Chapter : 6. DETERMINANTS

Exercise : 6A

Question: 1

Solution:

Theorem: If A be k x k matrix then |pA|=pK¥|A].

Given, p=4,k=2 and |A|=5.

l4A|=42 x5
=16 x 5
=80

Question: 2

Solution:

Theorem: If Let A be k x k matrix then |pA] =pk |A].

Given: k=3 and p=3.

[3A|=33 x |A]

=27|Al.

Comparing above with k|A| gives k=27.

Question: 3

Solution:

Theorem: If Abe k x k malrix then |pA|=p¥|A].

Given: p=2, k=3 and|A|=4
|2A|=25 x |A]

=8 x 4

=32

Question: 4

Solution:
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Theorem: Ajjis found by deleting i rowand 2 column, the determinant of left matrix is called

cofactor with multiplied by (-1)0+),
Given: i=3 and j=2.
Aga=(-1)3*2)(2 x 4-6 x 5)

=-1 % (-22)

=22

Ano=5

Ag.Ag,= 5 % 22
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Question: 5
Solution:

Theorem: This evaluation can be done in two different ways either by taking out the common
things and then calculating the determinants or simply take determinant.

I will prefer first method because with that chances of silly mistakes reduces.

Take out x+1 from second row.

(x+1) x X*—x+1 x—1

1 1
=0cr1) x (x7-x+1-(x-1))
= (x+1) % (x2-2x+2)

=  x3-2x2+2x+x2-2x+2
=x3-x2+2.

Question:

6

Solution:
This we can very simply go through
directly.((a+ib)(a-ib))-((-c+id) (c+id)).
= (aZ+b?)-(-c? -d?).
= a%+b?% + c%+d?
tixi=-1
Question:
7
Solution:
Here the determinant is compared so we need to take determinant both sides then
find x.12x+14=32-42
= 12x=-10-14
= 12x=-24
= X=-2
Question:
8
Solution:
this question is having the same logic as
above.Zx2-40=18+14

= 2x2=72

Question: 9
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Solution:

Simply by equating both sides we can get the value of
x.2%2+2%-2 (%2 +4x%+3)=-12

= -6X-6=-12

= -6x=-6

>2x=1

Question: 10

If

Solution:

Find the determinant of A and then multiply it by 3
|A|=2

3|A|=3 =

2

=6

Question: 11

Solution:

It is determinant multiplied by a scalar number 2, just find determinant of matrix and multiply
it by 2.

2 % (35-20)
2x15=30
Question: 12
Solution:

Find determinant
V6 x v 2420 x V5
v 1444/ 100.
=12-10

=2.

Question: 13
Solution:

After finding determinant we will get a trigonometric identity.
2cos28 +2sin20

=2

. sin?0 + cos?8 =1
Question: 14

Solution:



After finding determinant we will get a trigonometric identity.

cosZa +sinZo

=1

' sin20 + cos20 = 1
Question: 15
Solution:

After finding determinant we will get,

Cos60° =

sin 60° x cos30° +s5in30° x cos60°

ﬁxﬁ+1xl
2 2 2

[a ]

+

Il
=W
N

= 1.

Question: 16

Solution:

By directly opening this
determinantcos65° x cos25° -

sin25° % sin65°

cos90°
=0
" cosAcosB-sinAsinB=cos(A+DB)
Question: 17
Solution:

cos15%°cos75% - sin75%sin15®

cos90°
=0

" cosAcosB-sinAsinB=cos(A+B)
Question: 18

Solution:

We know that expansion of determinant with respect to first row is

ajpAq1+apAqa+aysAg3.0(3 =% 6-5 % 4)-2(2 % 6-4 =% 4)+0(2 =% 5-4 % 3)

= 8.

cos(65°+25°) '.° cosAcosB-sinAsinB=cos(A+B)

cos(15°+75°) "." cosAcosB-sinAsinB=cos(A+B)
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Question: 19 CLA5524

Solution:
We know that C1= C1-Cy, would not change anything for the determinant.

Applying the same in above determinant, we get

[40 1 5
72 7 9
124 5 3
Applying above equation we get,

Now it can clearly be seen that C1=8 x C3

0 1 5
0 7 9
0 3 3

We know that if a row or column of a determinant is 0. Then it is singular determinant.
Question: 20

Solution:

For A to be singular matrix its determinant should be equal to 0.

0= (3-2x) % 4-(x+1) % 2

0= 12-8x-2x-2

0=10-

10xX=1.

Question: 21

Solution:

14
-3 =

=14 % (-7)-9 x (-8)

=-26
Question: 22

Solution:

V3 \’jg _ =3V3x=+/3 - (-V5 = V5)

ENCREN
=14.
Exercise : 6B

Question:

1:

Solution:

67 19 21

39 13 14

81 24 26




67 19 21
= (3)|78 26 28| [Ra’ = (1/2)R] CLASS24
g1 24 26
al67 19 21
= (;) -3 2 2 | [Rz" =Rz -Rg]
g1 24 26
—14 -5 -5
= (é) -3 2 2 | [R1"=R1- R3]
181 24 26
-14 -5 -5
= _3 2 2 [Rg' = 2R3]
8l/, 12 13

=(-14]{[2><13)-(2><12]}-5{(2><81/23—[-3]x 13} - 5{( - 3) x 12—2:-:81/2}
[expanding by the first row]

=-14 x (26-24)-5(81+ 39)-5(-36-81)
=-14%x2-5x120-5x(-117)=-28- 600 + 585 =-43

Question: 2

Solution:

29 26 22
25 31 27
63 54 46

4 -5 -5
2 27
63 54 46

)
()

4 -5 -5
-13 8 8| [R3 =2Rja]
63/, 27 23

[Ry" =Ry - Rz

SR -5 5
50 62 54
63 54 46

4 -5 -5
~13 8 8
63 54 46

[R2" = 2R5]

Il

[R2" = Rz - R3]

=4(8 x 23 -8 x 27) - 5{8 x 63/?-(- 13) < 23}-5{(-13) x27-8 x63/?}
[expansion by first row]
=132

Question: 3

Solution:

102 18 36 17 18 6
1 3 41 =6x|1 6 4| [R1" = R1/6]
17 3 6 17 3 6

Now, for any determinant, if at least two rows are identical, then the value of the determinant
becomes zero.

Here, the first and third rows are identical.

So, the value of the above determinant d = 0



Question: 4 CLA5524

Solution:

12 22 37 1 4 9
22 32 4l =14 9 16
32 42 §? 9 16 25

Expanding by first row, we get,
1(9 x 25 -16 x16) +4(16 x 9- 4 x 25) +9(4x 16 -9 x9) =-31 + 176 - 153 =- 8

Question: 5

Solution:
1 1 1
a b ¢
bc ca ab
0 0 1

a—>b b—c C
bc—ca ca—ab ab

[C1,= Cl = CZ&C2'= CZ = Cj-[

0 0 1

= a—b b—c c

—c(a—b) —-a(b—c) ab

0 0 1
={a-b)b-c)|1 1 c|lC=C/(a-b)&Cy =Cy/(b-c)]

—c —a ab

=(a-b)(b-c)[0+0+1{-a-(-c)}] [expansion by first row]
=(a-b)(b-c)(c-a)

Question: 6

Solution:

[R1"=R; - Rz & Ry’ = Rz - Ra]

0 b—a (b—a)b+ a)
0 c—-b (c-b)(c+ b)

1 a+b a® + b?
0 1 b+ a
= (b—-a)(c—-Db)|o 1 c +b |[Ri=Ry/f(b-a) &Ry =Ry/(c-b)]
1 a+b a%+ b?

=(b-a)(c-b)[0+ 0+ 1{({c+Db)-(b+a)}] [expansion by first column]
=(a-b)(b-c)(c-a)

Question: 7

Solution:

1 1+p 1+p+gq
2 3+2p 1+ 3p + 2q
3 6+3p 1+ 6p+ 3q



-1 —2-p —2p—q
=|-1 -3-p -3p—q [Ri"=R;-Rz &Ry =R3-
3 6+3p 1+ 6p+ 3q R3]
0 1 p
=|-1 -3-p -3p—q [R1"= Ry -Rz]
3 6+3p 1+6p+ 3q
0 1 p [Rz" =
=J)I2 6 2p —6p—2q |Rz*2]
“13 6+3p 1+6p+ 3q
0 1 p
@) e 1+q [[R2=Rz+Rs]
“13 6+ 3p 1+ 6p+ 3q

=(1/2)[0+3(1L+q)-(1+ 6p+3q)+p(6+3p-3p)]] [expansion by first row]
=(1/2)(3+3q-1-6p-3q+6p)=1

Question: 8

Solution:
a+x y z
X a+ty Z
X ' a+z
a == 0
= 0 d F d [Rll = Rl o RZ & 1{2‘ = RZ =
X y a+t+z
¥ —1 0
Rz]l= a®|0 1 —1 [ [Ry'=R;/a &Ry =
A -
Ra/a]

=azla+z-(-y)-(-x]] [expansion by first row]
=a2(a+X+Yy+%Z)

Question: 9

Solution:
X a a
a x a
a a x
x+2a x+ 2a x + 2a
= a X a [R1" =Ry + Rz + R3]
a a X
1 1 1
= (x + 2a)|la x a|[R+ =Ry/x+ 2a)]
a a x
1 1 1
=(x+23)|0 x—a a-—x|[Rz"=Rz-Rj3]
a a X
1 1 1
=x+23|0 x—a —(x—a)
a a X
1 1 1
= (x + 2a)(x—a)|lo 1 -—1|[Rz"=Rz/(x-a]]
a a x

=[x+ 2a)(x-a)[x-(-a)+(-a-0)+ (-a)] [expansion by first row]
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=(x+ 2a)(x-a)(x+a-a-a) =[x+ 2a)(x -a)?

Question: 10

Solution:

X+ 4 2x 2xX
2x X + 4 2x
2x 2x X+ 4

5 +4 5x+4 5x + 4
2x X + 4 2%
2X 2x X+ 4
1 1 1
2 x + 4 2x
2x 2x x + 4

[Rl":Rl +R2+

R3] = (5x + 4) [Ra" = Ru/(5x

+ 4]]
1 1 1
=(Gx+4)|0 —-x+4 x—4|[Ry=R;-Rj]
2x 2x x+ 4
1 1 1
=Bx+4)|0 —-(x—-4) x-4
2x 2X X+ 4
1 1 1

o =i 1
2x 2x x t 4

= (6x + 4)(x—4)

=(5x+4)(x-4)]-(x+4)-2x+2x-0+0-(-2x)] |expansion by first row]

=(BGx+4)(x-4)(-x-4+2x)=(5x +4)(x - 4)2
Question: 11
Solution:

X + A 2x 2x
2x X+ A 2x
2x 2x X+ A

5x +A Bx+ A 5x + A
2x X+ A 2x
2xX 2x X + A

i\ 1 1

=((Bx+A)2x x+ A 2x

2X 2x X+ A

[Rl' = Rl + I{z iy Rs]

[Ry’ = Ra/(Sx +, )]

1 1 1 |[Rz" =Rz - R3]
=(Bx+A)|0 -x+A2 x-2A
ka 2{; X +1)\
=(Bx+A)0 —x-A) x-2A

2% 2x X+ A
1 1 1
0 -1 1
2 02X X + A

= (5‘( + )\)(X_ l) {Rz' = Rz/(x -AJ]

= (Bx+ A)(x-A)(-x-A+ 2x) = (6x +A)(x-A)?

Question: 12

Solution:

el

a*+2a 2a+1 1
Za+1 a+2 1
3 3 1

[R2" = Ra/(x - 4)]

(Gx +(x-A)[-(x+A)-2x+ 2x -0+ 0 - (- 2x)] [expansion by first row]
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3
a®—1
2(a—-1)
3

= (a—1)*

a’—1 a—-1 0
2Za—2 a—1 0

a+1 1 0
2

[Ri"=Ry -

3 1
a—1 0
a-1 0

3 1

1 0
3 31

Rz & Rz" = R; - R3]

[R1’'=Ryi/(a-1) & Rz’ = Ry/(a-1)]

=(a-1)?[a+1-0- 2] [expansion by first row]

=(a-1)3

Question: 13

Solution:

X Xty x+ 2y
X + 2y X X+y
x+y X+ 2y X

Ix+y) 3x+y) 3(x +y)
=|x+ 2y X X +¥y |[Ri'=R;+Rz+ R3]
X+y x + g@n X
1 1 1
=3(x +y)|x + 2y X X + vl [Ri" = Ry/3(x + y)]
x+y x+ 2 X
1 1 11 [R2’ = Rz - Rg]
=3x+y| v 2y ¥
X+y X+ 2y x
1" 1- 1
=3y(x + y)| 1 -2 1| [Rz" = Rz/y]
X + VRSO
0 3 0
=3y(x +y)| 1 -2 1/ [Ry =R, - R;]
X+y x+ 2y x

=3y(x+y)[0 + 3(x+ y]) - x + 0] [expansion by first row]

=3y(x+y)(

9yZ(x+y)

3y) =

Question: 14

Solution:

3x —x+y —xX+z

X—y 3y Z—y

X—2 y—zZ 3z
X+y+zZ -Xx+y -Xx+1zZ

=|x+y+z 3y Z—Yy
X+y+z y—zZ 3z

[C1"=Ci1+Cz+ C3]
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L x+y —x+z CLASS24
=@x+y+|l 3y z-y [[C=Cilx+y+2)]
1 y-z 3z
1 1 1
=(x+y+2z)|x+y 3y y-—z|[transforming row and column]
-x+z z—y 3z
0 0 1
=x+y+z)|x—2y 2vy+tz y-—z|[Ci'=C1-C&Cy =Cy-C3]
-x +y -—-y-—-2z X

=x+y+z2)[0+0+(-x-2¥)(-v-22)-(-x+V¥)(2y + Z)] [expansion by first row]
=(x+y+z)(xy + 2y% + 2%z + 4yzZ + 2XYy - 2% + XZ - VZ)
=(x+y+z)(3xy + 3yz + 3xz)

=3(xX +y + Z2)(XY + VZ+ZX)

Question: 15

Solution:
X y Z
x? y2 ZZ
%3 ys 73
1 1 1
= xyz|¥ ¥ z|[Cy =Cyx Cy' = Cyly & C3’ = Cyjz]
XZ y2 Z:

(U] 0 1
= xyz| X—¥ V—Z Z|[Cy'=Cq-Ca&Cy=C;-Csy]

-

e _yz }_.3 L = =

0 0 1
= XyZ X—y o Z
E+VE-y) @+2y—z =

0 0 1

1 1 z
X+y y+z 2°

= xyz(x —y)(y—2) Cy' =C/(x-Y)&Cy' = Cy/(y - 2)]

=xyzZ(x-y)(y-z)(0+ 0 + y + Z - X - y) |expansion by first row|
=xyz(x-y)(y - 2)(Z -x

Question: 16

Solution:

b+c a-b a
c+a b—-c b
a+b c—a ¢

2@+ Db + 0 0 at+b+c

= c+a b—c b [R1"=R; + Rz + R3]
a+b c—a c
2 0 1
=(@a+b+c|c+a b—c b|[R=Rif(a+b+c]]
a+b c—a ¢

=(@a+b+c)[2(b-c)c-b(c-a)+(c+a)(c-a)-(a+b)(b-c)] [expansion by first row]

=(a+b+c)(2bc-2c%?-bc+ab+c?-a?-ab-b?+ac+be



=(a+ b+ c)(ab + bc + ac - a® - b? - ¢?)
= 3abc- a3 - b? -3

Question: 17

Solution:
b+ ¢ a a
b c+a b
c c a+b
2(b+¢c) 2(a+c) 2@ + b
= b c+a b [R1" =Rj + Rz + R3]
C C a+b
b+c a+c a+b
=2 b c+ a b [R1" = R1/2]
c c a+b
C 0 a
=2lb-c¢c a —a |[Ry"=R;-Ry; & Ry’ =R, - Rg]
[ c a+b

=2[c{a(a+b)-(-ac)} +0 + afc(b - c) - ac}] [expansion by first row]
= 2(a®c + abc + ac? + abc - ac® - a®c)

= 4abc

Question: 18

Solution:

a a+ 2b a+ 2b + 3c
3a 4a+ 6b 5a + 7b + Yc
6a 9a + 12b 11a + 15b + 18¢

323 3a + 6b 3a + 6b + 9¢
3a 4a + 6b Ba + 7b + 9¢ | [Ry'=3R4]
6a %a + 12b 11a + 15b + 18c

I
—
W=
N’

0 -a §2a -0
=(3)|3a 4a+6b 5a+ 7b+9c |[Ra'=Ri-Rql
6a 9a + 12b 11a + 15b + 18c

. 0 —a —2a—>hb
= (-) 6a 8a + 12b 10a + 14b + 18c| [Rz"=2R3]
6a 9a + 12b 11a + 15b + 18c

N 0 —a —2a—-b
= (—) 0 -a —a—b [Rz" = Rz - R3]
6a 9a + 12b 11a + 15b + 18¢

(1/6)[0+0 + 6af{a(a+b) -a(2a+ b) [expansion by first column]

Question: 19
Solution:

a+b+c —C —b
—C a+b+c —a
-b -a a+b+c
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a+b at+b —(a+b) CLAssz4
=| —c a+b+c —-a [Ry"=R4 +Rj]
—b —a a+b+c
1 1 —1
=(a+b)|-c a+b+c -a [R1" = Raf(a + b))
—b —a a+b+rc
1 1 -1
=(@+b)l-c-b b+c b+ ¢ [[Rz2’=Rz+Rs3]
-b -a a+t+b+c
1 1 -1
=@+ b)-(b+c) b+c b +c
—b —a a+b+c
1 1 -1
—@+bb+ol-1 1 1 [Rz’ = Ra/(b + )]
-b -a a+b+rc
0 2 0
=@+bb+c)|-1 1 1 [R1"=R1 + Rz]
-b a a+b+c

=(a+b)(b+c){0O+2(-b+a+b+c)+ 0} [expansion by first row]
=2(a + b)(b + c){c +a)

Question: 20

Solution:
a b ax + by
b c bx + oy
ax + by bx + cy 0
ax bx ax? + bxy
@] b @ by - of| R xR &R - yRa)
ax + by bx + cy 0
0 0 ax? + 2bxy + cy?®
. (\iy) by cy bxy + cy* [Ri’=R; + Ry - R3]
ax + by bx + cy 0

=(1/xy)[0 + 0 + (ax2 + 2Zbxy + cy?) {by(bx + cy) - cy(ax + by)}[expansion by first row].
=(1/xy)( ax? + Zbxy + cy?)(b?xy + bcy? - acxy - becy?)

= (b2 - ac)(ax? + 2bxy+cy?)
Question: 21

Solution:

a’ b’ c?
(a+ 1? b+ 1) (c+ 1)
@a-1* b-1° (c-1)

az bz C2
a®+2a+1 b +2b+1 2 +2c+1
a*—2a+1 b*~-2b+1 c*—2c+1

az b2 cz
= 4a 4b 4¢ [Rz" = Rz - R3]
a’—2a+1 b*—2b+1 c*—2c+1



b4 bﬂ Zz
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a*—2a+1 b*—2b+1 c*—2c+1

a> a a*-2a+1
=4|p2 b b2—2b + 1| [transforming row and column]
c® ¢ cf—2c+1

aZ—Db*> a—b (aZ-b*)—2(a—b)
=4|b*—c® b—c (L*—c?)—2(b—c)| [R1"=Rs-Rz &Rz’ =Rz - R3]

c? c cc—2c+1

(a-b)(a+b) a—-b (a—-b)a+b-2)
=4|(b—c)(b+c) b—c (b—c)(b+c—2)

c? C c“—2c+ 1
a+b 1 a+b-2
=4@-b)b—c)|b+c 1 b+c—2|I[R’=Ry/(a-b) &Ry =Ry/(b-c])]
c? c c2-2c+ 1
a-c 0 a—c
=4@a-b}b-c)|b+c 1 b+ c—2|[R=Ry-Ryz]
c? c ci—2c+ 1

1 0 1
b+c¢c 1 b+c—-2
= @ s — o TH

= 4(a—b)(b—c)(a—c¢) [Ri" = Rif(a-c]]

n

=4fa-b)(b-c)a-c)(c?-2c+ 1-bc-c?+ 2c+ 0+ be+ c¢?-¢?) [expansion by first row]

=4(a-b)(b-c)(c-a)

Question: 22

Solution:
(x—2)* (x—1)° 7=
(x—1)* x? (x + 1)°
x2 (x+ 1) (x+ 2)°
x?—4x + 4 x*—2x + 1 x°
= |x2-2x + 1 g x2 + 2% + 1
x? x2 4+ 2x +1 x> +4x + 4
-2x + 3 -2x + 1 — ZXee],
=|-2x+ 1 —2x—1 =235 =48] [Ri"=R; - Ra & Ry’ =R -
x° X 2x + 1 x4+ 4x + 4
2 2 2
Rizl=|-2x + 1 —-2x—1 —2x—3 |[[Ry =R;-R3]
x? XT4H2x+ 1 X4 4x+ 4
1 1 1
=2|-2x+ 1 —2x—-1 —-2x—3 [R1" = Ru/2]
x? 2+ 2x+ 1 x4+ 4x+ 4
1 —-2x+ 1 x?
=211 —-2x—1 x% + 2x + 1|[transforming row and column]
1 —2x—3 x*+4x+ 4
0 2 —2x—1
=2|0 2 —-2x—3 [Ri'=R; -R; &R;"=R; -
1 -2x—3 x"+4x+ 4
0 0 2
Rz]l= 2|0 2 —2x —3 [Ry" =Ry - Rz]
1 =2x—3 x>+ 4x + 4

=2{0+ 0+ 2(0 - 2)} [expansion by first row]
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Question: 23

Solution:

(m+n)*> 1 mn
(n+1D* m* In
1+ m? n® Im

L m® + 2mn + n® 1° 2mn
= (- n® + 2nl + 1> m?® 2
1+ 2lm + m> n®> 2lm

[C3"=2C3]

L m? + n* 1* 2mn
= (;) n> + 12 m? 2n

2

12+ m? n® 2Im

[C1"=Cy-Cq]

L P+m>+n® 1° 2mn
:) I+ m*+n* m* 2n
2+ m?>+n* n® 2lm

[C1" = Cy + €3]

N . 1 I* 2mn ) '
= (;)(l“ +m?+ 0?1 m® 2m|[Ci=Ci/(1Z+m?+
B 1 n?® 2lm
n?)]
1 1 1
- G) (12 + m? + n?)| 12 m- n? | [transforming row and column]
i 2mn 2ln 2lm
0 0 1
= G)(lz +m? + n?)| PF—-m" m® —n? n’ | €' =C, - Cz & Cy’ = Cy = C3
i —2n(l—m) -2I(m-n) 2lm
0 0 1
=P +m +n)l-m(m-—n}|{l +m m+n | lC'=Cy/(1-m) &Ry =Co/(l -
Il 1 Im

m]]

=12+ m2+n2)({d-m)(m - n){0 + 0 - I(I + m) + n(m + n)} [expansion by first row]
= (12 +m? + n?)(l - m)(m - n){0 + 0 - I(1 + m) + n(m + n)}

= (12 + m? + n?)(1 - m)(m - n)( - 1? - ml + mn + n?)

= (12 + m? + n?)(1 - m)(m - n){(n? - 1?) + m(n - 1)}

=02+ m? + nZ)(1- m)(m - n)(n - (1 +m+n)

Question: 24

Solution:

(b +¢c)® a* bc

(c+a)® b® ca
(a+ b)> ¢ ab

L b% 4+ 2bc + ¢® a® 2bc
= (5) c® + 2ac + a* b* 2cal [C3" =2C3]
a® + 2ab + b® ¢? 2ab

T+ c* at 2bc
) c® +a* b® 2ca
a’ + b* ¢* 2ab

[C1"=Cy-C35]

L a® + b* + c* a* 2bc
= (:) a® + b® + c? b? 2ca|lCi"=Cy1+Cy]
aZ + b>+c? ¢ 2ab



1 a 2b
= ({)(az +b* + c?)|1 1832 gcat [C1" =C1/(a% +bZ + )] CLASS24
) 1 ¢® 2ab
1 1 1

= (f) (a> + b® + ¢*)| a® b* ¢? | [transforming row and column]

2bc 2ca 2ab
0 0 1

=(z)@* +b* + %) a*-b° 2ot ¢
i 2 42 2 2 _ 2 b2 .

- —2c(a—b) —-2a(b—«c) 2ab

[Ci'=Cy-Cr&C =C;-C3]

0 0 1
=@ +b*+cA)@E-bb-c)|a+b b+c c?f[Ci'=Ci/(a-b)&Cy =Cy/(b-c)]
—c —a ab

= (a2 +b2+c2)(a-b)(b -c){0 + 0-a(a+b) +c(b +c)} [expansion by first row]
=(@%+b?+c?)(a-b)(b-c){0+0-a(a+b)+clb+c)}
=(a?+b?+c?)(a-b)(b-c)(-aZ-ba+bc+ c?)

= (a? +b? + B (a - b)(b - ){(c* - a*) + b(c - a)}
=(@2+b2+c2)(a-b)(b-c)(c-a)(a+b+c)

Question: 25

Solution:
b* + ¢ 3¢ A
b? cz +a° [ ’
c? G a® + b’
2(b% + c®) 2(c® + a?) 2(a® + b?)
™ | b? ct + at b [R1'=R; + Rz + R3]
c* e a> 1S
(b> + c*) (c* + a%) (a’ + b7)
=2 b2 c? 4 a2 lhE [R1” = Ra/2]
c c2 a? + b®
3 0 o
=2|p2 2 + a2 b2 [Ry" =Ry - R3]
c? 3 a? + b*

= 2[c2{(c? + a?)(a? + b?) - b2c?} + 0 + a?{b?c? - c2(c? + a?)}] [expansion by first row]
= 2[c?(c%a? + a? + b%c? + a?b? - b%c?) + a®(b?%c? - ¢ - a%c?)]

=2[a%c* + a*c? + a?b?c? + a?b?c? - ac? - atc?]

= 4a%b2c?

Question: 26

Solution:

Operating R1—R;+ bR € R,—=R5- aRs

1+a®-Db*+2b? 2ab — 2ab —-2b+b-a’b-b?
2ab - 2ab 1-a*+b%>+2a®> 2a—-a+a®+ab’
2b —2a 1—a*—-b?
1+a+b? 0 —b—a’b- b3
= 0 1+a’+b*> a+a®+ab?
2b —2a 1—a%+b?



1+a+b? 0 —b(1+a*+b?)
= 0 1+a*+Db* a(l+a®*+b?)
2b —2a 1—a*—b?

Taking (1+ a2+b?) from R; and R,

1 0 -b
=(1+a*+b%)*|0 1 a
2b —2a 1—a*—0b?

Operating Ry;— R3- 2bR, + 2aR,

1 0 ~b
=(1+a*+b¥)*|o0 1 a
0 0 1+a®+b?

Taking (1+a2+b?) from Rg

1 0 -b
(1+a*+b*Plo 1 a
0 0 1

Expanding with respect to C,
= (1+az+b2)3 1x[ 1-0]
= (1+a?+b?)3

Hence proved
Question: 27
Solution:

Operating C:1—aC;

a’ b—c c+b

a‘+ac b i —
aZ—ab a+b C

1

Operating C;—C;+bC5+cCg

a+ b*—bc+ci+bc b-c c+b
a’ + e b aG b et
a*—ab+ab+b®*+c* a+b c

1

a*+b*+c? b-c c+b
a*+b*+c? b c—a
A+ b*+c? atb G

1

Taking (a%+b%+c?) common from C;

1 1 b-c c+b
=-@+b*+cAH1 b c-a
a 1 a+b c

Operating R;—R-R3, Ro—Ry-R3

1 0 -c—a b
=—(@*+b*+cH)jo0 -a -a
4 1 a+b <«

Operating C>2—Cz-Cs

0 —-(a+b+c¢) b
0 0 —a

1o s
= —(a +b"+c°)
a 1 (a+b+c) c

Taking (a+b+c) common from Cz

CLASS24



0 —1 b
0 0 -—a

1 _
=—(a®+b*+cHa+b+c)
a
1 1 C

Expanding with respectto C:
1 2 el el
= ;(a* +b +c)@+b+o)x1x (0—(—3))

1 il el 2
= g(a* +b +c)a+b+0) (@
= (aZ+bz2+c2)(a+b+c)
Question: 28

Solution:

Expanding with R1

CLASS24

_p2c?(a?c+abc-abc-aZb)-be(a3cZ+a?be?-a2bZc-adb2) +(b+c)(abc2-

—na°b2c) 2b3c2-a%b3c2-a*bc?-a2b3c? +alb3c2+alb3cra’b2c2-

a’b3c+aibc3-a3b2c2
=0

Question: 29

Solution:
b2+ ¢® + 2bc ab ac
= ab a® +c* + 2ac be
ac be a*+ b% + 2ab

Operating Ry —aR, Rp—bR,, Ry—cRy

{ a(b® + ¢ + 2bc) a‘h
== abi b(a® + (‘3‘1 2ac) )
ac* bc- cla~ ¢

el

asc

bc

b* + 2ab)

Taking a, b, c common from Cq, C;, C3 respectively

2 2 2L

abc (b +1C} a a-

= e b (a+c)? b?
‘ c? c? (a+Db)?

Operating R;—R;- Rz, Ro—R3- R3

(b+c)* —a* 0 e

= 0 (a+¢)*—b? b*
c>—(@+b)?* c*—(a+b)3 @E+b)*
(b+c+a)b+c—a) 0

= 0 (a+c+b)a+c—-b)

(c—a—-b)(c+a+b) (c—a-Db)(c+a+h)

Taking (a+b+c) common from R4, R,

=(a+b+o)? 0 a+c—b b2

b+c—a 0 ac ’
c—a—-b c—a—-b (a+b)?

Operating R3— R3- R4- Ry

|ptc-a 0 a’
=(a+b+0)? 0 a+c-b b?
—2b —2a a® +b* + 2ab—a* - b?

2

a
b2
(a+ b)*?




btc-a 0 & CLASS24

=(a+b+o)? 0 a+c—b b
—2b —2a 2ab

Operating Cy—aCq, C3—bC;

a

(a+b+c)? a(b+c—a) 0 a-
b 0 b(a+c-b) b?
—2ab —2ab 2ab

Operating C;—C;+C3, C,—C,+C53

(a+b+0)2[ad+0) a’ a?
T b? b(a+c¢) b?
0 0 2ab

Taking a, b, 2ab from R4, R, R5

(a+b+c)ab.2aplbtc a a
= b b a+c b
a 0 0 1

Expanding with Rs

= Zabla+b+¢)*x1 X (ab+ ac+ bec +c¢? —ab)
=2ab(a+b+c)*(cla+b+c))

= 2abc(a+ b +c)?

Question: 30

Solution:

b(b—-a) b-c c(b—a)
= la(b—a) a—Db b(b—a)
cdb—a) c—a a(b—a)

Taking (b-a) common from C;, Cy

b b-c ¢
=(b-a)*la a—b b
e E— s

Operating Ro—Ry-R1+Rj3

b b-c—-b+c ¢
a a—-b—-a+b b
¢ c—a—c+a a

qb 0 c
=(b-a)jla 0 b
c 0 a

[Properties of determinants say that if 1 row or column has only 0 as its elements, the value of
thedeterminant is 0]

=0

Hence Proved
Question: 31
Solution:

Taking a, b, c from C{, C,, C4



—b? - c¢?+a? 2b? 2c?
= abc 2a® b? —-c¢?-a? 2c?
2a’ 2b? —a*—b?+¢%)

Operating R{—R-R3, R,—R;-R3

-b2-c*-a2 0 a’+b2+¢c?
= abc 0 —(@%2+b%>+c?) a?+b*+¢?
2a® 2b*® —a*—b%+c*

Taking (a2+b2+c¢2) common from R, Ry

-1 0 1
= abc(@®+b*+c*)*l 0 -1 1
23 2b* -a’-br+c’

Operating R3—R3+R1+R5

—1 0 0
=abc(a®?+b*+c?) |0 -1 0
2a? 2b? a?+ Db+l

Taking (a?+b%+c?) common from C3 €

=1l 0 0
—abc(a®+b*+c?P|0o0 -1 o0
23 2b% 1

Expanding with Cs

=abc(a®+b%+c2)¥x1x(1-0)

= abc

(a®+b2%+c2)3

Hence proved

Question: 32

Solution:

Given that o, 3, ¥ are in an AP, which means 2p3=a+y

Operating R3—»R3-2ZR;+R

x—3 Xx—4
= x—2 n = &)
X—1-2%x+4+x—-3 x—2-2x+6+x—4 x—y—-2x+2+x—«
x—3 x—4 b, — (T
=[x—2 x—3 x—B [we know that 2B=a+y]
0 0 Y+ 2 —«a

Operating R1—>R1-R3, Rz-’R QRS

x—3 x—4 X—a
=|x—2 x—3 x—B
0 0 -y+a+y-—«

X—3 x—4 x—a
=[x-2 x-3 x-§
0 0 0

X—a

x—p

CLASS24

[By the properties of determinants, we know that if all the elements of a row or column is 0,

thenthe value of the determinant is also 0]
=0
Hence proved

Question: 33



Solution: CLA5524

Operating R;—R1-R3, Ro—Ry-R3

(a+1)(@+2)—-(@+2)(a+3) a+2—a—-3 0
= |(a+2)(a+3)—-(a+3)(a+4) a+3—-a—4 0
(a+3)¥a+4) a+4 1

(a+2)(a+1—-a—-3) -1 o0
=|(@a+3)a+2—-a—-4) -1 0

(a+3)a+4) a+4 1
—2(a+2) -1 0
=| -2a+3) -1 o0

(a+3)(a+4) a+4 1
Expanding with Cs

= (2(a+2) - 2(a+3))

= (2a+4-2a-6)

=-2

Question: 34

Solution:

By properties of determinants, we can split the given determinant into 2 parts

e x x° 1
S0=y ¥ oyi- |y ¥ 1
z z3 7% 7z 73 1

Taking %, ¥, z common from Ry, R,, Rz respectively

A x* U 1
0=xyzll oyt vy v
- U

Operating R —R;-Rz, Ry—R,- Ry

x—-z x*—-z* 0
—ly—-z y*—2® 0

0 e
_’0=Xy10 YZ_ZZ y3_23

1 7 7 z 73 1
x—z (x—z)(x*+xz+2z%) 0 0 (x—2)(x+2z) E—ZE*+xz+27)
Cy—z (y-2@P+yx+27) 0l=0z[0 (y-2y+z) Y- +yz+zd)
z 73 1 1 7 z?

Taking (x-z) and (y-z) common from Ry, Ry

1 (x*+xz+2z%) 0 0 x+z (x*+xz+2z%)
“(x—z)y-2 1 (yP+yz+z?) of=G-2Dy—-2)|0 y+z (y*+yz+z?)
z z* 1 1z z?

Expanding with Rs

—y24yz+72-x2-x7-72 = xyZ(XyZ+xy 2+ x22+ 2yt +yzl + 23 %2 y-xyz-yzi-x?z-x72-73)

= (y-)(y+x) +2(y-x) =xyz(xy*+zy? -x%y x"z)
—(y-x)(x+y+z) =xyz(xy(y-x)+z(y*-x?)

—(y-x)(xty+z)= xyz(xy(y-x)+z(x+y){y-x))



—(y-x)(x+y+2) = Xyz(xXy(y-X)+(x2+y2) (y-X)) CLASS24
= (y-x)(x+y+z)= xyz(y-x) (xy +xz+yz)

SX+Y+Z =

xyz[xy+xz+yz)Hence

Proved

Question: 35

Solution:

Operating R;—R1-Rs, Ry,—>Rs-Rs

0 a’+bc—b%*—ac a*-bd
0 b*+ca-c?—ab bP-¢?
1 c® +ab G

0 (a—b)a+b)—c(a—b) (a—b)a+ab+b?)
=[0 (b—c)(b+c)—ab—c) (b—c)(b” +bc+c”)
1 c?+ab 2

Taking (a-b), (b-¢c) commen from Ry, Rz respectively

0 JSESTEGEe e | |2
¢ b+c—a b*+bc+c?
1 c?+ab L

=(@a-b)b-9o

Operating Ri—=Ri- Rz

0 2a—2c a +ab—-bc-c’
=(a-b)(b-9) |0 b+c-a b* + bec +c?

1 c*+ab e

0 2(a—c) (at+ci@a—c)+ba—c)
={(a=b)(b-9)|o b+c-a b? + bc +¢®

1 c*+ab 7

Taking (a-c) common from R

0 2 a+Hb+c
=(a—c)@a=b)(b—c)|0 b+c-a b>+bctc?
o | b

Expanding with C;
= (a-c)(a-b)(b-c)=x(2b%+2bc+2c2-ab-b2-bc-ac-be-c2+a+ab+ac)
=-(c-a)(b-c)(a-b)(aZ+b3+c2)

Hence Proved

Question: 36

Operating R;—R1-Rj, Rp—Ry-R3

0 a—b a*-0b?
0 b-c bf-¢?
1 ¢ c?

0 a-—b (a-b)a+h)
=0 b—c (b—c)b+0)
1 c c?

0 a—b bc—ac
0 b—c ac—ab
1 c ab

—

0 a-b —«c(a—b
0 b-c -—-a(b-rc)
1 C ab

s

Taking (a-b) and (b-c) from R4, Rz

0 1 —c 0 1 (a+b)
“(a—b)(b—calo 1 —al=G@-b)(b-c)|0 1 (b+¢c)
1 ¢ ab 1 ¢ c?




Method 1:

For the two determinants to be equal, their difference must be 0.

01 — 0 1 a+b
=0 1 —3|—|0 1 b+c
1 ¢ ab 1 ¢ c?

0—-0 1-1 —(a+b+¢)
=0-0 1-1 —-(a+b+cq)
1-1 c—c ab— ¢?
0 0 —(a+b+¢0)
=10 0 —(a+b+¢0)
00 ab-¢?

Since 2 columns have only 0 as their elements, by properties of determinants

=0

Method 2:
Expanding both with
CiLHS
=(a-b)(b-c)(-a+c)
RHS
=(a-b)(b-c)(b+c-a-b)
=(a-b)(b-c)(-a+c)

.. LHS = RHS
Question: 37
Operating R1—R1-R3: R2_ R, R3

0 bc—ab b+c—a-b
Phac—ab c+a—a-b
1 ab atb

0 b-c b*-¢*=
&

0 a—c azc:’

1 c c

0 a—c (@a—-0dla+to
20 b-c (b=c)(b+c)]| =
1 ¢ c?

0 —b(a—c) —(a—0)
o —alln = @) (b-1c¢)
1 ab a+b

Taking (a-c) and (b-c) common from Ry, R;

0 1 a+c 0 -b -1
“(@a-c)b-c)|jo0 1 b+c|=(@a-c}b-c)l0 —a -1

1 e 1 ab a+b
Method 1:

If the determinants are equal, their difference must also be

equal.(a-c) and (b-c) get cancelled.

0 1 a+c 0 -b -1
=0 1 b+¢c/—-[0 —a -1
1 ¢ c* 1 ab a+b

0—0 1+b a+c+1
=|0—0 1+a b+c+1
1-1 c—ab c*+a+b

0 1+4b a+c+1
=10 1+a b+c+1
0 c—ab c*+a+b

Since all elements of Cy are 0, by properties of determinants,

CLASS24



=0

.. The 2 determinants are equal.
Method 2:

Expanding with Ci
—(a-c)(b-c)(b+c-a-c) = (a-c)(b-c)(b-a)
—(a-c)(b-c)(b-a)=(a-c}(b-c)(b-a)

.". RHS and LHS are equal
Question: 381

Solution:

Operating Ri—Ri-Rz

x—2 —6+4+3x —1—x+3
0=] 2 —3x p o 5
-3 2x 2+x
XxX—2 3(x—2) —(x—2)
0=| 2 —-3x T g
-3 2x 2+x

Taking (x-2) common from Ry

1 1 -1
R
—3 2x 24x

0=(x—2)

Here, we can see that x-2 is a factor of the determinant.

We can say that when x-2 is put in the equation, we get
0.x-2=0

—y=2

Question: 39

Solution:

Operating R1—-R1-R2, Ra .ra-R3

0 x—b x3-03

0 b-c b¥-¢3
1 C Gy

0 x—c (x—b)*+3xb(x—b)
0=]0 b—c (b—c)®+ 3bc(b—c)
1 c c?

0 1 (x—b)>+3xb
=x-cb-c}jo 1 (b—c)*+3bc
1 ¢ c?

Expanding with C:
0=(x-c)(b-c)(b?-2bc+c?+3bc-x?+2xb-b?-
3xb)0= (x-c)(b-c)(bc+c?-x%-xb)

0=(%-¢) (b-¢) (-b (¢ +X)- (¢-X) (-¢-X))

0=(x-c)?(b-c)(-b-c-x)

CLASS24



Either x-c=0 or b-c=0 or (-b-c-x)=0
..X=c or b=c or x=-

(b+c)If b=c, x=hb

.". x=c or x=b or x=-(b+c)
Question: 40

Solution:

Operating C1»c1+C2+C3

x+a+b+c b C
X+a+b+c x+b c
x+a+b+c b X+c

=0

Taking (x+a+b+c) common from C.

1 b C
(x+a+b+c)|1 x+b C
1 b X+

=0

Operating R;—R1-R3, Ry—Ry-R3

0 0
(x+a+b+)|0 x —x
1 b

Expanding with C,
O0=(x+a+b+c)(0+x?

]

0=x?(x+a+b+c)

Either x2=0 or (x+a+b+c)=0

.. x=0 or x=-(a+b+c)

Question: 41

Solution:

OperatingC1—>C1+C2+C3
3x—8+3+3 3 3

0=|3+3x—8+3 3x—8 3
3+3+3x—8 3 3x—8

3x—2 3 3
3x—2 3x-8 3
3x—2 3 3x—8

0=

Taking (3x-2) common from C;

13 3
0=(3x—-2)|1 3x—-8 3
1 3 3x-8

Operating Ry —Rq1-R3, Ro—»Ry-R3

0 0 —(3x-11)
0=03Bx-2)j0 3x—11 —-3x+11
1 3 3x— 8

Expanding with Ci
0= (3x-2)(0+(3x-

11)%)

CLASS24



0=(3x-2)(3x-11)2

Either 3x-2=0 or 3x-11=0

Question: 42

Solution:

Operating C1—C1+Ca+C3

x+9 3 5
XxX+9 x+2 5
X+9 3 X+

0=

Taking (x+9) common from C,

1 3
0=(x+9)1 x+2

4

5
5

Operating R1—R1-R3, Ry—>Ry-R3

0=(x+9)

1 3 X L

0 Q 1-x
0 x— 1S
1 3 X+ 4

0= (x+9)(0-x+x2+1-x)

0=(x+9)(x2-2x+1)
0=(x+9)(x-1)?

.". Either x+9=0 or x-

1=0x=-9, x=1

Question: 43

Solution:
Operating Rl—-R1+R2+R3
X+9 x+9 x+9
0=] 2 X 2
7 6 X

Taking (x+9) common from R:

1 1 1
0=(x+9)2 x 2
7 6 X

Operating C1—C4-C3, C5;—C3-C3

0 0

0=(x+9)| 0 x—2 2
7—-x 6—-Xx X

Expanding with R4
0=(x+9)(0-(x-2)(7-

X))

0=(x+9)(7-x)(2-x)

Either x+9=0 or 7-x=0 or 2-x=0

. X=-9 or x=7 or x=2

1

CLASS24



Question: 44 CLA5524

Solution:

Expanding with R1
sz(_3x2-6x-2x2+6x]+6(2x+4+3x—9]—1(4x-9x]
0=x(-5x )+ 6(5%-5)-1(-5%)

0 -5 +30x-30+5x

o5y +35x%-30

S-Tx+6=0

L-X-6%+6=0

i -1)-6(x-1)=0

x(x-1) (x+1)-6(x-

1)=0

Ly +X-6)=0
(X_IJ(_Y2+3x-2x-
6)=00x-1)[x[x+3)-
2(x+3)(=0

(x-1)(x+3)[x-2)=0

Either x-1=0 or x+3=0 or x-2=0
L x=1 or x=-3 or x=2
Question: 45

Solution:

Operating C:—aC,

a? b—-c ¢c+Db
a’+ac b c—a
a?—ab b+a «c

1

Operating C;—Cy+bC3+cC3

a®+b*+c2 b-c ct+b
a* +b*+c? b c—a
a*+Db%+c? b+a c

1

Taking (a2+b2+c2)

Z+b2+c2]l b—c c+b
:fl b c—a
1 b+a C

Operating C;—C5-bC,, C3—C3-cCx

a2+ b24c2]l ¢ b
= f 1 0 —a
1 a 0
Expanding with Rs
a®+b*+c? )
= f(acfo +a“ +ab)

_ aT+bT4c” a(a+b+c)
a



- CLASS24

(a?+b2+c?)(a+b+c)

Hence Proved
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