" 1]
dx

d?Z
As (dtz) = —8 <0, s0the function A is maximum at x =
xS oo

[EERT]

Ml

Nowsubstituting x = g in equation (1):
y=5-2.5

y =2.5

As x =y = 2.5, two sides of the triangle are equal,

Hence the given triangle is an isosceles triangle with two sides equal to 2.5 cm and the third side
equal to 3cm.

Question: 15

Solution:

Given,

* Window is in the form of a rectangle which has a semicircle mounted on it.
# Total Perimeter of the window is 10 metres.

e The total area of the window is maximum.

A

Let us consider,
* The breadth and height of the rectangle be 'x’ and ‘y".
# The radius of the semicircle will be half of the base of the rectangle.

Given Perimeter of the window is 10 meters:

10 = (x +2y) + % |2n (5)]

[as the perimeter of the window will be equal to one side (x) less to the perimeter of rectangle
and the perimeter of the semicircle.]

X
10 = (x+2y) + (7)
From here,

2y 10— x (?):Zﬂ—zzx—nx

20-2x-mx

e )

4

Now consider the area of the window,

Area of the window = area of the semicircle + area of the rectangle



A= E [n(i)2 ]+ Xy CLA5524

2 2

Substituting (1) in the area equation:

BT ()

A 1[ clr 20x — 2x7 —nx®
~ g™ 4

mx? — 2nx° + 40x — 4x?

A= a

A= s [X*(m—2m—4)+ 40x].....(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata

point cthen F'{c) = 0

Differentiating the equation (2) with respect to x:

dA l[ 2 4) + 40x]
dx  dx “(n m .
a1 (x*(n-2 1))+lduo
dx ~ 8 dx x(m Tl Bz x)

[Slnce (\“) = et |

dA_l ' )] 4 1 0
8 [2x(=m—4)] + g["f )

Lo x(n-]+5 @)

dx

To find the critical point, we need to equate equation (3) to zero.

dA

e [\( m—4}]+ 5 =0

%[x(—n—4)]+ 5=0

%[x(4+ m]=5

x (4 +m) =20

B 20
T (441

Now to check if this critical point will determine the maximum area of the window, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d? d

d}f (L\[ x(mm =]+ 5]
d':

= -9l ()

. d _
[Since — (x%) = nx" 1]
dx

d? 4

=(nm-4D(1+0=—(m+4) ...

20
{44m)

d%A
As (dG) 20 = —(N+4) <0, sothe function Ais maximum atXx =
X2/ e

{44T)



Now substituting X = iin equation (1): CLAssz4

(4+m)

20 (i p)mo)

4

2004+ M) —(20)(n+2) 20[4+nm-nm—2] 20 x2

B 4(4+ m - 4(4+m) C4(4+ W)
5 %2 10

Y"Garm Gim

20 d heich 1o
an eight, ¥ = 7(4*_“].

Hence the given window with maximum area has breadth, x = v
=y

Question: 16

Solution:

Given,

# Side of the square piece is 12 cms.

* the volume of the formed box is maximum.

Let us consider,

* 'x’ be the length and breadth of the piece cut from each vertex of the piece.

# Side of the box now will be (12-2x)

* The height of the new formed box will also be ‘x".

Let the volume of the newly formed box is :

V=(12-2x)? = (x)

V=(144 + 4x2 - 48x) x

V = 4x3-48x2 +144x —-(1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function f(x) has a maximum/minimum ata
point cthen f(c) = 0,

Differentiating the equation (1) with respect to x:

dv_ d [4x® —48x* + 144x]
dx ~ dx x X x
dv o

i 12x“— 96x+ 144 . (2)

. d
si MY -1
[Since ™ (x™) =nx 1

To find the critical point, we need to equate equation (2) to zero.

dv .
— = 12Xx"— 96x+ 144 =0
dx



x2-8x+12=0

(-8 +/(-8)7-4(1)(12) 8 +Ve+-48 8+\V16
rE 2(1) - 2 -T2

8+ 4
X== — —

2

¥x=6orx=2
x= 2

[as x = 6 is not a possibility, because 12-2x=12-12= 0]
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Now to check if this critical point will determine the maximum area of the box, we need to check

with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

v _d [12x% — 96x + 144]
dxz _dxl ¥ X

IV _ 24x— 96— (4)

dx?

[Since 4 (x®) = nx* ]
dx

Now let us find the value of

d?v :
( ,) =24(2)— 96 =48 -96 = —48
dx; =2
d*v
As ( ,’) = —48 < 0, so the function A is maximum atx = 2
dx*/y=2

Now substituting x = 2in 12 — 2x, the side of the considered box:

Side=12-2x=12 - 2(2) =12-4=8cms

Therefore side of wanted box is 8cms and height of the box is 2Zcms.

Now, the volume of the box is

V=(8)2x2=64x2-=128cm?>

Hence maximum volume of the box formed by cutting the given 12cms sheet is 128cm? with 8cms

side and 2cms height.

Queslion: 17

An open box with

Solution:

Given,

*» The open box has a square base

» The area of the box is c? square units.

* The volume of the box is maximum.
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o
|
|
|/

o

= N

Let us consider,

* The side of the square base of the box be ‘a’ units. (pink coloured in the figure)
# The breadth of the 4 sides of the box will also be ‘a’units (skin coloured part).
* The depth of the box or the length of the sides be ‘h’ units (skin coloured part).
Now, the area of the box =

(areaofthe base) + 4 (area of each side of the box)
So as area of the box is given ¢2,

c2=a? + 4ah

2 =

h= (1)

4a

Let the volume of the newly formed box is:
V = (a)? x (h)

[substituting (1) in the volume formula)

For finding the maximum / minimum of given function, we can find it by differentiating it with a
and then equating it to zero. This is because if the function f(a) has a maximum/minimum ata
point c then F{c) = 0.

Differentiating the equation (2) with respect to a:

av. d [fac* - a®
da  da 4

dv @ 3a®

TS T T o (3)

. d —
[Since ™ (xM) =nx"1]

To find the critical point, we need to equate equation (3) to zero.




d =

-
ol o

[as ‘a’ cannot be negative]
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Now to check if this critical point will determine the maximum Volume of the box, we need to

checlk with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d*v d[c* 3a°

daz dx| 4 4

d3v Ix2xa 3a

da? 4 2

. d
s CYy Sn—1
[Since = (x™) = nx"1]

Now let us find the value of

(dZV) _ ﬁ _ o3

da® < 2 2
\."E
d*v c\3
As (5; ¢ = —48 — < 0,sothe functionV is maximum at 53 —
a=— 2

Now substituting a in equation (1)

a_ () 2
¢ (\E) C\-‘ﬁ C
6

3
h= — V3% _ 3 _ _
ey
V3 V3
I C
= ——
2\,@
Therefore side of wanted box has a base side, a = ;is and heightof the box, h =

V3

Now, the volume of the box is

v (H) * (55)
B \@ 2\,@

Question: 18

A cylindrical can
Solution:
Given,

* The can is cylindrical with a circular base

* The volume of the cylinderis 1 litre = 1000 cm?2.

* The surface area of the box is minimum as we need to find the minimum dimensions.

|
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o c

Let us consider,

# The radius base and top of the cylinder be ‘r’ units. (skin coloured in the figure)
* The height of the cylinder be ‘h’units.

*» Asthe Volume of cylinder is given, V = 1000cm3

The Volume of the cylinder= mtrzh

1000 = 1trzh

The Surface area cylinder is = area of the circular base + area of the circular top + area of the
cylinder

S=nr2+nr2+ 2nrh
S=2mr2+ 2nrh
[substituting (1) in the volume formula)

. 1000
S=2mr- + an(- )
mr

o

S=2 [nr2 + (g’)] ,,,,,,,, (2)

For finding the maximum/ minimum of given function, we can find it by differentiating itwith r
and then equating it to zero. This is because if the function f(r) has a maximum/minimum ata
point c then f'{(c) = 0.

Differentiating the equation (2) with respect to r:

ds d . 1000

o |2l (T)H

ds 1000

et 2 (2nr) + ( = )(—1)

[Since 4 (x™) = nx™ ! and L (x™) = —nx"7!
dx dx

f: 2 (2nr) — 2(1220) ......... (3)

To find the critical point, we need to equate equation (3) to zero.

ds 2 (2mr) 2(1000) 0
dr m : )
1000
2 (2nr) — 2( - )=
2
1000
= —;
500
rP= —
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Now to check if this critical point will determine the minimum surface area of the box, we need to
check with second differential which needs to be positive.

Consider differentiating the equation (3) with r:

sl om 2 ()]

drz —
d3s 2 ¥1000%(-2 4000
2o gn - PR 4 200 4
dr= 3 3
d d
Since — (x") = (-1 and = -ny _ _py-n-1
[ = (x") = nx = (x™) nx 1

Now let us find the value of

(dﬁs) . 4000 A 4000 x 1 4 g 12
- —_=4nt+ ———— =41+ ————— =4+ B = m
dr? r:ﬁ? ( <00\’ 500

hs

d?s [ .

As (dr:) 3o = 121 > 0 50 the function S is minimum at r = U"M
=33
J ™

N

T

Now substituting r in equation (1)

1000 1000 1000
= 72 - Arr—— 2
mr n(s[rsoo) 3 (500)3

N T

1000

n?ll (500);:

Therefore the radius of base of the cylinder,  — ° [?DU and height of the cylinder, h= ;D%(:;g where
n na (5

the surface area of the cylinder is minimum. X e

Question: 19

Show that the rig

Solution:

Given,

* The volume of the cone.

* The cone is right circular cone.

* The cone has least curved surface.

Let us consider,
s The radius of the circular base be ‘r’ cms.

®* The height of the cone be ‘h’ cms.



* The slope of the cone be ‘I’ cms. CLAssz4

Given the Volume of the cone = mr2l

nr’h

The Surface area cylinder is = Trl

S =Trl

S = nr(yh?+r?)

[substituting (1) in the Surface area formula]

[squaring on both sides]

2

2 22, 9 4
Z = Sc. — n;rx. + l.,,
(et 1)

Z= nz( o’ + r“) ----- (2)

mer2

For finding the maximum/ minimum of given function, we can find it by differentiating it with r
and then equating it to zero. This is because if the function Z has a maximum/minimum at a point

c then Z'(c) = 0.

Differentiating the equation (2) with respect to r:

dz d [, 9V2+_4
dr dr T n2r? !

daz . (9v®\d ;1\ . d .
= m" ()in*—(r*)

E - e Ef— ;2 dr

[Sillce 4 (xn) = l]xn_l and = (:\'_n) — 7“_\;_11_1]
dx dx

dZ _ (-18V? 5 3 .

o (P b (417 B

To find the critical point, we need to equate equation (3) to zero.

dZ —18v? 2 (403 0
T 5 +1- (41°) =

18v?
l‘3

n (4rd) =
2%r8 = 9V — (4)

Now to check if this critical point will determine the minimum surface area of the cone, we need
to check with second differential which needs to be positive.

Consider differentiating the equation (3) with r:

dﬁzid —18v? 2 (403
drz ~ dr r3 (4
d’Z  —18V?(-3)
drz — r+

+ 1 (4 x3r%)

i A ey _ en-1 4 reuy_ . -n-1
[Since - (x™ = nx and - (x™) = —nx 1



d*z  54v? L (12 g?
drz = r* ™ (1217

Now let us find the value of

d’Z 54v? . .
~) = +m (12r%) >0
dr? r+

d?Z . . .
As (d ”) > 0, so the function Z = §2 is minimum
2

Now consider, the equation (4),

9V? = 21°r®

Now substitute the volume of the cone formulain the above equation.

9 r[r:h)2 o r
=2nr
3 L

m2rth2 = 2 72 ®
2r2 = h2

h=rv2

Hence, the relation between h and r of the cone is proved when S is the minimum.

Question: 20
Find the radius o
Solution:

Given,

* The closed is cylindrical can with a circular base and top.

* The volume of the cylinderis 1 litre= 100 cm?3.

* The surface area of the box is minimum.

Let us consider,

# The radius base and top of the cylinder be 'r’ units. (skin coloured in the figure)

* The height of the cylinder be ‘h’units.
* Asthe Volume of cylinderis given, V= 100cm?

The Volume of the cylinder= mtrzh

100 = 1rrzh
h= 22 (1)
mr=

CLASS24

The Surface area cylinder is = area of the circular base + area of the circular top + area of the

cylinder



S = rer? 4+ mr? + 2mrh CLASS24

S=27mr?2+ 2nirh

[substituting (1) in the volume formula])

A 100
S=2mr-+ 2Hr( )
r

100
S=2 []‘[I‘2 + (T)] @
For finding the maximum/ minimum of given function, we can find it by differentiating it with r

and then equating it to zero. This is because if the function f(r) has a maximum/minimum ata
point cthen f(c) = 0.

Differentiating the equation (2) with respect to r:

ds d . (100

a2 ()

ds 100

et 2(2nr) + ( = )(—1)

[Since i (x™) = nx" ! and div (x ™) = —nx "

== 2(2m) - 2('1:;(}) ————————— (3

To find the critical point, we need to equate equation (3) to zero.

ds 100

P 2(2nr) — 2(1—_J =0
100

2 (2nr) — 2( = ) =0

2mr = 137 - (4)

Now to check if this critical point will determine the minimum surface area of the box, we need to
check with second differential which needs to be paositive.

Consider differentiating the equation (3) with r:

d’s d 100
S owlzem-2()|

d’s 2 X100%(—2) 100
— 4q 2xieoxt=z) 208 5
e 4n = 4+ (5)
d d
Since — (x™) = ("~land = (x"") = —nx~°?
[ = (x") = nx = (x™™) nx ]

Now let us find the value of

d*s . 400 A 400 x 1 4 8 12
-— =4n+————==4n+ ——— =41+ B = 12n
dr?/ _s[50 :[co\’ 50

T

d’s -
As (drl) T 121 > 0,50 the function Sis minimum at p = *[22
r="1>= n
N T

As S is minimum from equation (4)

100
2nr= ——

r2

Vv
2nr = —

-2

V = 2mr?



Now in equation (1) we have, CLAssz4

v 2mr?

nr:  mr2

h = 2r=diameter

Therefore when the total surface area of a cone is minimum, then height of the cone is equal to
twice the radius or equal to its diameter.

Question: 21

Show that the hei

Solution:

Let r be the radius of the base and h the height of a cylinder.
The surface area is given by,

S=2mTr2+2mrh

h= rrnennnn(1)

LetV be the volume of the cylinder.

Therefore, V = 1trzh

gL, -
V =qr? (S Ll ) ......Using equation 1
2nr
Sr —2mr?
2

Differentiating both sides w.r.t r, we get,

dv s
dr 2

—3r? e (2)

For maximum or minimum, we have,

21r2 + 2ntirh = 612
h = 2r

Differentiating equation 2, with respect to r to check for maxima and minima, we get,

-

d-v
dr?

= —-6ur<o0

Hence, V is maximum when h = 2r or h = diameter
Question: 22

Prove that the vo

Solution:

Given,

* Volume of the sphere.

* Volume of the cone.

* Cone is inscribed in the sphere.

* Volume of cone is maximum.



Let us consider,

# The radius of the sphere be ‘a’ units.
* Volume of the inscribed cone be ‘V'.
* Heightof the inscribed cone be ‘h".
* Radius of the base of the cone is ‘r’.
Given volume of the inscribed cone is,

mrh
3

Consider OD = (AD-0A) =(h-a)

Nowlet0C?2=0D? + DC% here OC =a, OD =(h-a),DC=r,
Soa’= (_h-a]z + r?

r>=a?- (h?‘+ a® — 2ah)

r2 = h (2a -h)-——-(1)

Let us consider the volume of the cone:
v : (mrh)
= — (mr*h
3
Now substituting (1) in the volume formula,

V = = (mh(2a —h)h)

L —

V= - (2nh%a— nth?)-— (2)

CLASS24

For finding the maximum/ minimum of given function, we can find it by differentiating itwith h
and then equating it to zero. This is because if the function V(r) has a maximum/minimum ata

point cthen V'(c) = 0.

Differentiating the equation (2) with respect to h:

dv_d [1 el }3]
dh ~an |3 Grhias )
dv

1 1 \
a3 (2ma)(zh) — g(ﬂ)(3h‘)

[Since 4 (x") = nx"!]
dx

av 1 2
o — 5l 4mah— 3mh?] (3)

To find the critical point, we need to equate equation (3) to zero.

R e
dn ~ gl#mah— 3mh] =

4mah - 3mh2=0



h(4ma-3mth)= 0 CLA5524

4na 4a
h=0 = dma_ sa
(or)h = —~ :

[as h cannot be zero]

Now to check if this critical point will determine the maximum volume of the inscribed cone, we
need to check with second differential which needs to be negative.

Consider differentiating the equation (3) with h:

v d[14 h — 3nh?
anz ~gnl3l#mah - 3nh

%’: “[4ma - (3m)(2h)] = Z[4a - 6h] - (4)
[Since i (x") = nx"1]

Now let us find the value of

d*v T 4a damn 4am
=) L =fe-s(F) -5 n-a= -2
dh?),_sa 3 3 3 3

d*V dam 0a
As \ g2 e T3 <0 ,sothefunction Vis maximumat j — =
== z
3

Substituting h in equation (1)

- E)a2)
o @)

8a>
9

As V is maximum, substituting h and r in the volume formula:
v 1 [(8a° (43)
= -1
3 9 3
V=53 )
=—|z mna
27\3

8
V= 27 (volume of the sphere)

. . . . [ a8 .
Therefore when the volume of a inscribed cone is maximum, then it is equal to p times of the

volume of the sphere in which it is inscribed.

Question: 23

Which fraction ex

Solution:

Given,

The pth power of a number exceeds by a fraction to be the greatest.
Let us consider,

* ‘¥’ be the required fraction.

* The greatest number will be y = x - x¥

(1)



For finding the maximum/ minimum of given function, we can find it by differentiatin CLAssz4
and then equating it to zero. This is because if the function y(x)has a maximum /minin
point cthen y¥'(c) = 0.

Differentiating the equation (1) with respect to x:

dy

— — (x—xP
dx dxx x%)

j—i =1-pxP1-—-(2)

. d —
[Since i (x™) =nx"1]

To find the critical point, we need to equate equation (2) to zero.

dy
& =1—pxPt=0
1=pxP1

1

G
x= |-
p

Now to check if this critical point will determine the if the number is the greatest, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (2) with x:

dy d
dx?  dx

[1—pxPt]

Y~ p(p- DxP - (3)
[Since i (x™ = nx"!]

Now let us find the value of

(g‘y)(qp— = -p(p— 1) (%)P

p

L

0 G
As (:;:‘;)‘_(l}pil = —p(p —-1) ((i)gﬂ) < 0, sothe numbery is greatestat , _ (l)ﬁ
x={g)

Hence, the y is the greatest number and exceeds by a fraction y — (E)P“

Question: 24

Find the pointon

Solution:

Given,

= A pointis present on a curve y2 = 4x
* The pointis near to the point (2,-8)
Let us consider,

* The co-ordinates of the point be P(xy)

* As the point P is on the curve, then y2=4x

X =

%5,

# The distance between the points is given by,
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D? = (x-2)2 +(y+8)?
D?2=x2-4x+4 + y2 + 64 + 16y

Substituting x in the distance equation

D—(4) 4(4)+y+16y+68

-
2

4+
Z=D"="-+ 16y +68 -~ (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with y

and then equating it to zero. This is because if the function Z({x) has a maximum/minimum ata

point cthen Z'(c) = 0.

Differentiating the equation (2) with respect to y:

@ _ 4 (3 eyren
dy ~ dy \16 y
3 .3
Zo Y i16=X+ 16--(2)
dy le 4

d
Si STy Ln—1
[Since = (x™) = nx ]

To find the critical point, we need to equate equation (2) to zero.

dz 3
—==4+16=0
dy 4
y3+64=0

(y+4) (y’—4y + 16) =0
(y+4)=0(or)y2 -4y + 16 = 0

y = -4

(as the roots ofthe y2 -4y + 16 are imaginary)

Now to check if this critical point will determine the distance is mimimum, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (2) with y:

¢Z_dIy,
dy? ~ dy| 4
&’z 3y*
&7 4 (3

[Since di (x™) = nx"?]

X

Now let us find the value of

(dzz) 3 (—4)? = 12
dy? S 4

d2z
As (dy?) = 12 > 0, so the Distance D2 is minimum aty = -4
v=—4

Now substituting y in x, we have

(-4)*
-

X 4

So, the point P on the curve y? = 4x is (4,-4) which is at nearest from the (2,-8)

Questlion: 25



CLASS24

A right circular

Solution:

Given,

= Arightcircular cylinder is inscribed inside a cone.
* The curved surface area is maximum.

A

rl

Let us consider,

* 'r1’ be the radius of the cone.

‘hi’ be the height of the cone.

* 'r' be the radius of the inscribed cylinder.
* ‘h’'be the height of the inscribed cylinder.
DF=r,and AD = AL - DL =hi1-h

Now, here AADF and AALC are similar,
Then

AD DF h;—h T
—_— = — = —
AL LC h, ry

rh;

hl_ h= ‘}1—
h=h rhl_ } (1 r)
=mn r = n

h= hl(l—i) ----- (g))]

r
Now let us consider the curved surface area ofthe cylinder,
8 = 21trh

Substituting h in the formula,

s 2 o (1 1)

27h, r?

S = 2mrh, — - (2)

T

For finding the maximum/ minimum of given function, we can find it by differentiating it with r

and then equating it to zero. This is because if the function S(r) has a maximum/minimum ata
point c then 8'(¢) = 0.

Differentiating the equation (2) with respecttor:

2urh,; -

ds d 2mh,r?
dr dr r,



5, 00 CLASS24
r Iy

. d n n—1
[Since = (xM =nx""1]

ds 4nhyr
— =2mh, — L
dr

To find the critical point, we need to equate equation (3) to zero.

ds 4nh,r
— = 2nh, — =0
dr T,
4mh,r
— =2nh,
Iy
2mh,r,
© anh,
Ty
r= —
2

Now to check if this critical point will determine the maximum volume of the inscribed cylindet,
we need to check with second differential which needs to be negative.

Consider differentiating the equation (3) with r:

d*s d [2 . 4uth,r
— = —|7mh, - - ;
dr?  dr t I
325: 0_195_ _ 74?:3*” _____ (4)
r= rJ_ 1’1
H i LIy .n-1
[Since ™ (x™ = nx"]

Now let us find the value of

ds 4nh,
dr? r=ft T
d’s 4nh, . =
Asgz = T < 0, so the function Sis maximumat r = -+
r——- 1 2

Substituting rin equation (1)

As Sis maximum, from (5) we can clearly say thath; = 2h and
r; = 2r

this means the radius of the cone is twice the radius of the cylinder or equal to diameter of the
cylinder.

Queslion: 26

Show that the sur

Solution:

Given,

* Closed cuboid has square base.

* The volume of the cuboid is given.



* Surface area is minimum. CLAssz4

Let us consider,
# The side of the square base be ‘x'.
* The height of the cuboid be ‘h’.

* The given volume, V = x2h

h= 2 (1)

Considerthe surface area of the cuboid,

Surface Area =

2(Area of the square base) + 4(areas of the rectangular sides)
S = 2x? + 4xh

Now substitute (1) in the Surface Area formula

. \'s
S=2x"+ 4x (—)
X

L

s=2+ (V)@

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function $(x) has a maximum/minimum ata
point cthen §'(c) = 0.

Differentiating the equation (2) with respect to x:

ax dx | ¥ X

ds 1

= 2(2x)+ 4V

dX ( \) (X:)

[Since 4 (x™) =nx""*! and < (x7") = —nx7"7
dx dx

ds A

it > Sl SU (3)

To find the critical point, we need to equate equation (3) to zero.

ds 4 4V 0
— =4y - — =
dx X

4V
4)(:—.,

x2
x3=V

Now to check if this critical point will determine the minimum surface area, we need to check
with second differential which needs to be positive.

Consider differentiating the equation (3) with x:

d’s d [ 4v

=—14Xx— —
dx? dx x2
d*5 av

= — - 4
= 4t (4

. d d

S “ Sy — ,n—1 d= Yy — -1
[Since — (x") = nx""and = (x7") nx 1

Now let us find the value of



d4*s
As

X x=V3

Substituting x in equation (1)

h=x

As S is minimum and h = %, this means that the cuboid is a cube.

Question: 27
A rectangle isin
Solution:
Given,

* Radius of the semicircle is ‘r’.

* Area of the rectangle is maximum.

A . E _ B
2r

Let us consider,

* The base of the rectangle be ‘x’ and the height be ‘y’".

Consider the ACEB,
CE2 = EB2 + BC?

AsCE=r,EB = gan(l CB=y

P (5) 4y

-

yr=r*— (‘—;) - (1)

Now the area of the rectangle is
A=xxy
Squaring on both sides

A2 = 2 2

Substituting (1) in the above Area equation

Ol

i S 12 > 0,sothe function Sisminimum at y =

<l

CLASS24

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function Z(x) has a maximum/minimum ata

point cthen Z'(c] = 0.

Differentiating the equation (2) with respect to x:

dZ_d
dx  dx




Ty W CLASS24

dx 4

d

[Since - (x") = nx""']
X

daz .

L. = 2xrf — 23

To find the critical point, we need to equate equation (3) to zero.

dz 2% 2 .3 0
dx_ Xr X7 =

x(2r2 - x2)=0

x = 0 (or) x% = 2r2
x=0 (o) x = 1y2
x=r1V2

[as x cannot be zero]

Now to check if this critical point will determine the maximum area, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d’z d

P 9er? 3
axz dx[Z)'r x°]
:;:Z: 2r* — 3x* - (4

d
Sin n ,n—1
[Since " (x™) = nx"']

Now let us find the value of

d*Z
- - - -
= = 2r% — 3(rv2)* = 2r° — 6r* = —4r°
dx2y- 7
d*Z 2 . : . B
As = —4r® < (0, so the function Z is maximum at X= I’\‘E

dx? =7
Substituting x in equation (1)

2\ Y w
2 2

ral

Ty

As the area of the rectangle is maximum, and x = r/2 and y =

-

So area of the rectangle is
A=r1v2 X vz
2
A=r?
Hence the maximum area of the rectangle inscribed inside a semicircle is r2 square units.
Question: 28
Two sides of a tr
Solution:

Given,



* The length two sides of a triangle are 'a’ and 'b’ CLAssz4

* Angle between the sides ‘a’ and ‘b’ is 8.

* The area of the triangle is maximum.

Let us consider,

The area of the APQR is given be
A= - absin®--— (1)
For finding the maximum/ minimum of given function, we can find it by differentiating it with 6

and then equating it to zero. This is because if the function A (8) has a maximum/minimum ata
point c then A'(c) = 0.

Differentiating the equation (1) with respect to 9:

dA d Il bsi B]
a8~ do |3 2bsin
dA 1

o3 abcosf ---- (2)

[Since i (sin@) = cos0]

To find the critical point, we need to equate equation (2) to zero.

dA 1

6= iabcosﬁz 0
Cos 08 =0

g T

Now to check if this critical point will determine the maximum area, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (2) with 0 :

d’A  d [1 b e]
6%~ aelz 0

:;‘:: — - absin@ -—- (2)
[Since i (cos@) = —sinB)

Now let us find the value of

d*A 1 bsi (Tr) 1 b
= ——absin|z) =—=<a
d939=g 2 2 2
dZA 1 "
As EG:E =73 ab<0 , S0 the function Ais maximumat g = -

E

As the area of the triangle is maximum when 0 =

A

Question: 29

Show that the max

Solution:



Given, c LAssz4

= Radius of the sphere is 5,/3.

= Volume of cylinder is maximum.

Let us consider,

® The radius of the sphere be ‘R’ units.

= Volume of the inscribed cylinder be ‘V'.

*» Heightoftheinscribed cylinder be ‘h’.

= Radius of the cylinderis ‘r.

Now let AC? = AB2 + BC?, here AC = 2R, AB =2r, BC = h,
So 4R? = 4r? + h?

r? = X [4R? — h?] - (1)

Let us consider, the volume af the cylinder:

V = 1tr2h

Now substituting (1) in the volume formula,

V = nh (% [4R2 —h:])

V= ; (4R%h— h3)-— (2)

For finding the maximum/ minimum of given function, we can find it by differentiating itwith h

and then equating it to zero. This is because if the function V(h) has a maximum/minimum ata
point cthen V'(¢) = 0.

Differentiating the equation (2) with respect to h:

w_d > (areh - 1)
dh ~an lg GRT-05)
dv_é}Rzrr rr3]2
dh = 4 4( )

- d oy _ o on-1
[Since ™ (x™ = nx 1

dVv - 3h7n
= = R*n—
dh 4

To find the critical point, we need to equate equation (3) to zero.

dv ) 3h%n

ah - " 4 T

3hZm = 4R2

h® = - R? t r\/§3—4 25 x 3) = 100
=R =506V = 3@ x3)=



[as h cannot be negative]

CLASS24

Now to check if this critical point will determine the maximum volume of the inscribed cone, we

need to check with second differential which needs to be negative.

Consider differentiating the equation (3) with h:

v _df, 3
dhz dn|" " a

24y

d=V 2h

c= 00— opp - (4)
dh?
[Since 4 (x™) = nx" 1]

dx

Now let us find the value of

(dzv) 21 2(10) 20
- =-2hn= — = —20m
dh? he10

d=V 2 . N .
As (dh"') = —20m < 0,sothe function Vis maximum at h=10
“/h=10

Substituting h in equation (1)

—
E
Il
|

F = L (V3 ~ (10)]

1
rf = 7 [4(25 x3) = 100]

300 -100 200
- = —50
4 4

As V is maximum, substituting h and r in the volume formula:
V= (50) (10)

V = 500 cm?

Therefore when the volume of a inscribed cylinder is maximum and is equal 5001 cm3

Question: 30
A square tank of
Solution:
Given,
® Capacity of the square tank is 250 cubic metres.
* Cost of the land per square meter Rs.50.
* Cost of digging the whole tank is Rs. (400 = h2).
* Where h is the depth of the tank.
Let us consider,
= Side of the tank is x metres.
» Cost of the diggingis; C = 50xZ + 400h2 (1)
= Volume of the tank is; V = x*h ; 250 =x?h
250

h= = (2)

Substituting (2) in (1),

-
2

B 250
C = 50x"+ 400 (x’z)



C = 50x2 4 22X0200 . (3) CLASS24

x*

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function C(x) has a maximum /minimum ata

point c then C'{c) = 0.

Differentiating the equation (3) with respect to x:

dC d 50x7 + 400 x 62500
ax _ax I x4
25000000 (—4)

x:

dc

= 50 (2x) +
[Since 5 (x™ =nx"!]
ac _ X 108

dx

To find the critical point, we need to equate equation (4) to zero.

dC 10%
— = 100x— — =0
x:)

dx
x®=10°
x =10

Now to check if this critical point will determine the minimum volume of the tank, we need to
check with second differential which needs to be posilive.

Consider differentiating the equation (4) with x:

d*c d[ 109]
=—| 100x - —
dx X2

dx?
dZc [ 8
J=1005 =% 190 % = -4(5)
dx? ' el
[Since & (x®) = nx" *and S (x7%) = ny o]
dx dx

Now let us find the value of

d*C 108 (5)
=100+ ——— = 100 + 500 = 600
x=10

dxz (10)e

d*c

As ( .,) = 600 > 0, so the function C is minimum at x=10
dx* /x=10

Substituting x in equation (2)

250 250 5
~(10)2 100 2

h=25m

Therefore when the cost for the digging is minimum, whenx=10mand h =2.5m
Question: 31

A square piece of

Solution:

Given,

* Side of the square piece is 18 cms.

# the volume of the formed box is maximum.



0 c CLASS24

Let us consider,

= ‘x’' be the length and breadth of the piece cut from each vertex of the piece.

® Side of the box now will be (18-2x)

s The height of the new formed box will also be ‘x".

Let the volume of the newly formed box is :

V =(18-2x)? x (%)

V= (324+4x% - 72x) x

V =4x3-72x? +324x ———(1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x

and then equating it to zero. This is because if the function V(x) has a maximum /minimum ata
point cthen V'(c) = 0.

Differentiating the equation (1) with respect to x:

v [4x3 — 7252 +324x]

dx dx °X - o

dv 2 -

== 12x° — 144x+ 324 (2)

[Since i (x®) =nx™ 1]

To find the critical point, we need to equate equation (2) to zero.

dv

dx
x2-12x+27=0

= 12x* — 144x +324 =0

L (12)+ /(-12)7 - 4(1)(27)  12+V144-108 12+ V36
X= 2(1) B 2 B 2

12+ 6

X ==

[as x = 9 is not a possibility, because 18-2x = 18-18= 0]

Now to check if this critical point will determine the maximum area of the box, we need to check
with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d*v
dx?

d 2
= o [12x% = 144x + 324]



[Since i (x™) = nx"] CLAssz4

Now let us find the value of

d?v
( ,) =24(3)- 144=72-144= 72
dx? =3
As (d~Y) = —72 < 0,sothe function Vis maximum atx = 3cm
dx?/y=3

Now substituting x = 3in 18 - 2x, the side of the considered box:
Side =18-2x=18- 2(3) =18-6=12cm

Therefore side of wanted box is 12¢ms and height of the box is 3cms.
Now, the volume of the box is

V=(12)2%3=144x 3 =432cm3

Hence maximum volume of the box formed by cutting the given 18cms sheet is 432cm?3 with
12cms side and 3cms height.

Question: 32

An open tank with

Solution:

Given,

= The tank is square base open tank.

# The cost of the construction to be least.
Let us consider,

Side of the tank is x metres.

Height of the tank be ‘h’ metres.
= Volume of the tank is; V = x2h

® Surface Area of the tank is S = x2 +4xh
® Let Rs.P is the price per square.
Volume of the tank,

h= 21

Cost of the construction be:
C = (%2 +4xh)P —-—-(2)

Substituting (1) in (2),

. A
C:[X“+ 4x F]P

4V

C=x+ Yp—@®)
x

For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function C(x) has a maximum /minimum ata
point cthen C'(¢) = 0.

Differentiating the equation (3) with respect to x:
dc dyj., 4V

ot

dx dx



5
2
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[Since 4 (x™) = nx" ! and 4 (x ™) = —nx " 1]
dx dx

dC 4V

Lo[x-Yp ..

dx x=

To find the critical point, we need to equate equation (4) to zero.

dC [2' 4VP a
dx X x2 B

x3=2v

Now to check if this critical point will determine the minimum volume of the tank, we need to
check with second differential which needs to be positive.

Consider differentiating the equation (4) with x:

. d d
[Since — (x") = nx" tand— (x ") = —nx " ']
dx dx

Now let us find the value of

(dzc) [2 SV] P=[2+4]P =6P
— = + = + 4 =
dx? F(:V]i 2V

dzC o . - . . —_—
As |— 1 = 6P >0, sothe function Cis minimum at  _ /7y
dx?/=avya =N

Substituting x in equation (2)

- v vievy) lsrz—
@i (2
1 a

h= > Vv

vav

Therefore when the cost for the digging is minimum, when y — :{_W and h =

SR

Question: 33

A wire of length

Solution:

Given,

s Length of the wire is 36 cm.

* The wire is cutinto 2 pieces.

® One piece is made to a square.

* Another piece made into a equilateral triangle.
Let us consider,

* The perimeter of the square is x.

* The perimeter of the equilateral triangle is (36-x).

» Side of the square is E



* Side of the triangle is # CLA5524

Let the Sum of the Area of the square and triangle is

B 2y

4 4\ 3

A=(K)2+ E(12—2)2: §+2—§(144+ %2— SX)

Z+ % (144+ ‘;— 8x) - (1)

A=
For finding the maximum/ minimum of given function, we can find it by differentiating it with x
and then equating it to zero. This is because if the function A(x) hasa maximum/minimum ata
point ¢ then A'(c) = 0.

Differentiating the equation (1) with respect to x:

da_ d }":'Jr"f§ et X g
dx  dx (16 4 g X

dA  2x v@(o 2% )

— =+ (0+—=—-8
dx 16 4

9

[Since 4 (x™) =nx™ 1]
dx

B_2y (X _g) e (2)
dx 16 4+

To find the critical point, we need to equate equation (2) to zero.

dA  2x V3 /2x
_:_+_(__8):0
dx 16 4 \9
2x \.@(8 2x
16 4 9)
2x% pa 3x
R_Z\IS_E
2x \/§x
= 2{3
16 18
2(9)++3(8
< (9) +v3(8) _ 23
144
18 +8v3
X{———)= 2v3
() - 2
144 144+/3
=20 ()
18 +8V3/ (9+4V3)

Now to check if this critical point will determine the minimum area, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (3) with x:

d*a d 2x+v’§(2x 8)
dx2 dx|16 4 \ 9

d*A 1 VB 2y ess3 4
dx2_9+4(9)_ 72 (4)

: d rony_ on-1
[Since o (x™) = nx"*]

Now let us find the value of



d?a 9+ 443
dx? _ 1443 B 72

(9+44/3)

dA 94443 R R .
As = 12323 > 0,50 the function A is minimum at

dx</ = - 72
(o4avE)
14443
= —
(9 + 4V3)
Now, the length of each pieceisx = 144"i cmand 36 —x = 36— 144‘3 = 324._
(9+4V3) (9+4443)  (9+4V3)

Question: 34

Find the largest

Solution:

Given,

# The triangle is right angled triangle.

* llypotenuse is S5cm.

Let us consider,

* The base of the triangle is ‘a’.
* The adjacent side is ‘b’.

Now AC? = AB? + BG?

As AC=5 AB=b and BC - a
25 =a2 + b2

b2 = 25— az —— (1)

Now, the area of the triangle is

A IIJ

Squaring on both sides

AZ 1 2b2
_43

Substituting (1) in the area formula

2

I=A = iaz(ZS—az) ----- 2

cm

CLASS24

For finding the maximum/ minimum of given function, we can find it by differentiating it with a
and then equating it to zero. This is because if the function Z (x) has a maximum /minimum ata

point e then Z'(¢) = 0.

Differentiating the equation (2) with respect to a:

dZﬁd 1 2095 2]
da da 43('J &)




% :3 [25 (2a) — 4a?] CLASS_24

d
Si .. ,n—1
[Since " (x™) =nx 1

dZ  25a 3

da =z

a=0(or)a= %

B
T2

[as a cannot be zero]

d

Now to check if this critical point will determine the maximum area, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with a:

d°’Z d [25& 3]
= — d
da2 dal 2
d*Z 25 o 4
da® 2 3a [ ]
. d _
[Since - (x™) = nx" 1

Now let us find the value of

(dzz) :EEfS('?:)ZZZ*S R
a

daz/ s 2 NG 2 2
\E
d*z X 5
As \ga2 At =-25<0 ,sothe function A is maximum ata = —
== va

V2

Substituting value of Ain (1)

b2 — 25 25 25
- 2 2

Now the maximum area is
A 1 ( 5 )( 5 ) 25
S 2\W2/\W2l 4

.'.A: —_ =
) cm

Exercise: 11G

Question: 1
Show that t
Solution:

Domain of the function is R



Finding derivative f'(x)=5 CLAssz4

Which is greater than 0

Mean strictly increasing in its domain i.e R
Question: 2

Show the fu

Solution:

Domain of the function is R

Finding derivative F(x)=-2

Which is less than 0

Means strictly decreasing in its domaini.e R
Question: 3

Prove that

Solution:

Domain of the function is R

Finding derivative i.e f(x)=a

As given in question it is given that a=0
Derivative>0

Means strictly increasing in its domain i.e R
Question: 4

Prove that

Solution:

Domain of the function is R

finding derivative i.e P(x)=2e*

As we know e¥ is strictly increasing its domain
f(x)=0

hence f(x) is strictly increasing in its domain
Question: 5

Solution:

Domain of function is R.

f'(x)=2x

for x>0 F'(x)=>0 i.e. increasing

for x<0 f'(x)<0 i.e. decreasing

hence it is neither increasing nor decreasing in R
Question: 6

Solution:

For x>0

Modulus will open with + sign



f(x)=+x

= P(x)=+1 which is <0

for x=0

Modulus will open with -ve sign

f(x)=-x == P(x)=-1 which is =0

hence f(x) is increasing in x>0 and decreasing in x<0
Question: 7

Prove that

Solution:

f(x)=In(x)

! 1
F() =
for x<0
f’(x)=-ve —increasing
for x=0
f'(x)=+ve —decreasing
f(x) in increasing when x>0 i.e x€( 0,00 )
Question: 8
Solution:

Consider f(x)=log, x

domain of f(x) is x>0
f(x)= 1}
(x) = ZIn(a)

= for a>1, In(a)=0,

hence f'(x) =0 which means strictly increasing.
= for O<a<1, Iln(a)<0,

hence f'(x)<0 which means strictly decreasing.
Question: 9

Solution:

Consider f(x)=3%

The domain of f(x) is R.

f(x)=3*In(3)

3*is always greater than 0 and In(3) is also + ve.

Qverall F(x) is >0 means strictly increasing in its domaini.e. R.

Question: 10

Solution:
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Consider f(x)=x>-15x%+75x-50
Domain of the function is R.
f(x)=3x2-30x+75
=3(x2-10+25)

=3(x-5) (x-5)

=3(x-5)2

f'(x)=0 for x=5

for x<5

f'(x)=5

and

for x=5

f'(x)=5

we can see throughout R the derivative is +ve but at x=

Question: 11

Solution:

1
0= (x-3)
domain of function is R-{0}
1
f(x)=1+ =
f(x) ¥ x € Ris greater than 0.

Question: 12

Solution:
f(x ! +5
(0 =3

domain of function is R-{0}

1

%2

f(x)=—

for all x, F(x)=<0
Hence function is decreasing.
Question: 13

Solution:

Consider f(x) =

(1a2y
2x

N RO

forx=0,

f'(x) is -ve.

5

itis 0 so itis increasing.

CLASS24



hence function is decreasingforx =0 CLAssz4

Question: 14

Solution:
f(x)=x3+x3
F(x)=3x2-3x*
=3(x2-1/x%)

x3I—1 x¥+1

Py

x2 © x?

=3(

3(x—D(EP+Hx+ D (x+1D(x*—x+1)
= .
Root of f’{x)=1and-1

e o - e

!
v T

-1 1
Here we can clearly see that F(x) is decreasingin [-1,1]
So, f(x) is decreasing in interval [-1,1]
Question: 15

Solution:

Consider f(h) = \

sinx — X.cosx

f(x) =

sin? x

F(x) = cosx(tanx — \)

sin®x

. b1

in ]0,:[ cos>0,

tan x-x>0,

sinZx>0

hence £ (x)=>0,

so, function is increasing in the given interval.
Question: 16

Solution:

Consider

Ix

f(x) = log(1+x) —
T1+x (x+2)2

(x+2)

f(x)

C(x+2)7 —4(x+1)
T (x+ D(x+2)?

-

p— x‘_
T (x+1)(x+2)2



Clearly we can see that f(x)>o for x>-1.

Hence function is increasing for all x>-1

Queslion: 17
Solution:
Consider f(x) = (X + i)
1
fx)=1——=
()= 1-

x2—1

f(x) ="

-1 0 +1
We can see (x) <0 in [-1,1]
i.e. f(x) is decreasing in this interval.
We can see P(x) >0 in (-o0,-1) U(1, o)
i.e. f(x) is increasing in this interval.

Question: 18

Solution:

. (x-2)
Consider f(x) = —,
f(x) :

K= >
(x+1)2

f’(x) at x=-1 is not defined
and for all x € R- {-1}
f'(x)=0

hence f(x) is increasing.
Question: 19

Solution:

f(x)=(2x2-3x)

f'(x)=4x%-3

f'(x)=0 at x=3/4

- ‘ +

t

v

3

CLASS24

Clearly we can see that function is increasing for x€[3/4, ) and is decreasing for xe(-e,3/4)



Question: 20 c LAssz4

Solution:
f(x)=2x3-3x2-36x+7
f'(x)=6x2-6x-36
F(X)=6(x2-x-6)
P(x)=6(x-3)(x+2)

f'(x) is 0 at x=3 and x=-2

F'(x)>0for x € (-o0, -2] U [3, o0)

hence in this interval function is increasing.
F(x)<0 forx € (-2.3)

hence in this interval function is decreasing.
Question: 21

Solution:

f(x)=6-9x-x2

P(x)=-(2x+9)

« + | [ .

-9/2

We can see that f(x) is increasing forx € (fm, — 21 and decreasinginx € (f g m)
Question: 22
Solution:

. x3
Consider f(x) = (y‘ — —)

3

f'(x)=4x3-x2
=x?(4x-1)

F’(x)=0 for x=0 and x=1/4

- | l

0 Va
Function f(x) is decreasing for x € (-®»,1/4] and increasing in x € (1/4 , @)
Queslion: 23

Solution:



f(x)=x3-12x2+36x+17 CLA5524
f'(x)=3x2-24%x+36 -
£(x)=3(x>-8x+12)

=3(x-6)(x-2)

Function f(x) is decreasing for x € [2,6] and increasingin x € (-0,2) U (6, )
Question: 24

Solution:

f(x)=x3-6x2+9x+10

f'(x)=3x2-12x+9

f(x)=3(x2-4x+3)

=3(x-3)(x-1)

+ - +
| | -

. t

1 B8

Function f(x) is decreasing for x € [1,3] and increasingin x € (-o0,1) U (3, =0)
Queslion: 25

Solution:

f(x)=-2x3+3x2+12x+06

f'(x)=-6x2+6x+12

f'(x)=-6(x2-x-2)

=-6(x-2) (x+1)

- t T

-1 2

Function f(x) is increasing for x € [-1,2] and decreasing in x € (-c0,-1) U (2, o)

v

Question: 26

Solution:
f(x)=2x3-24x+5
f(x)=6x32-24
f(x)=6(x*-4)

=6(x-2)(x+2)
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-2 2

Function f(x) is decreasing for x € [-2,2] and increasing in x € (-c0,-2) U (2, o)
Queslion: 27

Solution:

f(x)=(x-1)(x-2)2=x2-4x+4 * x-1= x3-4x2+4x-x2+4x-4

f(x)=x3-5x2+8x-4

f'(x)=3x2-10x+8

f[X)=3x2-6x-4x+8

=3x(x-2)-4(x-2)

=(3x-4)(x-2)

+ = | =

+ T T

4/3 2

Function f(x) is decreasing for x € [4/3,2] and increasing in x € [-»,4/3) U (2, =)
Queslion: 28

Solution:

f(x)=x*4x3+4x2+15

f'(x)=4x3-12x%+8x

= 4x(x2-3x+2)

=4x(x-1)(x-2)

Function f(x) is decreasing for x € (-0,0] U [1, 2] and increasing in x € (0,1) U (2, =)
Question: 29

Solution:

f(x)=2x3+9%%2+12x+15

f'(x)=6x2+18x+12

f'(x)=6(x2+3x+2)

=6(x+2)(x+1)

+ = | -+

| | >

-1 -2

Function f(x) is decreasing for x € [-1,-2] and increasing in x € (-20,-1) U (-2, o2)



Question: 30

Solution:
fx)=x*8x3+22x%-24x+21
P(x)=4x3-24x%+44x-24
=4(x3-6x2+11x-6)

=4(x-3)(x-1) (x-2)

Function f(x) is decreasing for x € (-c0,1] U [2, 3] and increasing in x € (1,2} U (3, )
Question: 31

Solution:

f(x)=3x4-4x3-12x2+5

f(x)=12x3-12x2-24x

=12x(x2 -x-2)

=12 (x)(x+1)(x-2})

Function f(x) is decreasing for x € (-o0,-1] U [0, 2] and increasing inx € (-1,0) U (2, o)
Question: 32

Find the interval

Solution:

f'(x) =

2.3 a2
1Zx 12x _ 6x + E
10 5 5
() =(12x3-24x2-60x+72)/10
=1.2(x3-2x2-5%+6)

=1.2(x-1)(x-3) (x+2)

Function f(x) is decreasing for x € (-o0,-2] U [1, 3] and increasing in x € (-2,1) U (3, )
Exercise : 11H

Question: 1
Solution:

. dy 2
l.:—BX -1

d
—yat(x=2)= 11
dx

.- d
i. ¥ _ 4x 4+ 3cosx
dx

CLASS24
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dx
iii. % = 2(sin2x + cotx + 2)(2cos2x — cosec?x)

dy T
Sat(x=5)=20+0+2)(-2-1)= -12

Question: 2

Solution:

m : :—;':3.\'3—2
mat(1,6)=1
Tangent:y - b= m(x - a)
y-6=1(x-1)
X—y+5=0

Normal :y—b = %(x—a)
y-6=-1(x-1)
XxX+y-7=0

Question: 3

Solution:
L
m: 2y =~ 4a
a 2a
m at (——) =m
m?’'m
Tangent:y - b = m(x - a)

2 :
v =m0

m2x-my+a=20

Normal :y — b= E(}\ a)

2a —1 a
Y‘Ez E(X_m:)

m3x + mdy - Zam? -a=0

Question: 4

Solution:
,2x Zydy
m: — +b:dx =0
) —bcos®
m at (acos0,bsin0) = ———
asin®

Tangent:y - b = m(x - a)

—DbcosH

m (X* EICOSG)

¥ — bsin0 =



bxcosB +aysin® =ab

Normal:y— b= ;—l(x—a)

bsin asin® ( 0)
— bsin8 = X —acaos
y bcosH
ax sec O — by cosec 0 = a2 — b2
Question: 5
Solution:
Qix ydy

m : a? b2dx

bsecO
m at (asecB,btanB) =

atanB

Tangent:y - b= m(x - a)

btan 8 — bsecO
y an ~ atanB

(x— asecB)

bxsecO —aytan0 = ab
Normal :y —b = _—1(){— a)

—asin0

y — bsin6é = Zeh (x — acos0)

by cosec® + axsec 0 = (a* + b”)

Question: 6

Solution:
LAy Loz
m: - = 3x

mat(1,1)=3
Tangent: y - b = m(x - a)
y-1=3(x-1)
y=3x-2

Normal 'y —b = %(xf a)

1= Lot
y—1l=—=&-1
X+3y=4
Question: 7

Solution:
. oY
m: 2y Pl
m at (at?, 2at) = 1/t

Tangent:y — b = m(x - a)

1
y—2at= ¥(x—at3)

CLASS24



x-ty+atZ=0 CLA5524
Normal :y—b = %(X*a) -

y — 2at = -t(x - at?)

tx + y = at® + 2at

Question: 8

Solution:
dy 2 2
m: == 2 cotx(—cosecx) + 2 cosec’x
X

mat (x =Ti/4) = 2(-2) + 2(2) =0
Tangent:y - b= m(x - a)
y-1=0(x-m/4)

y=1

Normal :y —b = ;—11(}:— a)

-1 T
y-1=5(x-3)
x="/4
Question: 9
Solution:
m:32x + lSyg =0

dx

—32
mat(2y,)= 9y,
16(2)% + 9(y1)? = 144

45
= 3

Tangent:y - b = m[x - a)

44/5 —32( 2)
_aNY «—
Y75 T 4%

973

8x+3Vhy —36=20

Normal : y —b = ;—ll(x —a)

45
4\6_9%(, 2
Y= T T ¥

9VEx — 24y + 14V5 = 0
Question: 10

Solution:

m: = 4x% — 18x% + 26x— 10



mat (e 1) < 2 CLASS24
vat(x=1)=(1)*%-6(1)%+13(1)2-10{(1)+5=3 o
Tangent: y - b = m(x - a)

y-3=2(x-1)

Z2x-y+1=0

Normal :y—b = %(xf a)

-1
—3=—(x—-1
y 5 ( )
X+2y-7=0
Question: 11

Solution:

y-b=m(x-a)

3271 e
YT A

2(x + y) = a2
Question: 12

Solution:

-
Iy,

ayy

=y

mat (x,,y;) =

At (X1.v1): %—3’;—‘; — 1= b%x;%2 - a?y, % = aZb?

y - b=m(x - a)
b’x,

- L2
a“y,

Yy— Vi (x—x;)

azyly - azyl2 = blex - b2x12

b?x % — a?y,y = a’b?
XXp ¥ 1
a® b2

Question: 13

Solution:
m: % = 4sec?x(tanx secx) — 4tan®x(sec’x)
' 3.
m at (x = E) = 4(2)*(V3x2)—4(V3) (2)? = 16V3

Atx=n/3,y=7



y-b=m(x-a)
y—7=16v3(x— g)

3y —48V3x+16V3n—21=10

Question: 14

Solution:
m: % = 2(sin2x + cotx + 2){2cos 2x — cosec?x)
Yo (x:E): 2004 0+2)(—2-1)= —12
dx 2
Atx=m/2,y =4

b= — (x—a)
y - m X a

1 i

Y‘4=1§@‘5)

24y —2x+m-96 =0
Queslion: 15

Solution:

d 5

nl:aizzﬁx“

m at (x = 2) = 24

m at (x = -2) =24

We know thatif the slope of curve at two different pointis
equal then straight lines are parallel at that points.
Question: 16

Solution:

We know that if two straight lines are parallel then their slope

are equal. So, slope of required tangent is also equal to 4.

dy —2x
‘x- 3 !

m
x=-6andy=-11

y -~ b=m(x - a)

y- (1) = 4(x - (-6))
4x-y+13 =0
Question: 17
Solution:

If the tangent is parallel to y-axis it means that it’s slope is

not defined or 1/0.

CLASS24



m: 2x + Zyd—y -2 74d—y =0 CLA5524

dx dx
dy_ —(2x—-2) 1

dx (2y—-4) 0

2y -4 =02y =2
x2+(2)2-2x-4(2)+1=0

= x2-2x-3=0

= x=3andx=-1

So, the requied points are (-1, 2) and (3, 2).
Question: 18

Solution:

If the tangent is parallel to x-axis it means that it's slope is 0

dy
m: 2x+2y372: 0
2x + 2y(0) -2 =0
x=1
(12 +y2-2(1) -3 =0
= yl=4=>y=2andy=-2
So,the requied points are (1, 2) and (1, -2).
Question: 19
Solution:

We know that if the slope of two tangent of a curve are satisfies a relation mimz = -1, then

tangents are at right angles

m: g =2x-5

miat(2,0)=-1

mzat(3,0)=1

mimz= (-1)(1) =-1

So, we can say that tangent at (2, 0) and (3, 0) are at right angles.
Question: 20

Solution:

Iftangent is pass through origin it means that equation of tangentis y = mx

Let us suppose that tangent is made at point (x1, y1)
vi=x2+3xt+4..(1)

d
m: —y:2x+3
dx

m at (xi, y1) = 2x1+ 3



Equation of tangent: y; = (2x7 + 3)x4 ...(2)
On compairing eq(1) and eq(2)

x1Z2+ 3x+4=(2x 1+ 3)x 1
x2-4=0=x;=2and -2

Atxi =2, y1 =14

Atxi1=-2, y1 =

So, required points are (2, 14) and (-2, 2)
Queslion: 21

Solution:

Slope ofy = x-11isequalto 1

dy .
: — = 3x"—11
m ™ X

3x2 -11=1=x=2 and -2

Atx =2

From the equation of curve, y=(2)*- 11(2)+ 5 =-9

From the equation of tangent, y =2 - 11 = -9

Atx =-2

From the equation of curve, y=(-2)3 - 11(-2) +5 =19

From the equation of tangent,y = -2 — 11 =-13

CLASS24

So, the final answer is (2, -9) because at x = -2, y is come different from the equation of curve and

tangent which is not passible.
Question: 22

Solution:

If tangent is parallel to the line x + 3y = 4 then it's slope is -1/3.

cax+ ey
m: 4x+6y&_0

—2X —2x —1
m=s —= —= —

3y Jm—le 3
3073

14 — 2x?
3
x=1and-1

4x? =

Atx =1,y =2 andy = -2 (not possible)
Atx=-1,y=-2andy = 2 (not possible)
y — b =m(x - a)

At(1,2)



e CLASS24

-2 =
Y 3
3y +x=7
At(-1,-2)

y=(-2)= 5 (x=(-1)
3y +x =-7

Queslion: 23

Solution:

+ Iftangentis perpendicular tothelinex -2y + 1 =0thenit's-1/mis-2.

d
m: 2x + 2—y:0
dx
m=-x=1/2
x=-1/2

At x = -1/2,y = 31/8

-1
y-b=—(x-2a)

At (-1/2, 31/8)

(x=(-3))

lex+ By -23=0

31

Y_EZ

L\J\.—-‘ I
—

Queslion: 24
Solution:

We know thatif tangent is parallel to x-axis then it’s slope is equal to 0.

dy
m: &—4:(—6

4x - 6=0=x=3/2

Atx =372,y =-17/2

3 17
So, the required points are ( )

Question: 25
Solution:

If the tangent is parallel to chord joining the points (3, 0) and (4, 1) then slope of tangent is equal
to slope of chord.

1-0
m=-——=1
4—3

dy
m: i 2(x—3)

2x-3)=1=>x=7/2

Atx=7/2,y =1/4



2's

So, the required points are (7,3). CLA5524

Queslion: 26

Solution:

If curves cut atright angle if 8k? = 1 then vice versa also true. So, we have to prove that 8k? =1
if curve cut at right angles.

Ifcurve cutatright angle then the slope oftangent attheir intersecting point satisfies the
relation mimz = -1

We have to find intersecting point of two curves.

x =y?and xy = kthen y kgandx= kg

1
my s oo = PNG:
2 1
m, at (ki,ki)z—1
2k3
dy -k
Mz 4y~ %2
2 1 -k 1
m, at (ki,ki): —=
k3 k3
mym,= —1
1 1
—3 |~ 3= !
2ks k3
k; ! k* : gk* =1
3= E:a =3 = =

Question: 27

Solution:

If the two curve touch each other then the tangent at their intersecting point formed a angle of 0.
We have to find the intersecting point of these two curves.

2

Xy =a arlclx2+yz=2;a2

.2 a?y? 2
X+ . = £a”

=x*_2a%x2 +a%-0
= (x2-a2)=20
=>x =+aand -a
Atx=a,y=a

Atx =-a,y=-a

dy -a’
M T ke

miat (a,a) =-1

miat(-a,-a) =-1



2x+2 dy 0
mp s 2X+2y 0=
mz at (a,a) =-1

mzat (-a,-a) =-1

At (a, a)

m, —m,
tanf = —

1+ mym,
tan@ = w =

14(-1)(-1)
At(-a,-a)

my; —m,
tanf = —

1+ mm,
tan@ = UL 4

1}(_-1_](-1}

CLASS24

So, we can say that two curves touch each other because the angle between two tangent at their

intersecting point is equal te 0.

Question: 28

Solution:

If the two curve cut orthogonally then angle between their tangent at intersecting point is equal

to 90°.

We have to find their intersecting point.

x3 - 3xy2+2=0..(1)and 3x%y - y3 - 2=0..(2)
On adding eq (1) and eq (2)

x3—3xy2+ 2+3x2y—y3—2=0

x3—y3—3xy2+ 3x2y= 0

x-y)P=0=>x=y

Putx =y ineq (1)

¥y3-3y3+2=0=>y=1

Aty=1,x=1

2 dy .
m, : 3x‘—3(xx2y&+y‘): 0

miat(1,1)=0

_3(de ) ) 329
m, : xa;i- Xy | — Yd

mzat (1,1)=-2/0

At(1,1)

m, —m,

tan = ————
1+ m,m,

m
n, (1 -1
2 m,
tanf= ——————— =

1
m, (— +m,

m,



tanf = (1-0) =notdefined = 0 = T CLAssz4

(0+0) 2

So, we can say that two curve cut each other orthogonally because angle between two tangent at
their intersecting point is equal to 90°.

Question: 29

Solution:
d & in®
y T —sin
nm: — =
dx ﬂ_‘% 1+cosB
de

4 1+ 42
o= L= (o &) may=(11 )
.Y_b:l’l'l[x—g)

(14 )= - (x=(G+ )
_ N_ eff, L
’ V2 V2

2—1
y:(l—ﬂ).\w((‘} Jm
Question: 30
Solution:

dy .

dr

118 2\.‘:2.
mat (t:Z): =

4x-3V2y-2V2=0
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