Chapter : 17. AREA OF BOUNDED REGIONS

Exercise : 17

Question: 1

Solution:

Given the boundaries of the area to be found are,
* The curve y = x2

* The x-axis

e x = 1 (aline parallel toy-axis)

» x = 3 (a line parallel toy-axis)

As per the given boundaries,

CLASS24

« The curve y = x2, has only the positive numbers as x has even power, so it is about the y-axis

equally distributed on both sides.

= x= 1 and x=3 are parallel toy-axis at of 1 and 3 units respectively from the y-axis.

» The four boundaries of the region to be found are,
«Point A, where the curve ¥y = x2 and x=3 meel
«Point B, where the curve y = x2 and x=1 meet
«Point C, where the x-axis and x=1 meeti.e. C{1,0).
«Point D, where the x-axis and x=3 meet i.e. D(3,0).

Area of the required region = Area of ABCD.
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Area of ABCD = fxz dx
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The Area of the required region = ? sq. units CLAssz4

Question: 2

Solution:

Given the boundaries of the area to be found are,
* The parabola y2 = 4x

* The x-axis

* x = 1 (aline parallel toy-axis)

* x = 4 (a line parallel toy-axis)

As per the given boundaries,

« The curve y= =4x, has only the positive numbers as y has even power, so iLis about the x-axis
equally distributed on both sides.

= x= 1 and x=4 are parallel toy-axis at of 1 and 4 units respectively from the y-axis.
« The four boundaries of the region to be found are,

«Point A, where the curve y2 = 4x and x=4 meet

+«Point B, where the curve ¥ = 4x and x=1 meet

«Point C, where the x-axis and x=1 meet i.e. C(1,0).

«Point D, where the x-axis and x=4 meet 1.e. D(4,0).

Area of the required region = Area of ABCD.

E3 4

Area of ABCD = jydx = fde
1
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The Area of the required region = -:5!-; sq. units
Question: 3

Solution:

Given the boundaries of the area to be found are,
» The curve y = +/6x + 4

* The x-axis

* X = 0 (y-axis)

* X = 4 (a line parallel toy-axis)

=0 x=32

>
/] | #

As per the given boundaries,
* The curve y = /61 + 4.is a curve with vertex at (0, — i}

« x=2 is parallel toy-axis at 2 units away from the y-axis.
« x=0 is the y-axis.

« The four boundaries of the region to be found are,
+Point A, where the curve y2 = 6x + 4 and x=0 meet.
«Point B, where the curve y2 = 6x + 4 and x=2 meet.
«Point C, where the x-axis and x=2 meet i.e. C(2,0).
«Paint O, or the origin i.e. 0(0,0).

Area of the required region = Area of OABC.

Area of OBCD = jydx = f v6x+ 4dx
0 0
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6x +4)2 1 312
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[Using the formula [ x"dy = >
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The Area of the required region = ? 5q.units

Question: 4

Solution:

Given the boundaries of the area to be found are,
* The curve y = x3

* The y= 0, x-axis

« x = 2 (a line parallel toy-axis)

* x = 4 (a line parallel toy-axis)

x=2 x=4

A L/

y=0 o |

D=(2,0) C=(4,0)

9=

y®= x3

As per the given boundaries,

= The curve ¥ = x2 is a curve wilh vertex at (0,0).

= x=2 is parallel toy-axis at 2 units away from the y-axis.

« x=4 is parallel toy-axis at 4 units away from the y-axis.

« The four boundaries of the region to be found are,
+Point A, where the curve y = x2 and x=2 meet.
=Point B, where the curve ¥ = x2 and x=4 meet.
«Point C, where the x-axis and x=4 meet i.e. C(4,0).
«Point D, where the x-axis and x=2 meet i.e. D{2,0).

Area of the required region = Area of ABCD.

4

4
Area of ABCD = fydx = jxadx

2

—fxwx—[%L—iun*E

[Using the formula [ x"dx = *—]

n+1l

1 1 1
——(4*—2*) = — (256 — 16) = — (240
e )= 5( ) = 5 (240)

= 60 sqg. units
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The Area of the required region = 60 sq. units.

o CLASS24
Question: 5
Determine the are

Solution:

Given the boundaries of the area to be found are,
» The curve y = Jaz — xz

* X = 0 (y-axis)

* x = 4 (a line parallel toy-axis)

Here the curve, y = /a2 — 12, can be re-written as

2+ vi=a? —-(1)
This equation (1) represents a circle equation with (0,0) as center and, a units as radius.

As x and y have even powers, the given curve will be about the x-axis and y-axis.

C(0,a)
@ —

As per the given boundaries,
« The curve y = /a2 — 2, is a curve with vertex at (0,0).

» x=4 is parallel toy-axis at 4 units away from the y-axis. (but this might not really effect the
boundaries as the walue of ‘a’ in the equation is unknown.)

» x=0 is the y-axis.

Area of the required region = Area of OBC.

Area of OBC = fydx:f\faz — x2dx
0 0

[Using the formula, | aZ — xZ dx = atox? e Gint (f)]
2 a

-
2

az— c13+ a* _1(11) OVa? — 01+ at . _1({])
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a’ na®
-5 ) ro=
[sin"}(1) = 90° and sin"!(0) = 0° ]

m

a? )
5q. units

The Area of the required region = :

Question: 6



Solution:

Given the boundaries of the area to be found are,
e The line equation is 2y = 5x + 7

= The v= 0, x-axis

» x = 2 (a line parallel toy-axis)

* x = 8 (a line parallel toy-axis)

‘ x=8 -
‘ x=2 -
a_
‘ AT 2yeBxe?
‘_/
|
‘ s
| ~
| Al
A
1 ’/‘.
/"‘J.
y=0 D={20) C=(8.0)

-~ |
-

As per the given boundaries,

* The line 2y = gx + 7.

» x=2 is parallel toy-axis at 2 units away from the y-axis.
» x=8 is parallel toy-axis at 8 units away from the y-axis.
= v = 0, the x-axis.

« The four boundaries of the region to be found are,
+Point A, where the line 2y = 5x + 7 and x=2 meet.
=Point B, where theline 2y = 5x + 7and x=8 meel.
«Point C, where the x-axis and x=8 meet i.e. C(8,0).
«Point D, where the x-axis and x=2 meet i.e. D(2,0).

The line equation 2y = 5x + 7 can be wrillen as,

S5x+7
Y=

Area of the required region = Area of ABCD.
8

8
5x +7
AreaofABCD:jydx:f > dx

1f(r_ 7)dx 1S x? -
—i" oxX + \—E ? + .\2

@) o] (@) e

[Using the formula [ x"dy = L: and [ cdx = cx]
n

2

:%{[5 (%)J’ 56]_ [10 + 14]} = % [(5x32) + 56 —24] = % (160 + 32)
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1
= - (192) =96
5 (192)

The Area of the required region = 96 sq. units.
Question: 7

Solution:

Given the boundaries of the area to be found are,
* The parabola y2 = 4x

= x = 3 (a line parallel toy-axis)

B
By -

As per the given boundaries,
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» The curve y= =4x with vertex at (0,0), has only the positive numbers as y has even power, so it is

about the x-axis equally distributed on both sides.
= x= 3 are parallel toy-axis at 3 units from the y-axis.

» The boundaries of the region to be found are,

«Point A, where the curve y= = 4x and x=3 meet when y is positive.

«Point B, where the curve ¥2 = 4x and x=3 meet when y is negalive.

«Point C, where the x-axis and x=3 meet i.e. C(3,0).
=Point O, the origin.

Area of the required region = Area of OAB

Area of OAB = Area of OAC + Area of OBC.

[area under OAC = area under OBC as the curve y2 = 4x is symmetric]

Area of OAB = 2 x Area of OQAC

3 3
Area of OAB = nydxzzfmdx
0 [4]

3 313 273

X2 2212

- Kdx = 4|2 =
4f\,:xd.\ 4 3 4[ 3 ‘
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n+

[Using the formula [ x"dx = 7
n+l
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The Area of the required region = 84/3 sq.units

Question: 8
Solution:

Given the boundaries of the area to be found are,
» The ellipse, Ty 1
4 9

» ¥ = 0 (x-axis)

From the equation, of the ellipse

« the vertex at (0,0) i.e. the origin,

= the minor axis is the x-axis and the ellipse intersects the x- axis at A(-2,0) and B(2,0).
= the major axis is the y-axis and the ellipse intersects the y- axis at C(3,0) and D(-3,0).

IL 3)
AN

r

i A
A=(20 \Fi:f"

T

As x and y have even powers, the area of the ellipse will be symmetrical about the x-axis and y-
axis.

. Iz \.': .
Here the ellipse, — + = = 1, can be re-wriltten as
4 9

¥y =9 I_I)
Yy = 3(4_ I:)

As given, the boundaries of the re to be found will be

2w

« The ellipse, ¥ = V4 — x2 with vertex at (0,0).

» The x-axis.

Now, the area to be found will be the area under the ellipse which is above the x-axis.
Area of the required region = Area of ABC.

Area of ABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the ellipse is symmetrical about the y-axis]

Area of ABC = 2 Area of BOC



2

3 ——
Area of ABC = nydx = ZJ'EV'}f x?dx
0

j\f{ZJ* 2dx = 3[1 5 " %Silrl (‘)]“

[Using the formula, [ /g2 — x2 dx = gir “; sin—! (i)]

2 2 2 2 +2

=3 I24—23 + 4 sin™! (2)] -3 [002_0: 4 sin™! (g)]

=3 x2(g)~ 3(0 +0) = 3

[sin'(1) = 90° and sin"'(0) = 0° ]

The Area of the required region 3m sq. units
Question: 9

Solution:

Given the boundaries of the area to be found are,
* The line equation is y = 1 + |x+1]

» The y= o, x-axis

* x = -2 (a line parallel toy-axis)

» x = 3 (a line parallel toy-axis)

D=2 0}

>
A=(3 0

Consider the given line is

v=1+ |x+1|

this can be written as

v = 1 +{x+1), when x+1=z0 (or) y = 1 —(x+1), when x+1<o

v=x+2 whenx=-1(or)y =v = -x, when x<-1----(1)

Thus the given boundaries are,

e Theliney =1 +|x+1]|.

« x=-2 is parallel toy-axis at -2 units away from the y-axis.
« x=73 is parallel toy-axis at 3 units away from the y-axis.
* y = 0, the x-axis.

The four vertices of the region are,

«Point A, where the x-axis and x=3 meet i.e. A(3,0).

*Point B, where the liney = 1 +|x+1| and x=3 meet.
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*Point C, where the line y =1 +|x+1| and x=-2 meet.
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=Point D, where the x-axis and x=-2 meet i.e. D(-2,0).
Area of the required region = Area of ABCD.

From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area
under CDFE and EFAB as the line equations changes at x = -1.

-1 3 -1 3
Area of ABCD = fydx + fydx = j(fx) dx + f(x+2)dx
-2 -1 -2 -1

-1 3
= — f{x)dx + J'(.\'+2)dx =

[l
[Using the formula [ y"dy = % and [ cdx = cx]
2] e
- LT ETER- G55

The Area of the required region = — sq. units.

3

-1

Question: 10

Solution:

Given the boundaries of the area to be found are,
e The curve y = 4-x>

* The y-axis

* vy = 0 (x - axis)

+ v = 3 (a line parallel to x-axis)

Consider the curve,

y=4-x°

X% = 4-y

X=J4-y-—Q)

y=0 [:\::_2 0) XU:E?_.OI

About the area to be found,



« The curve y = 4 - x2, has only the positive numbers as x has even power, so it is abon
equally distributed on both sides. CLAssz4

= From (1) as, x = ,/4 — y, the curve has its vertex at (0,4) and cannot gebeyond y = 4 as the
value of x cannot be negative and imaginary.

* y= 0 is the x — axis
= v =3 is parallel to x-axis which is 3 units away from the x-axis.

The four boundaries of the region to be found are,

+Point A, where the x-axis and x = \/r}rmeet i.e.

C(-2,0).

+Point B, where the curve x = \/ﬁ and y=3 meet where x is negative.

«Point C, where the curve x = /4 — y and y=3 meet where x is positive.

«Point D, where the x-axis and x = /4 — y meeti.e. D(2,0).

Area of the required region = Area of ABCD.

3 3

Area of ABCD = f): dy = f Ji—vdy
Q0

3713

4—y)3 2 3

- (3_‘) :_.3[(.;__1,)_—3]0
2 G

- xl‘l
[Using the formula| v"dy = —H}

=—§[(4—3)§—(4 o|= —2[E@]=-C 0 8

. . 14
The Area of the required region = —- 5q.units

Question: 11

Solution:

Given,

« A (-1,2), B (1,6) and C (3,4) are the 3 vertices of a triangle.

B=(16)

]
\ C=(3 a)
]

/
_/
A(!E]//
\

L]
@
n @

E=(-1.0) D=(1.0) F

From above figure we can clearly say that, the area between ABC and DEF is the area to be
found.



For finding this area, we can consider the lines AB, BC and CA which are the sides of
triangle. By calculating the area under these lines we can the complete region. CLAssz4

Consider the line AB,

If (x:,y:) and (%2, ¥-) are two points, the equation of a line passing through these points can be
given by

Y-n T xn

Y% X2~ Xy
Using this formula, equation of the line A(-1,2) B =(1,5)

y=(02) x-(=1)
5-2  1-(-1)

y—(2) x+1

3 2
R L R
= Skt 1) +2= -
Y=\ 2 2
3x+7
‘f:
: 2

Consider the area under AB:

B={16)

A=(-1,2)

Y'Y

1.0)

From the above figure, the area under the line AB will be given by,

1 L3v+7
Areaof ABED = j ydx = f ( ) dx
1 =il

Jrll(3f+7)d' L 3"(:Jf 7—1
= _12 X .1—2 2 171

[ using the formula, [ x"dx = ’::: and [ cdx = ex]
1 ([3(1)? 3(—1)°

2 {lz* ””l [ 2 ! “”H
1 (13 3 1

=3+ -7z o

=7

Area of ABDE = 7 sq. units ---—- (1)
Consider the line BC,

Using this 2-point formula for line, equation of the line B(1,5) and C (3,4)

y-0) x-(@1)
4—-5  3-—(1)




y—() x-1
-1 2

1—-x+10 11 — x
2 T2

1
E(I—X)'FS:

=
Il

11 —x
2

y:

Consider the area under BC:

B=(1.6)

C=(3.4)

36

T4

P— t—,
—_—
w

57 — 21]
2
Area of BCFD = g sq. unit
Consider the line CA,

Using this 2-point formula for line, equation of the line C(3,4) and A(-1,2)
y-(4 x-(3)

2-4 —1-—(3)

y—-(4) x-3

-2 -4

_1( 3)+4_I—3+8_I+5

y=w - 2 T2
x+5

Y=

Consider the area under CA:
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C=(3.4)
[ ]
A=(-12)
]
o —7 *—
E=(-1.0) F=(3.0)

From the above figure, the area under the line CA will be given by,

3 3 x+5
Areaof ACFE = j ydx = f ( > )d.l’.'
1 -1

[leena-E)s
-1

[ using the formula, [ x"dx = ’:t—: and [ ¢cdy = cx]

o [0

-3+ o] el 1G) - (5]

§

175

3

-1

. —12
5 =

Area of ACFE = 12 sq.units---- (3)

CLASS24

If we combined, the areas under AB, BC and AC in the helow graph, we can clearly say that the

area under AC (3) is overlapping the previous twoareas under AB & BC.

1.95)

®
/ \.C
A=(-1.2) /

|

E=(-10) D=(10) F=(3.0)

Now, the combined area under the rABC is given by
Area under TABC

=Area under AB + Area under BC - Area under AC
From (1), (2) and (3), we get

Area under rABC =7+ g -12

=16 — 12 = 4 sq. units.

Therefore, area under tABC = 4 sq.units.
Question: 12

Solution:

Given,

« ABC is a triangle



« Equation of side AB of y =4x + 5

» Equation of side BCofx +y =5

= Equation of side CA of 4y = x+5

By solving AB & BC we get the point B,
AB:y=4x+5,BC:y=5-x

4x + 5 =5-X

5X = 0

xX=0

by substituting x =0 in ABwe gety =5
The point B = (0,5)

By solving BC & CA we get the point C,

AC: a4y =x+5,BC:y=5-x

4y -5=5Y
5y = 10
y=2

by substituting vy = 2 in BC we get x = 3
The point C = (3,2)

By solving AB & AC we get the point A,
AB :y =4x+5,AC : 4y = x+5

16X + 20 = X+5

15X = -15

X =-1

by substituting x = -1 in AB we gel v =1

The point A = (-1,1)

These points are used for obtaining the upper and lower bounds of the integral.
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From the given information, the area under the triangle (colored) can be given by the below

figure.

s
F=(0.0) E={3.0)
D={1 \311

From above figure we can clearly say that, the area between ABC and DEF is the area to be

found.

For finding this area, the line equations of the sides of the given triangle are considered. By

calculating the area under these lines we can the complete region.

Consider the line AB, y = 4x+5

The area under line AB:
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B = (0. 5)

A=(-1,1)

<
F=(0, 0)
Az(-nn)

From the above figure, the area under the line AB will be given by,

) )
Areaof AB = f Vap dXx = J (4x+ 5) dx
—1 -1

2

= 11(4x+5)dx: [% u

[ using the formula, f g

= {[2(0%) + 5(0
=(0) - (2-5)
Area under
Consider

Consider

From the above figure, the area under the line BC will be given by,

3 3
Areaof BC = f Yge dx = I (5—x)dx
0 0

273

3 X
:L(S—x)dx: [Sx—? .

I"+1
[ using the formula, | x"dx = — and [cdx = ¢x]

3)? 0)?
{02

7{[15 9] 0]730—9721
- 2 22

Area under BC _ 2! sq. units -—-- (2)
z




Consider the line AC, y = i (x +5)

Consider the area under AC:

C=(3.2)
e
As(-1,1) —
...——"‘F
=x+5
= @ Q
E=(3.0)
D=¢(1.0

From the above figure, the area under the line AC will be given by,

3 Px+5
Areaof ACFE = f Vac dIZJ, ( Z )d,t
1 -1

3 1[{x* 8
= J_lz(x +5)dx = E[(-?.—) + 5-1']_1
[ using the formula, [ x7dx = f—: and [ cdv = cx)
- % {[%+ 5(3)]— I(;)Z+ 5( 1;]}
1 (19 1 39 9
-3z 8= G- sli= 5 5=

1[39—9] 48
41l 271 8

Area under AC = 6 sq.units-----(3)
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If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the

area under AC (3) is overlapping the previous twoareas under AB & BC.

Now, the combined area under the rABC is given by
Area under rABC
=Area under AB + Area under BC - Area under AC

From (1), (2) and (3), we get

21
Ares under AABC = 3 + CH 6

6+21—-12 21—-6 15
N 2 o2 T2



Therefore, area under rABC = % sq.units. CLAssz4

Question: 13
Solution:

Given the boundaries of the area to be found are,

* The parabola y* = 8x

« x = 2 (a line parallel toy-axis)

A= (2 4l /

0=10.0 C=(2.0)

As per the given boundaries,

* The curve y2 =8x, has only the positive numbers as y has even power, so 1t is about the x-axis
equally distributed on both sides as the vertex is at (0,0).

« x= 2 is parallel toy-axis which is 2 units away from the y-axis.

The boundaries of the region to be found are,

«Point A, where the curve y2 = 8x and x=2 meet which has positive y.
«Point B, where the curve y2 = 8x and x=2 meet which has negalive y.
«Point C, where the x-axis and x=2 mecet i.e. C(2,0).

Area of the required region = Area under OACB.

But,

Area under OACB = Area under OAC + Area under OBC

This can also be written as,

Area under OACB = 2 x Area under OAC

[area under OAC = area under OBC as AOB is symmetrical about the x-axis.]
2

Area of 0ACB = nydx :zfv’ﬁdx
0

o
2 312 212
Xz 2x2
:2x2v’§fﬁdx:4\/§T =42
0 i 0 o
[Using the formula f "dx = 1'"ﬂ]
n+1

@3 (0)3 22\ (32
=82 53 =8‘5(T):(?)
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The Area of the required region = 3—:- sq. units

Question: 14

Solution:

Given the boundaries of the area to be found are,
* The line equation is y = x +1

* The y= 0, x-axis

» x = -2 (a line parallel toy-axis)

+ x = 3 (a line parallel toy-axis)

|
]

Thus the given boundaries are,

* The line y = x+1.

= x=-2 is parallel toy-axis at 2 units away from the y-axis.
« x=3 is parallel toy-axis at 3 units away from the y-axis.
* v = 0, the x-axis.

The four vertices of the region are,

+«Point A, where the line y = x+ and x=3 meel i.e. A(3,4)-
«Point B, where the line ¥y = x +1 and x=-1 meet i.e.
B(-2,-1).

«Point C, where the x-axis and x=-2 meet i.e. C (-2,0).
«Point D, where the x-axis and x=3 meet i.e. D(3,0).
Area of the required region = Area of ABCD.

From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area
under CBE and ADE as the line equations changes the sign of x.

So the equation AB becomes negative between after it crosses the point E.

-1

3 3 e
Area of ABCD = jfydx+ fydx: J(erl)dxf J(x+1)dx
-1 -1 -2

= _Jl(x+ 1}dx —_[ (x+1)dx



-1
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) [

[Using the formula [ x"dx = L: and [ cdx = cx]
n

AG el (G [
1))
P11 R-CF2 - (5 ()

17
2

=85

The Area of the required region = 8.5 sq. units.
Question: 15

Sketch the region

Solution:

Given the boundaries of the area to be found are,
e The curve y = 4x2

* ¥ = 0, (x-axis)

« v = 2 (a line parallel to x-axis)

« v = 4 (a line parallel to x-axis)

« The area which is occurring in Lhe 15t quadrant is required.

As per the given boundaries,

» The curve y = 4x2, has only the positive numbers as x has even power, so it is about the y-axis
equally distributed on both sides.

« y= 2 and y=4 are parallel to x-axis at of 2 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,
«Point A, where the curve y = 4x2 and y-axis meet i.e. A(0,4)

=Point B, where the curve y = 4x* and y=4 meeti.e. B(1,4)

=Point C, where the curve y = 4x? and y=2 meet

«Point D, where the y-axis and y=2 meet i.e. D(0,2).

Consider the curve, y = 4x2

Now,



Area of the required region = Area of ABCD.

4 4
1
Area of ABCD = dey= Ejﬁdy

2 A

[Using the formulaf y"dx = Jn“]
n+1

:%(4?— 2%):%(8—2\5)

The Area of the required region = (B_gﬁ

$Q. units

Question: 16

Sketch the region

Solution:

Given the boundaries of the area to be found are,
e The curve y = gx=

» X = 0, (y-axis)

+ y =1 (aline parallel to x-axis)

« v = 4 (a line parallel to x-axis)

« The area which is occurring in Lhe 15t quadrantis required.

A (0,4) B

oun\L

As per the given boundaries,

CLASS24

« The curve y = gx2, has only the positive numbers as x has even power, so it is about the y-axis

equally distributed on both sides.

* yv=1 and y=4 are parallel to x-axis at of 1 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,

*Point A, where the curve y = gx2 and y-axis meet i.e. A{0,4)

+«Point B, where the curve v = 9x2 and y=4 meet
«Point C, where the curve y = 9x2 and y=1 meet
=Point D, where the y-axis and y=1 meet i.e. D{0,1).
Consider the curve, y = gx=

Now,



x=3/F CLASS24

Area of the required region = Area of ABCD.

4 4
1

At fABCD = J.'d =—J rd

eao xdy = 2 Jydy

1 1

n+
[Using the formulaf x"dy = ':1““1]

2(4; ig) 2{8 1) 14
I G 9

The Area of the required region = -1: sq. units
Question: 17

Solution:

Given the boundaries of the area to be found are,

» Firstcircle, x* + ¥y =1 -—-(1)

» Second cirele, (x-1) + y* = 1-—-(2)

From the equation, of the first circle, x> + y2 =1

« the vertex at (0,0) i.e. the origin

= the radius is 1 unit.

From the equation, of the second cirele, (x-1)2 + y2 =1
« the vertex at (1,0) i.e. the origin

+ the radius is 1 unit.

Now to find the point of intersection of (1) and (2), substitute y2 = 1-x2 in (2)
(x-1)2+ (1x2) =1

X2+ 1 - 2% +1-X2 =

1
X= -z
2
- . V3
Substituting x in (1), we get y = i?

So the two points, A and B where the circles (1) and (2) meet are A = (% \Ta) and B = (% 7%3)

The line connecting AB, will be intersecting the x-axis atD = (é , O)

As x and y have even powers for both the circles, they will be symmetrical about the x-axis and y-
axis.

Here the circle, x® + ¥2 = 1, can be re-written as

yi=1-x°

y=Ja-a1—@



A (-1 +y'=1

B o

B

Now, the area to be found will be the area is

Area of the required region = Area of OABC.

Area of OABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the circles are symmetrical about the y-axis]
Area of OABC = 2 x Area of AOC

Area of OABC = 2 (Areca of OAD + Area of ADC)

[area of OAD = area of ADC as the circles are symmetrical about the x-axis]
Area of OABC =2 (2 x Area of ADC)

Area of OABC = 4 x Area of ADC

Area of ADC is under the first circle, thus VT \,‘ (1 — x2)is the eguation.

1 1

Area of OABC = 4J_vd:(:4f\¢1_ v2dk
1

1] e

2

1

J(1)2— x%dx =3

-4

S L]

+ — sin”~
2

| b—h____‘

[Using the formula, [ /a2 — 12 dx = @ + "_: sin~! (i)]

1 ’ 1 1
_a + ! sin™*(1)] -4 2!~ (§)2+ ! sin~t( 2
B 2 2 2 2 1
V3 -
4(0+rr) . T)rl(n) \.f§+n 2m 3
- 4 2 2%/ | " \273)7 3 2
[sin"i(1) = 90® and sin‘lé =309
The Area of the required region = (? - %3) sq. units

Question: 18
Sketch the region
Solution:

Given the boundaries of the area to be found are,

CLASS24



« the circle, x2 + y® = 16 ---(1)

+ the parabola, x2 = 6y ----(2)

From the equation, of the first cirele, x2 + y2 = 16

= the vertex at (0,0) i.e. the origin

e the radius is 4 unit.

From the equation, parabola, x2 = Gy

= the vertex at (0,0) i.e. the origin

« Symmetric about the y-axis, as it has the even power of x.

Now to find the point of intersection of (1) and (2), substitute x2 = Gy in (1)
6y + y2 =16

y* + 6y - 16=0

—6+ J6T—4(1)(—16) ~6+y36+64 64100 —6+10
y= 2(1) B 2 - 2 2

y=2(or)y=-8
as x cannot be imaginary, y = 2
Substituting x in (2), we get x = + 2v3

So the two points, A and B where (1) and (2) meet are A = (2v3,2) and B = (-2v3,2)

CLASS24

As x and y have even powers for both the circle and parabola, they will be symmetrical about the

x-axis and y-axis.
Consider the circle, x2 + y2 = 16, can be re-written as

y2=16—x*

y= (16 - x2) —(3)

Consider the parabola, x* = 6y, can be re-written as

[ —h)

]

Let us drop a perpendicular from A on to x-axis. The base of the perpendicular is D = (2v 3, 0)

Now, the area to be found will be the area is
Area of the required region = Area of CACBO.
Area of OABCO= Area of OCAO+ Area of OCBO

[area of OCBO= area of OCAOQas the circle is symmetrical about the y-axis]



Area of OACBO= 2 x Area of OCAO --—-(5)

CLASS24

Area of OCAO= Area of OCAD - Area of OADO

Area of OCAQis

]

\'T

3
J16 —x2dx — lj x?
: 6
°

Area of OCAO =

—

]

W= 16 " e
=7 G)| sl
B 0 0
[ = LML

[Using the formula, [ a? — x? dx = g + a; sin~! (i) and [ x"dy = =— 1]

n+1

2

2V3 (167 (2v3) 243 0v16 — 02 0
- > + 8 sin™t (T) — |7+ 8 sin™! (5)]

1[(2V3)* (0)°
-5

2

2W3V16 — 12 /3 1 [48v3
:[[%4— 8 sin‘l(\?)] — [0+ 8 sin J(O)]]— IR [ ,\. -0

[sin"'(1) = 90° and sin—*

~{|2v3+ 8 (.3’3)] o) [%] 1 b‘3n : e\.“s';_ts\-"a": 83n * g\;

The Area of OCAO= (BHTM) sq. units

Now substituting the area of OCAQin equation (5)

Area of OACBO= 2 x Area of OCAO

8n +2V3 161 + 43
N 3 N 3

lom+4y3

Area of the required region is sq. units.

Question: 19

Solution:

Given the boundaries of the area to be found are,
« the circle, x% + y2 = 25---(1)

* the parabola, y2 = 8x -—--(2)

From the equation, of the first circle, x2 + y2 = 25
= the vertex at (0,0) i.e. the origin

 the radius is 5 units.

From the equation, of the parabola , y> = 8x

= the vertex at (0,0) i.e. the origin

« Symmetric about the x-axis, as it has the even power of y.



Now to find the point of intersection of (1) and (2), substitute y= = 8x in (1) CLASSZ4
x* + 8x = 25

Xz + 8x - 25=0

-8+ /87 —4(1)(—25) -8++64+ 100 —8+2V41
B 2(1) - 2 h 2

X

as y cannot be imaginary, we reject the negative value of x

sox = —4+41

So the two points, A and B are the points where (1) and (2) meet.
The line AB meets the x-axis at D = [(vV41 -4),0]

Substitute ¥ = 0 in (1),

X2 + 0 = 25

X =+5

So the circle intersects the x-axis at C(5,0)and E(-5,0)

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.
Consider the circle, x* + y2 = 25, can be re-written as

y2=25—x*

v = J@ 1) @)

Consider the parabola, y> = 8x, can be re-written as

y= VBx——(@)

Now, the area to be found will be the area is

Area of the required region = Area of OACBO.

Area of OABCO= Area of OCAO+ Area of OCBO

[area of OCBO= area of OCAOas the circle is symmetrical about the y-axis]
Area of OACBO= 2 x Area of OCAQ ----(5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOis

vidl—4

Area of OCAD =

3
VBxdx — f J25 —x2dx

\;’-ﬁ—-*

.



ol H_ lx %X 25 ,r)r CLASS24

=22 — sin7(=
2V2 3 > sin (5 -
7 0 VvaAl—4%
NI - 2 - n+
[Using the formula, [ a? — x? dx= " ¢ ﬂ: sin™! (i) and [ x"dx = lnn“l 1

Letv4i-4=a

= 4\3/_ az —0]

5V25— 5% 25 /5 av25—-a* 25 _ ca
— {[f+ in (g)]—[7+?sm (—)”

I o Eawcn] [T 2 e 1)

[sin (1) = 90° and sin"}{0) = 0°]

] oo 2 B

3 Z)

427 3 251 av25 — a®> 25  _.a
=—[az] [ ] 7+'75“11(,)
3 2 5

Az 25-a® 25 : .
The Area of QCAO= %“ [a; ]— [u + 22 gt (5)] sq. units, where a = v41 - 4
2 2 5

Now substituting the area of OCAOin equation (5)

Area of OACBO= 2 x Area of OCAO

- S -
5 I }

2 A
= [%] [25” a\, 25— o + 25 sin 1(;)]

g ]

B {4([ ] 2.,:r]+[m!ﬂ 25 l(a}

Area of the required region is 9%: [ai] = [%T] + [ﬂ\,m + 25 sin™! (g)l sq. units, where a =
V41-4

Question: 20

Solution:

Given the boundaries of the area to be found are,
R = {(x,¥): ¥y° = 3x, 3x® + 3y" < 16}

This can be written as

Ri = {(x,y): y* = 3x}

R. = {(x,¥): 3x* + 3y < 16}

Then Arearequiredis = R;NR,

From R,, we can say that , y* = 3x is a parabola
¥ = 3X-m-mm(1)

= With vertex at (0,0) i.e. the origin



« Symmetric about the x-axis, as it has the even power of ¥ CLAssz4
From R, we can say that, ax* + 3y* = 16 is a circle

3x2 + 3y2 = 16 -—-- (2)

= the vertex at (0,0) i.e. the origin

. 4 .
« the radius of =5 units
v

Now to find the point of intersection of (1) and (2), substitute y2 = 3xin (2)
3x* + 3(3x) =16

3x2 + 9x - 16= 0

-9+ /92 —4(3)(—16) -9++81+192 —9++273
B 2(3) a 6 a 6

as v cannot be imaginary, we reject the negative value of x

—9+ 273
6

SO0y =
So the two points, A and B are the points where (1) and (2) meet.

The line AB meets the x-axis at [ = (M 0)
\ 6
Substitute y =0 in (2),

3X2 + 0 = 16

| >

x= =z

3]

v

. 5 o . + 4
So the circle intersects the x-axis at £ = (_§ 0) and £ = (— 5 0)
v \

a

P .

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.

Consider the circle, 3x2 + 3y2 = 16, can be re-written as

" 16
2+ yi= —
- 3

y= (-13 - 1") ——(3)

3

Consider the parabola, y2 = 3x, can be re-written as
Y= VI e ()

Now, the area to be found will be the area is



Area of the required region = Area of OACBO.
Area of OABCO= Area of OCAO+ Area of OCBO CLASSZ4
[area of OCBO= area of OCAOas the circle is symmetrical about the y-axis]

Area of OACBO= 2 x Area of OCAO ---(5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOis

-94,773

A
6 V3
16
Area of OCAO = J- V3xdx + J- ?—xz dx
0 —9+273

944273
% 3 X 16__ X2 16
+

[Using the formula, J’ JaZ= x2dx = SNl v, o sin~! (l) and J dy = —1]
2 2 a

n+1
Let 22273 _ 4
6
V33 3
=— (az - Oz)
3
4 16 +
V3.3 (ﬁ) ? i
+ + = sinTH| A=
2 2 4
V3

B 2_\/3((1%) + [0 + E Sm_l(l)] _ ‘({\/136((1)24_ E sin~? (@)
3 6 ’ ) '

[sin"1(1) = 90° and sin"{0) = 0°]

a 16_ (a)2
=@(a;)+ [E (E)]— N3 1—: sin™! (@)

3 6 \2 2

a5y 3 a |k (a)? = s ST
The Area of OCAO= %g(ai) + [4—H] — |z — g sin™t (%1) sq. units, where g = %

Now substituting the area of OCAOin equation (5)



Area of OACBO= 2 x Area of OCAO

2\'@((12)4- [4H — 7(1 %7 (G)3+ gsm‘l (@)

3 2 3 4

CLASS24

16 16 V3a
—a|—— (a)2— — sin" | —
3 3 4

= a e )
Area of the required region is %3((15) — [E—T] —-a KE — (a)2 — 18 §in? (ﬂ) sq. units, where
3 3 3 4

—94+,273

6

a-—
Question: 21

Solution:

Given the boundaries of the area to be found are,

« the first parabola, y= = 4x ---(1)

» the second parabola, x2 = 4y---- (2)

From the equation, of the first parabola, y= = 4x

= the vertex at (0,0) i.e. the origin

= Symmetric about the x-axis, as it has the even power of y.
From the equation, of the second parabola, x= = 4y

« the vertex at (0,0) i.e. the origin

= Symmetric about the y-axis, as it has the even power of x.

Now to find the point of intersection of (1) and (2), substitute Y= %in (1)

1'224_
o

x4 = 64x

x(x3-64)=0

x=0(or)x=4

Substituting x in (2), we gety=0 (or) y = 4

So the two points, A and B where (1) and (2) meet are A = (4,4) and O= (0,0)

O @rmmemmerennannaans




Consider the first parabola, y= = 4x, can be re-written as CLAssz4

y= 2y —-(3)

Consider the parabola, x= = 4y, can be re-written as

2
X

)

F-3
Let us drop a perpendicular from A on to x-axis. The base of the perpendicular is D = (4, 0)
Now, the area to be found will be the area is
Area of the required region = Area of OBACO.

Area of OBACO= Area of OBADO- Area of OCADO

Area of OBACOis
4 4
1 e
Area of OBACO = fz\/idx_ ;fxu
0 o
274
9 X2 1 1’3 +
13 4l3],
21

A”I-"l

[Using the formula, [ 1"dx = o
n

443 03 . 13 = 03
—3[— 7] 12E' ]

4 1
=3@8) - 35 (6d)

32—-16 16

3 3

The Required Area of OBACO= (%’ ) sq. units

Question: 22

Solution:

Given the boundaries of the area to be found are,
* The curve y2 = gqax

=y = 2a (a line parallel to x-axis)

* x = 0 (y-axis)

0=(0,0)

As per the given boundaries,



« The curve y= =4ax, has only the positive numbers as y has even power, so it is about

equally distributed on both sides.

= y= 2a is parallel to x-axis with 2a units from the x-axis.

The boundaries of the region to be found are,

«Point A, where the curve y2 = 4ax and y=2a meet i.e. A(2a,2a)

«Point B, where the curve y2 = 4ax and y-axis meet i.e. B(0,2a)

+Point O, is the origin
Consider the curve y2 = 4ax,

v

X = —
4a

Area of the required region = Area of OBA.

2a 2a
-
Area of OBA = f.\dy—f ﬁd"
4] 0

1 \,3]2::
4a |3 0
St
[Using the formula [ x"dx = ': llj

- [ 0]

8a® 2a°

" 12a 3

y

The Area of the required region — ~—— sq.units

Question: 23
Solution:
Given
. X -
»Curveisy = -+ 2sin® x
e

ex =0 and

* X =TI

. X
The given curve ¥ = a

+ 2 sin x is similar toy = sin= x.

CLASS24

Now consider the y values for some random x values between o and m for the funetion y = sin=x.
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X |y
0|0
m |1
e |2
T |1
4 |2
n |3
3 |3
T
2

2m| 3
3|4
n |0

From the table we can cle

The required area under the curve is given by:
18
X
Area = j [— + 2 sinzx] dx
o I

[using the property cos 2x = 1- 2sin=x]




|
1" ™ —cos2x
= ;L [x]dx +2 J; — dx CLASS24

1 x2“+2 L I[Sian]”
Tr\z) T RM T2l

n+1 .
and [ cosxdx = sinx]

x

[using the formula, [ x"dx =

n+1

[%— % + 2 [%[H’—O] - %[SiHZ(H)— 5in2(0)]}

R

SN —

[g] + {[n] - %[sinz(n)]}

Hence the req ve Y = n=x v sq. units.

Question:
Solution:
Given

= Curve is
» X- axis
ex=0and
X =27
The given curveisy =c

Now consider the y value *n 0 and 2x for the function y = cos x.




X |Y
0 |1

ToV3
6 |2

w Lthe graph for y = cos x

»

From the given curve, we can say that,

m
ForO <x <—,y=rcosx
m 3w
For;<x< S y=-cosx

3
For?ﬂ<x< 20,y = cos x

The required area under the curve is given by:

Area required = Area under of OA + Area of ABC + Area under AC

2m

T am
z z
Arearequired = j cosx dx + L (—cosx)dx + J;n cosx dx
0 i
2

3n
- Im

2z
= j cosx dx — cosx dx + f cosx dx
T 3
0 z z

t3 32

CLASS24




™ 3m
= (sinx)? — (sinx)# + (sinx)ix
z z

[using the formula, [ cosx dx = sinx]
o m 'D] [.311 'H]Jr[‘z _SH]
= |sin; - — |sin— -sin— ] —sin—
nz sin n 2 lnz m4n — s 2
=[1-0]-[-1-1]+ [0-(-D]=1+2+1=4
.o . . 3m .
[assing = 1,51]1271::0,5111? = —1,sin 0 = 0]
Hence the required area of the curve y = cos x from x = 0 to x=2m is 4 sq. units.
Question: 25

Solution:

Given

e First curve y = cos2 x

= Second curve y = sin?

+X=0
. Xx= 1
Consider the

Now consid

CLASS24

Ny = COS2X.




CLASS24

X |Y
0 |1
m |3
6 |a

cos () (0)A Cm

m
N3

The required area under the curve is given by:

g
Arearequired = j cos®x dx
0

T ) ™1+ cos2x
= cos“x dy = —dx
0 1} 2

[using the property cos 2x = 2 cos2 X - 1]




e CLASS24

[using the formula, [ cosxdx = sinx]

% {[H -0]+ %[Sil’l 2(m) —sin 2(0)]}

{H+1[0 0]} Fid
2 4 2
[as sin 2 = 0, sin 0 = 0]

- - T -
Hence the required area of the curve y = cos® x from x = 0 to x=mis = 7 sq. units--------(1)

Consider the curve y = sin® x

Now consider the y values for some random x values between o and m for the function y = sin=x.

o=

N

Wl

NN

w
ol

From the table we can clearly draw the graph for y =sin2 x




e CLASS24

sinc ()

The required area under the curve is given by:

m
Arearequired = J sin’x dx
0

S T] —cos2x
= sin“x dx = —dx
4] o 2

[using the property cos 2x = 1- 2 sin= x]

1 [ sin 2.\']”
= 2 '[ )

2

[using the formula, { sinvdx = cos 1]

1 1
= — {[rr — 0] — = [sin2(m) —sin 2(0}]}
2 2
T 1
—4———[0-0 }
{2 4 [ 1
[as sin 21 = 0, sin 0 = 0]
m
-2
Hence the required area of the curve ¥ = sin2x from x = 0 to x=m is = ; $Q. UNits -—--- (2)

From (1) and (2), we can clearly stale that, the areas under
v = cos? x and ¥ = sin? x are similar which is — 7 sq. units.

Question: 26

Solution:

Given,

« ABC is a triangle

» Equation of side ABofy=2x+1

= Equation of side BC of y = 3x+1

« Equation of side CA of x=4

By solving AB & BC we get the point B,
AB:y=2x+1,BC:y=3x+1

X +1=3X+ 1

X=0

by substituting x = oin ABwe gety =1
The point B = (0,1)

By solving BC & CA we get the point C,



AC:x=4,BC:y=3x+1

v=12+1

y=13

The point C = (4,13)

By solving AB & AC we get the point A,
AB:y=2x+1,AC:x=4

yv=8+1

y=9

The point A = (4,9)

These points are used for obtaining the upper and lower bounds of the integral.

CLASS24

From the given information, the area under the triangle (colored) can be given by the below

figure.

5\

B =0 1)
¢ :
// |o=100| o

From above figure we can clearly say that, the area between ABC is the area to be found.

The required area is

Area of ABC = Area under OBCD - Area under OBAD

Now, the combined area under the rABC is given by

Area under rABC

=Areaunder AB + Area under BC - Area under AC

Area of the rABC=

4 4
Areaof ABC = f (3x + 1)dx — J- (Zx + 1)dx
o 0

3x° I 2x*? *
= = +x| —[=—+x
2 o 2

[+]

([3(4)* 3(0)°
B 2 2

{82+ 4} - a6+ 14

=24+4 - 20 =8
Therefore, area of the rABC is 8 sq.units.

Question: 27

——]+[4—01} ~{[4° - 0]+ [4 - 0]}



Solution: CLASS24

Given,
*R={(xy):x><y=<x}
From the set we have the curve, y=x2"""""" (1)

Also the line equation y = X-------(2)

As per the given boundaries,

« The curve y =x2, has only the positive numbers as x has even power, so it is about the y-axis
equally distributed on both sides.

* v = xis aline passing through the origin.

The boundaries of the region to be found are,

«Point A, where the curve y = x2 and y=x meet, i.e. A (1,1)
«Paint O, which is the origin

Drop a perpendicular D on the x-axis from A, where D = (1,0)
Now,

Area of the required region = Area of OPAQO.

Area of OPAQs= Area of OPADs— Areca of OQADO

1 1
Area of OPAQO = fych;— fy(i\'
0 0
1 1
=dex¥ fxgdx
0 [+]

[.tz]l [13:|1
0 ]
n+1

[Using the formula [ x"dy = ~—]

L 2 1 3 -
=S (1P - 0%) - Z(1F - 0Y) =

2 6

B | —
| =

. . 1 .
The Area of the required region = - sq.units

Question: 28
Solution:
Given the boundaries of the area O befound are,

= Curveisy? =2y - x
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Consider the curve, y2 = 2y —x
yr-2y=-X

by adding 1 on both sides

vz — 2y + 1 = -(x-1)

(y-1)* = -(x-1)

From the above equation, we can say that, the given equation is that of a parabola with vertex at

A(1,1)

Consider the line x = ¢ which is the y-axis, now substituting x = 0 in the curve equation we get
y>-2y=0

y(y-2)=0

y=o(or)y=2

So, the parabola meets the y-axis at 2 points, B (0,2) and -(0,0)

x=0

As per the given boundaries,

e The parabola y2 = 2y-x, with vertex at A(1,1).
« X= 0 which is the y-axis.

The boundaries of the region to be found are,

=Point A, where the curve y2 = 2y-x has the extreme end the vertex i.e. A (1,1)

«Point O, which is the origin

«Point B, where the curve y = 2y-x and the y — axis meet i.e. B {0,2)
Counsider the curve,

y2=2y-X

X=2y-y?

Area of the required region = Area of OBAO.

1
Area of OBAO = fxdy
0

=f(2y— y*)dy



21
2 0 3 4]
n+i

[Using the formula [ x"dx = >—]

n+l

1 1 2
= 20— — 3_ MN=1—=—= —
[1F -0 - [1* = 0% = 1—2 - 2

The Area of the required region = g 5q. units

Question: 29
Solution:
Given
* First curve y = cos x
* Second curve y = sinx
*X=0

o
e X = 3
Consider the curves

Now consider th

andy = sin x

CLASS24

nctions y = cos X




y=cosx|Y=sinx

X |y |[xX |Y
o |1 o |1
ToV3 Tl
6 |2 |6 |2

L
=l -

WA
[SCR

N R
o

cos(a)

@w eraphs

The required area under the curve is given by:

Area of OAD = Areaunder the curve OA + Area under the curve AD

1 3

Area required = f Ypa dx + L Yap dx
o Lt
4

m

m

o z
= sinx dx + cosx dx
0

T

CLASS24




o

= [fmsx]ﬂ3 + [sinx]

F TSI

[using the formula, [ cosxdx = sinx and [ sinxdx = — cosx]
g .n oo
= — [cos(z) — CoS 0] + [smE - smz]
1 1 2
SN P RO S
(\/5 V2 V2

Thus the area under the curves y = cos x and y = sin x is 2 - V2 sq. units.
Question: 30

Solution:

Given the boundaries of the area O befound are,

« Curveisy2 =2x+1

e Linex-y=1

Consider the curve

V2 = 2X +1
0N =72 ( + l)
; — - = - —
(»y—0) X S
This clearly shows, the curve is a parabola with vertex 4 (—i , O)

Consider the curve, y2 = 2x +1 and substitute the line x = ¥ +1 in the curve
¥2 = 2(y+1) +1

y2 =2y +2 +1

y*=2y+3

y2-2y-3=0

-(-2) = J/(-2)7=4(1)(-3) 2xJVF+ 12 _2%\16 214
‘P: -
- 2

2(1) 2 2
y=3(or)y=-1

substituting vy in x-y =1

x=4(or)x=o0

So , the parabola meets the line x-y =1 at 2 points, B (4,3) and C (0,-1)

CLASS24



As per the given boundaries,

CLASS24

* The parabola y2 = 2x +1, with vertex at A(-0.5,0) and symmetric about the x-axis as
powers.

= Linex-y=1

The boundaries of the region to be found are,

+«Point A, where the curve y2 = 2x +1 has the extreme end the vertexi.e. A (-0.5,0)

=Point B, where the curve y2 = 2x +1 and the line x-y = 1 meet i.e. B (4,3)

=Point C, where the curve y2 = 2x +1 and the line x-y = 1 meet i.e. B (0,-1) on the negative y
«Point D, where the line x-y = 1 meets the x-axis i.e. D(1,0)

Consider the curve,

y2=2x+1
2Xx=y*—-1
yi-1
X
2

Consider thelinex-y =1
X=y+1
Area of the required region = Area of ABDC

Area of ABDC = Area above CDB — Area above CAB

3 2
Area OfABDC e J XCDB dy - f X:\EDC d_\'
=1 =,

3 d 13-1 d
=J(y+1) y—Ej(:v — L)dy
-1 -1

y? . 3 1y ' 3
2 2|3
-1 =1

xﬂ+1

[Using the formula [ x"dx = ]

-G - 71+ - = 5 B (0 - B 1))

:%[9—1]+ 4—%[%[2” 1] - [4]}:%[8]—%[?— 14]]

ata 14+2 30-14 16
B 3 B 3 3

The Area of the required region = —13—6 $q.units
Question: 31

Solution:

Given the boundaries of the area O befound are,
* Curveis y = 2x — x2

» Liney = -x



Consider the curve CLAssz4

y=2x — x*

X*-2X = -y

adding 1 on both sides

X2 — 2% +1 = -(y-1)

(x-1)* = -(y-1)

This clearly shows, the curve is a parabola with vertex B (1,1)
Consider the curve, y = 2x — x2 and substitute the line -x = y in the curve
-X = 2X — X2

XT—2X —~X=0

2 — 3X = O

xf(x-3})=o0

x=3(or)x=0

substitutingxin y = -x

y=-3(crjy=o0

So, the parabola meets the line y = -x at 2 points, A (3,-3) and +(0,0)

As per the given boundaries,

» The parabola y = 2x - x2, with vertex at B(1,1).

« Liney = -x

The boundaries of the region to be found are,

«Point A, where the curve y = 2x - x2 and the line ¥y = -x meet i.e. A (3,-3)
+Point B, where the curve y = 2x - x* has the extreme end the vertexi.e. B (1,1)
«Point C, where the curve y = 2x - x* and the line y= -x meet i.e. C (2,0)

=Point O, the origin

Area of the required region = Area of OACBO

Area of OACBO= Area under OBCA - Area under line OA

3 3

Area of OBCA = JYQB(;AdX - j}’oadx
0 1)

2 3
= f 2x —x%dx — f(—x)dx
] 4]



=f(2xx2+x)dx= foxzdx c'-Assz4

0

cTCIE o
2 3 5
Mt
[Using the formula [ x"dy = ’::::]

3 1
=L -0 - o

81—-54 27

6 6

3 1 9
=29 - (2D = - -
S @@ .
The Area of the required region = g sq. units

Question: 32

Solution:
Given the boundaries of t
» Curve is (y-1)2= 4 (
* Line y = x-1
Consider thec

(y-1)2= 4

Substitute
(x-1-1)2 =
(x-2)° = qx
X2 —4X + 4 =
x2-8x=o0
x(x-8) =0
x=8(or)x=o0
substituting x in y = x-1
y=7{or)y=11

So , the parabola meets the line y = x-1 at 2 points, D (8,7) and E (o0,-1)




F(0.7)

D=(8.7)
(y-1rP=4(x+1)

As per the given boundaries,

» The parabola (y-1)2 = 4 (x+1), with vertex at B(-1,1).

e Liney = x-1

The boundaries of the region to be found are,

+Point B, where the curve (y-1)* = 4 (x+1) has the extreme end the vertexi.e. B (-1,1)
=Point D, where the curve (yv-1)2 = 4 (x+1) and the line y=x + 1 meeti.e. D (8;7)
=Point E, where the curve (v-1)2 = 4 (¥+1) and the line y = x-1 meet i.e. E (0,-1)
«Point O, the origin

Consider the parabola,

(y-1)2 = 4(x+1)

by 4

X 1

Area of the required region = Area of EABCDE
Area of EABCDE = Area above line ED - Area above EABCD

7 7
Area of EABCDE = fxED dy — fXMBCD dy
-1 =1L
7 7 ( 1)1 4
y— 1=
= j(y+ 1)dy — f(f)dy
-1 -1
7 7.,
y2—2y+1—4
:J(y+i)dy— J 4 dy
-1 -1

7 7
1
= Jo+vay -5 [or-2v-nay
1 S

2 7 3 2 7
y 1 v y
R I (R e R
-1 -1
[Using the formula [ x"dx = In“]

n+1
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1 . -
=7 = 071+ - ) CLASS24
11 3 3 2z 2
- 7P - (0= 177 - (7= 30— (-0

:{% [48] + [8]} - % [%[344] - [48] - 3[8]}

1 86 86 150 — 86
— {24+ 8) — [5186]— [12] - 3[2]}:32— S 18=s0- 2=

3 3
64
T3

The Area of the required region = 6—; sq.units

Question: 33

Solution:

Given the boundaries of the area O befound are,
» Curveisy = vx

» Liney =x

Consider the curve

y*=x

Substitute y = x

(x)?=x
x?-x=0
x(x-1)=0

x=1(or)x=o0
substituting x in y = x
v=1(or)y=o0

So , the parabola meets the line ¥ = vx at 2 points; A (1,1) and «(0,0)

O=00V
O

As per the given boundaries,

= The parabola (y)= = x, with vertex at O(0,0).
e Liney =x

The boundaries of the region to be found are,

«Point A, where the curve (y)2 = x and the line y= x meet i.e. A (1,1)



+Point O, the origin

Now, drop a perpendicular B on the x-axis from A, the point will be B(1,0)
Area of the required region = Area of OPAQO

Area of OPAQ«= Area under OPAB - Area under OQAB

N 1
Area of OPAQO = jYOpABdX - JYUQAB dx
0 0

1

1
= j\ﬁdx - dex
0

0

2t aql

x> X 2[13 03] 112 0
|3 2, 3l 2 | ]

2 1,

i+l

[Using the formula [ x"dx = ~—|

n+1l

! : 1 1
The Area of the required region — ~ 5q.Units

Question: 34

Solution:

Given the boundaries of the area to be found are,

= the circle, X% + y2 - 6x = 0 -—-(1)

e the parabola, ¥2 = 3x ----(2)

« Area under 15t quadrant.

From the equation, of the first circle, x= + y= = 6x = 0
X*-06Xx4+9+¥y2-9=0

(x-3)2+y2=9

« the vertex at (3,0)

« the radius is 3 units.

From the equation, of the parabola , y= = 3x

= the vertex at (0,0) i.e. the origin

« Symmetric about the x-axis, as it has the even power of y.
Now to find the point of intersection of (1) and (2), substitute y= = 3x in (1)
X2+ 3x-06x=0

X*—-3X =0

xX(x-3)=0

x=3(or)x=o0

Substituting x in (2), wegety =+ 30ry=0

CLASS24

So the three points, A, B and swhere (1) and (2) meet are A = (3,3) , B = (3,-3) and 0=(0,0)



Wy -6x=0

Consider the circle, x= + y= — 6x, can be re-written as

y? =6x —x°

y=J9-(x-3F—@Q

Consider the parabola, yz = 3x, can be re-written as

y=V3x-——(4)

Let us drop a perpendicular from A on to x-axis. The base of the perpendicular is C = (3, 0)
Now, the area to be found will be the area is

Area of the required region = Area between the circle and the parabola at OA.

Area of OA=Area under circle OAC - Area under parabela OAC

Area of OAlis

Area of OA = JYU:ne fY]JEl abola dx

= fmdx f\fﬁd‘:

[Using the formula, f Vaz — x2dx = $ + GT: sin~?! (i) and_[x"dl -

[, (s)]

= “(3 s + K sin™! (E)]
2 2 3

3

N O et

AP e @) (272 e ()

2 2
23 1313
R e

"33 8
=3 (BT —8)

[sin"1(-1) = -90°]

-6 CLASS24



Area of the required region is 2 (37 — 8) sq. units.

CLASS24

Question: 35
Find the area bou

Solution:

Given

e Curve is y = cos x

«x =0 and

e x=2m

The given curve is y = cos x.

Now consider the y values for some random x values between o and 2n for the function y = cos x.

2|1

Froin the table we can clearly draw the graph for y = cos x

cos(ar) /

From the given curve, we can say that,




For0 <X <7,y =cosx CLASS24

T 3r
For-<x< —/,y=-cosx
2 2

3m
For?-(_t < 2m,y=cosx

The required area under the curve is given by:

Area required = Area under of OA + Area of ABC + Area under AC

x 3n P
. 2 2 =
Arearequired = J cosx dx + f (—cosx)dx + J; cosx dx
0 z i

m 3m -
= = =%
= J cosx dx — f cosx dx + f cosx dx
T 3T
0 = =
2 2
L4 3n
= (sinx)Z — (sinx)7 + (sinx)3;

[using the formula, [ cosx dx = sinx]

oom 3 om ] S
= [sm— —-sin 0] — |sin— -sin— | + |sin2m — sin—
2 2 2 2

=[1-0]-[-A-1]+[0-(-1)]= 1+2+ 1=+

[as Si!l% =1,sin 2n = o,siu? = —1,sin 0= 0]

Hence the required area of the curve y = cos x from X = 0 to x=27 is 4 sq. units.
Question: 36

Given the boundaries of the area to be found are,

« the circle, x® + y2 = 32 (1)

« the line, y = x - (2)

« Area should be in first quadrant.

From the equation, of the first circle, x2 + y2 = 32

= the vertex at (0,0) i.e. the origin

« the radius is 4v2 unit.

Now to find the point of intersection of (1) and (2), substitute y = x in (1)

x?+x2=12

2x2 = g0
x2 =16
X=+4

Substituting x in (2), we gety = £+ 4

So the two points, A and B where (1) and (2) meet are A = (4,4) and B = (-4,-4)



X' +y? =32 CLA5524

As x and y have even powers for both the circles, they will be symmetrical about the x-axis and y-
axis.

Consider the circle, x* + y2 = 32, can be re-wrilten as

y2=32-x*

y= JBZ- 1) —@

Let us drop a perpendicular from A on to x-axis. The base of the perpendicular is C = (4, 0)
Now, the area to be found will be the areais

Area of the required region = Area of OADO.

Area of OADO= Area of OACs+ Area of CADC

Area of OADOis

4
Area of 0ADO = f V32— x2dx + I xdx
4z 0

4

[.1\1‘32— ,\'2+ 32 _1( x )] [\:]}
=|————+ —sin'|— -
J{_ -
2 2 w2, 2],
[Using the formula, [ \/a® = 12 dx = $+ ? sin™* (i) and [ y"dx = ;n::
L “ a

[(4)J3»2—HF+ 2 o (- )]_ (442) [32 - (4V2)’

— sin” |{——=
2 2 44 2

() 121

[T )] P o 1)

il

V2

1

[sin'l(1) = 90°® and sin! ( .,;) = 45°]

=[8+16 (;_:)]_[3_22 (0)]— {16} =8 + 47— 8 = 4

Area of the required region is 4m sq. units.

Question: 37



CLASS24

*= A(2,3), B (4,7) and C (0,2) are the 3 vertices of a triangle.

B=(4.7)
2]

A=(2,3)

\ C=(6.2)
°

e e o
D=(20) E=(4.0) F=1(6.0)

From above figure we can clearly say that, the area between ABC and DEF is the area to be
found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given
triangle. By calculating the area under these lines we can the complete region.

Consider the line AB,

If (x:.v:) and (x»,¥») are two points, the equation of a line passing through these points can be
given by

y—v, X=X,

Y2=h Xz— 1,
Using this formula, equation of the line A(2,3) B =(4,7)

y-(3) x (2
7-3  4—(2)

y—(3) x=2
)

4(' 2)+3
y=5h

y=2X-4+3
y = 2x-1

Consider the area under AB:

B=(4,7)
)
A=(23) /
163
D=(2,0) E=(4.0)

From the above figure, the area under the line AB will be given by,



4 4
Areaof ABED = J ydx = J (2x —1)dx

4 x? 4
- J (2x = 1) dx = 2[?] - )= ¥ - a7}

[ using the formula, [ x"dx = LT and [cdx = cx]
n+

=[4% - 4] — [2% - 2] = 12-2= 10
Area of ABDE = 10 sq. units----- (1)
Consider the line BC,

Using this 2-point formula for line, equation of the line B(4,7) and C (6,2)

y-@H _x-®
2-7 6-—(4)

y—(7) x—4
-5 2

20 -5y + 14 34 - 5%
2 : 2

5
y = E (4*‘)"’7 =

_ 34 - bx
Y=

Consider the area under BC:

E=14.7)

o
g
F

E=(4 0

= (6.0

From the above figure, the area under the line BC will be given by,

& ¢34 — 5x
Ar‘eftofBCDF:fg'd.x': J( )dx
1 4
_J61(34 5x) dy = - |34x 5%
A A1 R

+
[ using the formula, f Yy = iﬂl and deI = €x]
n

1 5(6)2 5(4)°
3o o)

= % “204— ?I - ’136—?” = % [204 —90] — %[136— 40]

114 —96
5 =

Area of BCFE = 9 sq. units ----- (2)

Consider the line CA,

CLASS24



Using this 2-point formula for line, equation of the line C(6,2)and A(2,3)

y-(2) x-(6)
3—2  2—(6)

y—(2) x-6
1 -4

6—x+8 14 — x
4 !

1
y = 3(6*.\)+2=

14 —x
4

Jr:

Consider the area under CA:

A=(2.3)e@

@ Q@
D=¢(2,0) F=1(6.0)

From the above figure, the area under the line CA will be given by,

&

S14
Areaof ACFE = f ydax = J ( n )d.r

JEI(M- () dy 114' N
RIS i L

[ using the formula,j 1 dx = IHT and f(dt = Y]
n+

SIS A |

= 2 ler- 3] - s -21) = 5 fe6 260 = 10

Area of ACFD = 10 sq.units ----(3)

CLASS24

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the

area under AC (3) is overlapping the previous twoareas under AB & BC.

B=(4.7

D=(2.0) E=4.0

Now, the combined area under the rABC is given by

Area under TABC



=Area under AB + Area under BC - Area under AC
From (1), (2) and (3), we get

Area under rABC = 10+9-10=9

Therefore, area under rABC = g sq.units.
Question: 38

Given,

« A(1,3), B (2,5) and C (3,4) are the 3 vertices of a triangle.

B=(205)

\c:ts‘a)
1 °
A=(1.3) /

@ @ L
D=(1.0) E=(2.0) F=43,0)

CLASS24

From above figure we can clearly say that, the area between ABC and DEF is the area to be

found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given

triangle. By calculating the area under these lines we can the complete region.

Consider the line AB,

If (x:,y:) and (x. y-) are two points. the equation of a line passing through these points can be

given by

y—n X

Y2— 0 Xo—xy
Using this formula, equation of the line A(1,3) B =(2,5)

y-03) x-(1)
5—-3  2—(1)

y—(3) x-1
21

y=2Xx—-2+3
v = 2x+1

Consider the area under AB:



B=(25) CLASS24

A=(1,3)

O O
D=(1,0) E=(20)

From the above figure, the a AB will be given by,

2
Areaof ABED = j ydx
1

Using this 2 i , equation of the line B(2,5) and

y=7-x

Consider the area under BC:

B=(2.5)

C=(3.4)
° © -
E=(2.0) F=(3,0)

From the above figure, the area under the line BC will be given by,




3

Areaof BCDF = f ydx = J3(7 —x)dx CLAssz4
3 L S 3
= L (7-x)dx= [7,1 —?]“

[ using the formula, | x"dx = 'LT and [ cdx = cx]
n+

-5 b 5

{[21 9] (14 21} 42 -9 - 33-24 9
B 2 ) -2 T2

Area of BCFE = 3 sq. units ----- (2)

Consider the line CA,

Using this 2-point formula for line, equation of the line C(3,4)and A(1,3)

y—(4 _ x-(3)
3-4  1-(3)

y—(f})u x—3

) 2
1 y A 1—3+8 v+ 5
r= —(x—3)+ 4 = _
y=5G=3 2 2
x+5
Y ==

Consider the area under CA:

C=(3 4
]
A=(1,3)@
® e———
D=(1.0) F=(3.0)

From the above figure, the area under the line CA will be given by,

3 345
Areaof ACFE = J-_\-'dx = f ( > )dx
1 1

f31(7+5)d— ! "2+5'3
= :2‘\. ,\—2 2 X

. n o xn+l
[ using the formula, [ x"dx = — and [cdx = e )

13 s ] [1’ c
—z{’z* O [zt f””

B N

Area of ACFD = 7 sq.units ---- (3)

1



If we combined, the areas under AB, BC and AC in the below graph, we can clearly sa
area under AC (3) is overlapping the previous twoareas under AB & BC.

B=(25)
C=(3 4)
A=(1,3)¢@
e o °
D=(1,00 E=(2.0) F=(3,0)

Now, the combined area under the rABC is given by
Area under rABC

=Area under AB + Area under BC - Area under AC
From (1), (2) and (3), we get

— 3=

9 9
Area under rABC =4+ — 7= -

rd | W

Therefore, area under tABC = - sq.units.

3
Question: 39

Given,

= ABC is a triangle

* Equation of side AB of y = 2x + 1

= Equation of side BC of y = 3x+1

+ Equation of side CA of x=4

By solving AB & BC we get the point B,
AB:y =2x+1, BC:y =3x+1

2%+1 = 3X+1

xX=0

by substituting x = oin ABwe gety =1
The point B = (0,1)

By solving BC & CA we get the point C,
AC:x=4,BC:y =3x+1

Y =12+1=13

y=13

The point C = (4,13)

By solving AB & AC we get the point A,
AB:y=192x+1,AC:x=4

y=8+1=¢9

CLASS24
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The point A = (4,9)
These points are used for obtaining the upper and lower bounds of the integral.

From the given information, the area under the triangle (colored) can be given by the below
figure.

B=(01)

y=2x+1

From above figure we can clearly say thal, the area belween ABC is the area to be found.

For finding this area, the line equations of the sides of the given triangle are considered. By
caleulating the area under these lines we can the complete region.

Consider the line AB, v = 4x+5

The area under line AB:

B=(0.1)

y=2x01// 0 =(0. 0} D=(4.0)

From the above figure, the area under the line AB will be given by,

4 4
Areaof AB = J Vap X = J (2x+ 1) dx
0 0
4 2x? *+
=J(21‘+1)d1‘:l + x
0 2 o

[ using the formula, f Adx = LT and [cdx = cx]
n+

={[(4®) + (4)] - [(0)® + 0)]}

=20



|
Area under AB = 20 sq. units -—-- (1)
CLASS24

Consider the line BC, y = 3x+1

Consider the area under BC:

y=3x+ 1y =2x+1
C=(4.13)

P

e &
0=0.0

B=(0.1):

From the above figure, tl iven by,

4
Areaof BC = f Vg
0

Area under BC

If we area under AB ain the area required.

x=4

C=[4.13]|

B=(0.1) ‘

‘&
//To:(o.m D=4, 0]

Now, the combined area under the rABC is given by

Area under TABC =Area under BC - Area under AB
From (1), (2), we get
Areaunder rABC=28 - 20 = 8

Therefore, area under rABC = 8 sq.units.
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